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1 Review of Sequences and Series

The most basic concept is that of an infinite sequence (of real or complex
numbers in these notes). For p € Z, let N, = {k € Z : k > p}. An infinite
sequence of (complex) numbers is a function a : N, — C. Usually, for n € N,
we write a(n) = a,, and denote the sequence by a = {a, };2,. The sequence
{an}52, is said to converge to the limit A € C provided that for each € > 0
there is an N, € Z such that |a, — A| < € for all n € Z with n > N.. When
this holds we write lim,_..a, = A.

Def. A sequence {a, };2, of complex numbers is called a Cauchy sequence
provided that for each € > 0 there is some ny € Z such that for m,n €
Z,m > ng and n > ng imply that |a,, — a,| < €. When this is so, we write
limum noo|@m — an| = 0.

Theorem 1.1 (Cauchy; 1789 — 1857) A sequence of complexr numbers cn-
verges if and only if it is a Cauchy sequence.

Proof: Suppose lim,_,.a, = A € C. Then given € > 0, there is an
ng € Z for which n > ng implies |A — a,| < €/2. Hence m,n > ny implies
lan — am| < lan — Al + A —a,| <€/2+¢€/2=¢€. So {a,} is Cauchy.
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For the converse we need to quote the famous Bolzano-Weierstrass theo-
rem: Every bounded infinite set B of complex numbers has an accumulation
point x, i.e., there is an x € C such that each punctured neighborhood
Ns(z) ={z€ C:0# |x—z| <0} contains a point of B (and hence contains
infinitely many points of B).

Now suppose {a,};2, is a Cauchy sequence. For e = 1, there is an N;
such that for all m,n > Ny, |a,, — a,| < 1. Fix ng > Ny. Then for m > nq,
|| < Jam — Ang| + | ang| < 1+ |an,|. So if o = 1+max{|ayl, |apil, .-, |anl},
we have |a,,| < a for all m > p. It is easy to show that if there are only finite
many distinct values in {a, };2,, then (because of the Cauchy condition) the
values of a, are constant for all sufficiently large n. And if {an}j’lo:p has
infinitely many values, then by the Bolzano-Weierstrass theorem there is an
A € C such that each punctured neighborhood of A contains some term of
{an}52,, and hence infinitely many.

Let € > 0 be given. Then there is an Ny for which m,n > N; implies
|an, — am| < €/2. The punctured neighborhood N,/>(A) must have some point
ap, With ng > Ny. Then n > Ny implies |a, — A| < |an, — apny| + |an, — A| <
€/2+ €¢/2 = €. Hence lim, 0, = A. m

Using the Bolzano - Weierstrass theorem it is also easy to prove the
following two results:

Theorem 1.2 A bounded, nondecreasing sequence of real numbers converges
to its least upper bound.

Theorem 1.3 FEach bounded sequence of complexr numbers has a convergent
subsequence.

Given the sequence {a,}°,, we define the sequence {s,}>, of partial
sums s, = aj; +as+- - -+ a,. The sequence {s,}°°, is usually denoted by the
“infinite sum” Y > a,. By definition the series Y~  a, converges to the
limit S provided the sequence {s,}>°, of partial sums converges to S. If we
interpret Theorem 1.1 for the sequence {s,}°°; of partial sums of the series

> > | an, we have the following:

Theorem 1.4 (Cauchy Criterion for Series). The series - | a, converges
if and only if for each € > 0 there is some N, such that whenever m > n > N,
we have |a, + Qi1 + - - ap| < €.

Corollary 1.5 If >  a, converges, then lim,_ . a, = 0.
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But the converse is false: In Calculus II the harmonic series Y - 1/n is
shown to diverge (i.e., not converge) even though lzmnﬂoo =0.

Ity an=A then) > o a, = A S a,. Henceif [N a, — A| <
e, then |30 v an| <.

The following limits are established for real values of z in Calculus II by
using Taylor series. For complex non-real values of z they may be taken as
definitions.

oo Zn
=) — (1)
n=0
o0
> =
n=0

o0 (_1>nz2n+1

a
if 1. 2
Lt < )

sinz:zom, for all z € C. (3)
n 2n
cos z Z , for all z € C. (4)
=0
o n 1.n
log(1 Z ,if 2] < 1. (5)
n=1
—log(1—2) =Y % if 2] < 1. (6)
n=1

If 2 = re!@®*22™) 1 > 0, then log(z) = In(r) +i(0 £ 2n7), —7 < 0 < 7.
One of the most fascinating equations in all of mathematics is due to Euler:
e = cos 0+ i sin 0. It follows from Egs. 1, 3 and 4.

For n > 1, putan:m:%—n%l Then S, = > ,_,ap = 1—n—Jrl
converges to 1 as n — oo. Hence, Zn ) n(n1+1) = 1. Now consider the
sequence »_ .~ -5 with partial sums ¢, heim =1+ 554 = <
1+ 5 +55+ -+ ﬁ 1+S5,.1 < 2 Since {t,} is strictly increasing
and bounded above by 2, we have that {t,}°2, converges and > > = < 2.

