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Abstract

We consider an Eulerian-Lagrangian localized adjoint metid (ELLAM) applied to
nonlinear model equations governing solute transport aneption in porous media. So-
lute transport in the agueous phase is modeled by standardattion and hydrodynamic
dispersion, while two types of solid phase are distinguisth¢ a fraction which achieves
equilibrium with the aqueous phase quickly, and another wbih does not. The rapidly
sorbing fraction is modeled using a local equilibrium assytion, while a rst-order rate
expression is used for the slowly sorbing fraction. The pesce of both equilibrium and
nonequilibrium sorption can be challenging for Eulerian-Agrangian methods, since infor-
mation may propagate along di erent characteristic diredbns in the space-time domain.
Here, we present an implementation of a nite element ELLAM FE-ELLAM) discretiza-
tion in both fully coupled and operator-split frameworks fo the reactive transport model.
We then evaluate our method for test problems exhibiting a rege of mass transfer be-
havior.

1. INTRODUCTION

For an array of transport problems, ELLAM discretizations tave demonstrated the abil-
ity to resolve sharp fronts accurately, while conserving nsg and incorporating boundary
conditions in a systematic way RRussell and Celia 2002]. In particular, ELLAMs have
proven successful for practical multidimensional linearansport problems Binning and
Celia, 2002] and have been incorporated into production-level des Russell et al, 2003].
While formulations for multiphase ow and reactive transpat problems have also ap-
peared Bell and Binning, 2004;Dahle et al, 1995;¥%g et al. , 1996], more work is war-
ranted to develop ELLAMSs for nonlinear systemsRussell and Celia 2002]. Recently, an
ELLAM approach performed well for a reactive transport prolem with nonlinear, equi-

librium sorption [Farthing et al., 2006]. Although equilibrium models are regularly used,
1
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a more general formulation is appropriate in many case8drry et al., 2002]. Accord-
ingly, we seek to extend the approach ifarthing et al. [2006] to a system including both
equilibrium and nonequilibrium sorption processes. The selting model is applicable to
a wider range of physical systems and is also useful from therppective of developing
Eulerian-Lagrangian methods, since solution informatioman propagate along di erent
directions in the space-time domain.

2. FORMULATION

We begin with a common model for advective-dispersive trapesrt in the presence
of nonlinear sorption to a xed solid phase. Two componentsfahe solid phase are
distinguished. One is assumed to achieve equilibrium rapydwith respect to the rate of
transport through the system, and the other is not. Nonequtbrium sorption is modeled
using a standard rst-order mass transfer relationKanney et al, 2003a]. We write this
system in one spatial dimension as
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where the superscripta denotes the aqueous phase. The superscrigtand f refer to the
slowly sorbing and the rapidly sorbing solid phase compartents, respectively.C? is the
aqueous phase solute concentration, whilet and! ' are the solute mass fractions for the
solid phase. is the volume fraction and is the density for = a;s;f. v®andD? are
the mean pore velocity and dispersion coe cient, respectaly. f 2 represents continuous
sources and sinks in the aqueous phase.

The initial aqueous phase concentration and solid phase nsaBactions are given by
C30(x), ! 59(x), and ! £ (C#0), respectively. For simplicity, we restrict ourselves to #otal
ux condition on the in ow boundary and zero dispersive ux along the out ow boundary

vac? Da%( n = o(xt)forx2 ;
G
%n = O0forx2 o (4)
where [ o=@ |\ o =;,and@isthe boundary of . The outward unit normal

on@is n,withv n<0on ; andv n 0on o.
In order to simplify notation, we drop the a superscript where possible and normalize
the solid phase mass fractions and isotherms

(@)= "'=ULC) (€)= *c=ULC) andS= C=AS (5)
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Egn (1) and egn (2) can then be written

@mMc;9), @0 _ @ _,@c

ot @x = @x D@X +f(x;1) (6)
o= KT (© sk wih @
M(C:S) = C+'(C)+S ®)

To obtain a weak formulation, we rst we multiply egns (6) and(7) by test functions
w(x;t) and z(x;t), respectively. We integrate over  [0; T] and expand to obtain

Z 7, _ Z.Z
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o @t 0
To collect terms, egn (9) can be rearranged
Z Z, _ Z.Z
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We next divide the temporal domain [QT] into intervals [t";t"*'] and require that the
test functions w; z disappear fort 62[t";t"**]. As in Farthing et al. [2006], we choose
w(Xx;t) to satisfy the adjoint equation