The series > >0, L is a good example for which it is not hard to see ‘that it

n=1n



converges, but its sum is rather difficult to compute explicitly. In fact, one
of the major goals of this chapter will have as a corollary the identity

(oo}
1 w2

— - 7

R (7)
n=1

Theorem 1.6 Let {a,}5°, and {b,}°, be complex sequences. If > |ay|

converges and {b,} is bounded, then _ a,b, converges.

Proof: Choose B € R for which |b,| < B for all n > 0. Let € > 0 be
given. Choose ng such that ¢ > p > ng implies !, |a,| < ¢/B. Then

q > p > ng implies ‘ Z:pﬂ anbn‘ < ZZ:pH la,b,| < B - ZZ:pH la,| < e.
We have used Cauchy’s Criterion in both directions to complete the proof. m

o0 . . o0
Corollary 1.7 If > a, is a series of complex terms and Y~ |a,| con-
oo
verges, then Y >, a, converges.

Proof: Let b, = 1 for all n and apply Theorem 1.6. m

Def. A series Y a, of complex terms is said to converge absolutely (or to
be absolutely convergent) provided ) |a,| converges. We note that Corol-
lary 1.7 says that every absolutely convergent series is convergent. The
(=

converse is false. Recall from Calculus II that > —

S L diverges.

n=1n

converges but

Exercise 1.8 (Comparison Test). If Y ", M, is a convergent series of real
numbers, and if Y . a, satisfies |a,| < M, for alln > py for some py, then
Yoo g an is (absolutely) convergent.

Exercise 1.9 If > a, converges, then > ca, =c)_ ay.
Exercise 1.10 If " a, and Y_ b, converge, then > (a,+b,) =D an+Y_ by.

Theorem 1.11 (Limit Comparison Test). Let {a,} and {b,} be sequences
of positive real numbers.

(i) If lim sup(a, /b,) < co and Y b, < oo, then > a, < c0.

(i) If liminf(a,/b,) > 0 and )b, = oo, then Y a, = co.



Proof: (i) Choose (3 so that lim sup(a,/b,) < B < co. Then there exists an
ng such that a, /b, < 3 for all n > ny. Hence Zzozno a, < 3- Zflo:no b, < 00.

(ii) Choose « satisfying 0 < a < liminf(a,/b,). Then for some ng we
have a,, /b, > o for all n > ng. Hence 37 a, >a-> " b, =00 m
Theorem 1.12 Suppose a,,, € [0,00) for each (m,n) € N x N, and let
¢ : N — N x N be a bijection. With the understanding that a series of
nonnegative real numbers converges to oo if it does not converge to a real
number, and using the usual arithmetic for the symbol oo, we have:

(1) 3ot Oy @min) = D521 (k)

and

(1) Doy (ot Gmin) = Dy (D o—y Gmn)-

Proof: First let a be any real number less than the right side of (i).
Choose ky € N such that o < Ziozl agr)- Next choose mg,ny € N such
that {¢p(k) : 1 < k < ko} C {(myn) : 1 < m < mo,l < n < ngl.
Then we have o < S8 ag) < om0, (50 tmn) < 070 (300 ay) <
Yo (D00 Q). Since o was arbltrary, Y oreq Aoy < Zm . (Zm L Gmn)-
Now let 3 be any real number less than the left side of (i), and chose m; € N
such that 8 <Y "0 (3007 mn) = D ovey (O @) (use a generalization
of Exercise 1.10). So we can choose n; € N such that 3 < > ", (3" Gy

m=

Now choose k1 € N such that {(m,n) : 1 <m <m;,1 <n<ny} C {gzﬁ( ) :

1<k <k} So Y (XCm tmn) = Yomty (Srhy ) < S0ty gy <
Y req Gg(k), 1€, B < Y po agmy. As [ was arbitrary, Y oo (300 ) <
> e Q(k) and (i) is proved.

Equality (ii) will follow from (i) if we can show that >~ (3°°° apm) =
> heq Gg(k), since the left side of this is the right side of (ii) Wlth the roles of
m and n reversed. So write by, = @ m; and (k) = (m,n) if ¢(k) = (n,m).
Then by = apry and ¢ : N — N x N is a bijection. Applying (i) to by,
and 1, we hiave Yo, (5 ) = S (s ) = S buty =
2 k=1 Go(k)

Theorem 1.13 (Main Rearrangement Theorem). Suppose ¢pn € C for
each (m,n) € N x N and ¢ : N — N x N is a bijection. If any of the

three sums

(Z) 270710:1 (foll |Cm,n|) ) fozl (nyjﬂ |Cm,n|) ) ZZL |C¢>(k)’ is finite, then

all of the series



(“) Zzozl Cmn, T = 1, 2, 3, N
(iii) Zfr?—]_cm’lh n=123,...
(ZU) Zm 1 (Zn 1¢m n) ) 22021 (Zm 1Cm n) Zk 1 Co(k)

are absolutely convergent, and the three series in (iv) all have the same sum.