QW =

ox - ° (12)

M (C: S)%Vtv+ vC

over [t";t"*1], which is nonlinear inC and S but linear in w. A simpler structure is

assumed foz. That s, z is independent ot fort 2 [t";t"*1] and zero otherwise. Assuming
that C and S are continuous over the interval{";t"*1] and applying Green's formula, we
obtain a mass-conservation statement for the contaminantpgcies in the entire system
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combined with one for the nonequilibrium solid phase fraatin
z ZwnlZ

M [C(x: t1): SO ™I w(x: 1) dx + D%i'@@\:(vdx dt

Z g Z i ac Z oz

+ vCw D—w ndsdt = fw dx dt
n, @ @x tn
+  M[C(x;t"); S(x; t")w(x;t") dx (13)
Z Z tn+1 @S Z Z tn+l
z(x)@tdt dx = z(x)k$?[ (C) S]dtdx (14)
tn tn

Looking at egn (13), we see that it consists, as in the equitiom model from [Farthing
et al.,, 2006], of ve integrals corresponding to the total mass athe new time level,
physical dispersion, contributions from the physical bowtary, contributions from sources
and sinks, and mass at the old time level.
Integrating the left-hand side of eqn (14) gives
z z ZpnnZ
z(x)S(x; t"*1) dx z(x)S(x;t")dx = z(x)k$?[ (C) Sldxdt (15)
tl’\
As with other ELLAM formulations, global mass conservationfor the system can be
obtained by requiring that the test functionsw and z sum to one at any point in ;t)
z Znnl”Z

M[C(x;t"*); S(x;t"**)] dx + vC DQC ndsdt =
tn @ @X
Z Z tn+1 Z
MI[C(x;t"); S(x;t")]dx + f dxdt; and (16)
z z Z gnZ
S(x;t"*1) dx S(x;t")dx = kS®[ (C) S]dxdt (17)

tn

3. SOLUTION APPROACH

The formulation detailed in x2 is a natural extension of the equilibrium sorption model
in [Farthing et al., 2006]. As a result, many aspects of the discretization cae lbarried over
with little or no modi cation. We rst apply a temporal discr etization to egns (13) and
(15). A backward Euler approximation is again used for the dpersion and source terms
in eqn (13). For the right-hand side of egn (15), we consider @smple linear weighting.
The resulting semi-discrete system is then

Z Z
M[C(x;t"*); S(x; t" ) w(x; t")dx  + t(x)D %ix;t””)%\gx;t””)dx
Z piZ oc
+ vCw D—w ndsdt = M[C(x;t"); S(x;t")]w(x;t") dx
tn @ @x 7

+ t(x)f (x; t"* 1 )w(x; t"*1) dx (18)
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and 7 z
2(x)S(x; t") dx 2(x)S(x; t") dx

a tZ Z()kS?F [C(x;t™1)]  S(x;t")gdx

+ (1 a tZ Z(OkS?F [Cxt")]  S(x;t")gdx  (19)

+

Here t= " =1t"1 " except for points near the in ow boundary, where the time
step is set to the smaller of t"*! and the time required to track back to the physical
boundary. a is assumed to be in the interval [01], with a = 1=2 corresponding to the
trapezoidal rule (Crank-Nicolson) anda = 1 a backward Euler approximation.

In the following we consider an FE-ELLAM approximation for gns (18) and (19). We
introduce a discrete meshM " for the spatial domain = [ x_;Xgr] containing vertices
Xi;i=0;::neand  =[Xi; X+ ] with j ij = X;. The trial solutions are

Xe Xe
Cixt) Cat)y= C(t) i(x); and S(xt) Sxt)=  S(t) i(x) (20)
i=0 i=0
where ; is the standard linear Lagrangian shape function associat&vith nodei. Below,
we useC(x;t) and S(x;t) to denote the trial solutions wherever possible. As is cononly
done for ELLAM formulations, we write the test functionsw asfw** g to reinforce the
notion that they are aligned with M " at t"**. We do not include the superscript foff z;g,
since we have assumed that they are time independent

Wit = 5 z(x) = fort2 [t (21)

3.1. Evaluation of integrals.

3.1.1. Species mass conservation equatioin principle, approximation of the ve inte-

grals egn (18) can proceed exactly as in the equilibrium maddeith the understanding

that the total (normalized) mass variable is nowM = M (C;S) [Farthing et al., 2006].
The dispersion and source term integrals are the same as thd®r a linear transport
problem, while the rst term is a standard Eulerian integralfor the mass at the new time
level. We approximate these integrals using composite trapoidal rule quadrature with
NS intervals [Russell and Celia 2002].

The Lagrangian aspect of an ELLAM formulation primarily eners through the bound-
ary integral and the integral accounting for the total mass tathe old time level. Ap-
proximating these terms requires characteristic trackingnd so can be considerably more
complex. In the two-site model considered here, charactstics for the adjoint equation,
egn (12) are given by

dx : vC

gt = AlCnisSeetyxitl with = = C)+ S
As in [Farthing et al., 2006], we use a forward tracking procedure to evaluate thest term
on the right hand side of eqn (18). The boundary integral is ab approximated following

(22)
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the approach taken in Farthing et al., 2006], which involves forward tracking for in ow
boundary terms and a trapezoidal rule approximation at the at ow.

3.1.2. Nonequilibrium solid phase mass conservation equatiomhe four terms in egn (19)
all involve standard Eulerian spatial integrals, sincg; = ;. These can be approximated
using numerical quadrature rules. As with egn (18), we empldhe composite trapezoidal
rule, but allow a potentially di erent number (NSS) of subintervals. Speci cally, the use

3.2. Tracking methods. Approximating integrals for the mass att" and boundary con-
tributions requires tracking integration points along chaacteristics de ned by eqgn (22).
Here, we consider a second-order, explicit Runge-Kutta sone (RK2-S) that requires
solution values att" and t"** only. This tracking scheme is simple and performed well
for Courant numbers up to 4.5 inFarthing et al. [2006].

3.3. Operator splitting. While we have focused on a fully coupled ELLAM formulation
to this point, reactive transport models are often solved \hin an operator splitting
framework Barry et al., 2002]. Operator splitting is, itself, a very broadly de nel notion
and encompasses a host of alternative solution strategié&ahney et al, 2003b]. Over a
step fromt™ to t* with input C~ and S, a basic rst-order splitting for egns (6){(8) can
be written

M(CEsSH = M(C™;S))

%3?: ke[ (cH' ST fort2 [t7;t*] (23)
and
@Mc*;s") @c) = @ _@C _
@  ex  @x ax 'Y
S*(x;t) = SHkt*); fort2 [t;t*] (24)

An ELLAM approximation for eqgns (23) and (24) can be formulagéd in a manner anal-
ogous to the fully coupled approach outlined above. In adddn, the order of eqns (23)
and (24) can be reversed, or they can be interleaved to obtaanformally second-order
alternating split operator algorithm.

4. RESULTS

To evaluate the approach outlined inx2 and x3, a series of numerical experiments
were performed for di erent target Courant numbers (Cr) anddi erent mass transfer
rates, k3®. In addition to a fully coupled approximation (FC), a rst-order noniterative
operator splitting (SNI) and a second-order alternating dg operator (ASO) algorithm
were evaluated. NS and NSS were set to six for the FC approxitiam, while NSS was
set to one for the split-operator algorithms. The nonlineasystem resulting from the FC
formulation was solved using Newton's method and an relative residual convergence test
with tolerance of 108, The same nonlinear solution approach was used for the dista
approximation of egn (24) in the operator splitting methodswhile the nodal equations
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for egn (23) were solved using the variable order, variabléep size di erential algebraic
eqguation solver developed itKees and Miller [1999].

The spatial domain was the unit interval and the temporal dorain was [Q0:5]. The
initial condition was a slug of unit height spread over [A5; 0:35] [Farthing et al., 2006,
egn. (40)]. Table 1 summarizes the remaining physical andvailation parameters for the
rst and second test problems, PA and PB. Figure 1 presents selts for the fully coupled
and operator-splitting solution strategies for PA. Figure2, shows the fully coupled solution
for PB, while Figure 3 shows the corresponding results for éhoperator-splitting methods.
The \exact" solutions were obtained using a temporally acaate, nite di erence solution
on a spatial grid with 20001 nodes.

Table 1. Simulation Parameters Figure 1. PA
1 :
PA PB 4 SNI: C
\Y} 1 1 0.8/ |---SNI: Sx 10
D 1073 1073 « ASO: C
Kks:a 0.1 100 0.6 | “ASO:Sx10
S . )
' (C) | 0:50085 C%7 0:50085 C°7 ° FC:C
(C) | 0:50085 C%7 0:50085 CO°7 0.4 ﬂkgfaixc 10
ger ]é050 éOSO 0.2 —Exact: Sx 10
0.2 04 x 0.6 0.8
Figure 2. PB: FC solution Figure 3. PB: SNI and ASO solutions
07 IS Fcic 0.7 "“sniic
0.6 |--FC:S 0.6 | -- SNI:' S
05 | Exact:.C 05 | * ASO:C
—Exact: S ---ASO: S
04 04 |+ Exact: C
0.3r 0.3 |—Exact: S
0.2y 0.2/
0.1y ; 0.1
0.4 0.6 0.8 0.2 04 0.6 0.8

5. DISCUSSION

For the rst test problem, which had a low nonequilibrium mas transfer rate, all
three solution strategies performed well for a time step thhiavas many times larger than
what is typically required for stability with explicit Eule rian advection schemes. The SNI
solution was less accurate than the FC or ASO results, but fitreasonably good. As the
nonequilibrium mass transfer rate increased, the time steequired for the fully coupled
algorithm to obtain accurate results decreased, but was Btseveral times larger than the
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standard Eulerian advection limit. On the other hand, the sfitting error in the SNI and
ASO schemes was signi cant at Cr = 3.5 on a mesh with, = 100 elements.

Acknowledgments.This work was supported in part by the National Science Fouration
through grants DMS-0112069 and EAR-0440211, Department Bhergy grant DE-FGO02-
02ER63369, and grant 5-P42-ES005948-0913 from the Natibimstitute of Environmental
Health Sciences. This work was also supported by the Counteine Phenomenology
Program at the US Army Engineer Research and Development Gen Permission was
granted by the Chief of Engineers to publish this informatio.

References

Barry, D. A., H. Prommer, C. T. Miller, P. K. Engesgaard, A. Brun, and C. Zheng (2002),
Modelling the fate of oxidisable organic contaminants in gundwater, Advances in
Water Resources25(8{12), 945{983.

Bell, L., and P. Binning (2004), A split operator approach toreactive transport with the
forward particle tracking Eulerian-Lagrangian localizedadjoint method, Advances in
Water Resources 27, 323{334.

Binning, P., and M. Celia (2002), A forward particle trackirg Eulerian-Lagrangian Lo-
calized Adjoint Method for solution of the contaminant trarsport equation in three
dimensions,Advances in Water Resource25, 147{157.

Dahle, H. K., R. E. Ewing, and T. F. Russell (1995), Euleriari-agrangian localized adjoint
methods for a nonlinear advection-di usion equation,Computer Methods in Applied
Mechanics and Engineering122(3-4), 223{250.

Farthing, M. W., C. E. Kees, T. F. Russell, and C. T. Miller (2@6), An ELLAM approx-
imation for advective-dispersive transport with nonlinea sorption, Advances in Water
Resources 29, 657{675.

Kanney, J. F., C. T. Miller, and D. A. Barry (2003a), Comparion of fully coupled ap-
proaches for approximating nonlinear transport and reaain problems, Advances in
Water Resources 26(4), 353{372.

Kanney, J. F., C. T. Miller, and C. T. Kelley (2003b), Convergnce of iterative split-
operator approaches for approximating nonlinear reactivieansport problems, Advances
in Water Resources 26(3), 247{261.

Kees, C. E., and C. T. Miller (1999), C++ implementations of rumerical methods for
solving di erential-algebraic equations: Design and optnization considerations,As-
sociation for Computing Machinery, Transactions on Mathetical Software 25(4),
377{403.

Russell, T. F., and M. A. Celia (2002), An overview of reseancon Eulerian-Lagrangian
localized adjoint methods (ELLAM), Advances in Water Resources25(8-12), 1215{
1231.

Russell, T. F., C. Heberton, L. Konikow, and G. Hornberger (@03), A nite-volume
ELLAM for three-dimensional solute-transport modeling,Ground Water, 41(2), 258{
272.

g, J., H. Wang, and H. Dahle (1996), Eulerian-lagrangianlocalized adjoint methods
for systems of nonlinear advective-di usive-reactive tmasport equations, Advances in
Water Resources19(5), 297{315.