Proof: By Theorem 1.12 the three series in (i) all have the same sum,
which we are assuming to be finite. And since no term of a convergent series
of nonnegative terms can be oo, it follows that all series in (ii) and (iii) are
(absolutely) convergent.

Write > 7 | Cmn = b, m=1,2,3,.. .. Since |by,| = lim, o [>7_, <
limg oo D2 |Cmml = D07 [¢mn| for all m € N, the Comparison Test (Exer-
cise 1.8) yields Yor_ 150, el = 300y bl < 320 (502 lemal) < o0,
so the first series in (iv) is absolutely convergent. By a similar argument the
second series in (iv) is absolutely convergent. And by the first sentence of
this proof so is the third. Write >~ | cox) = s € C. We shall next show that
> by = s, ie., the first and third series in (iv) have the same sum. That
the second and third have the same sum can be proved in a similar manner.

Let € > 0 be given. Choose ky € N such that

D leoml < €/3, (8)
k=ko+1
and
ko
s — Z Cotk)| < €/3. 9)
k=1

Next choose pg, o € N such that {¢(k) : 1 < k < ko} C {(m,n): 1<
m < pg, 1 <n < qp}. Then whenever p > pg and ¢ > qq, each term of the
finite sum Y2;° Co(k) appears as a term in the finite sum Y 2 _ (377 | ¢pn).
So subtracting those terms from the latter sum and using Eq. 8, we have

p q ko %)
Z (Z Cmvn) - Z%(k) < Z o < €/3. (10)
m=1 \n=1 k=1 k=ko+1

We claim that



P
p > po implies |s — Z bm| < €. (11)
m=1
(If true, > °_, by, = s and the proof is complete.) So fix p, p > py. Since
limg oo > 2, cmn =b, (m=1,23,...), it follows that
limg oo > 000 ) = D0, b Thus we may choose some ¢, ¢ > o,
such that
P q P
Z (Z cm,n> — Z b| < €/3. (12)
m=1 \n=1 m=1

Then Eq. 11 follows from Egs. 9, 10 and 12. m

2 Infinite Products

Start with a sequence {u,}5°, of complex numbers and form the partial
products m(p,q) = HZ:p up. Suppose there is some p € N for which 7, =
lim, oo 7(p,q) € C, and for which w, 7é 0 for n > p. Then we say the

VALUE of [, u, is the number (Hp L Un) <1imq_,Oo | . un> (Ifp=1,

interpret [[°_} uy, as 1.) If 7, = lim, o, 7(p, q) # 0,we say [[°2, u, converges
to its value. If u, = 0 for infinitely many n, [[’", u,, diverges but has value
0.

Note: Neither the convergence nor the value of [[ " u,, is affected by the
paticular choice of p for which u,, # 0 where n > p.

All infinite products not covered by the above definition are said to di-
verge. If a divergent product has the value zero, we say it diverges to 0.
This occurs if u,, = 0 for infinitely many n, or else u,, # 0 for n > p but
limg—oo [ 11—, un = 0. A convergent product has the value 0 if and only if at
least one but only finitely many of its factors equals 0.

Examples to illustrate the definitions
Example 1 HOO — diverges to 0, since no factor equals 0 and

q n___

Example 2. [[2, "i;l converges to 0, since u; = 0, u, # 0 for n > 2,

1,383,243 5 (&= 1)q+1
andHn 2Un =5°2°3°3° 41 2q 27&0



Example 3. ], “=1 diverges to 0. Here u; = 0, u,, # 0 for n > 2, but
for any p > 1, HZZP”T_IZI%HOaSQHoo.

Example 4. [[°2,[1 + (—1)"] diverges to 0.

Example 5 []>°,(—1)" and [],”, = both diverge but not to 0.

Theorem 2.1 (Cauchy Criterion) An infinite product [, u, converges if
and only if for each ¢ > 0 there is an N € N such that

1—f[un

n=r

< € whenever s >r > N. (13)

Proof: Choose p € N such that u,, # 0 for n > p. (This p is fixed through-
out the entire proof.) Suppose the product converges and let lim,_. HZ:p Uy =

L € C\{0}. Since L # 0, there is a § > 0 such that ‘HZ:pun‘ > 0
for ¢ > p. (To see this, first note that there is an Ny for which ¢ > N;

implies ||7(p,q)| — |L|| < 2, and hence LI < |7(p,q)| < ¥ Put § =
%{min{|7r(p,p)|,...,|7r(p,N1) ,%}} So 0 < 0 < |mp,l for all ¢ > p as
claimed, and also m < % for all ¢ > p. ) Let € > 0 be given. By Cauchy’s

Criterion for sequences applied to the sequence {7_ u,}2, , thereis an N €

a=p >
N, N > p, such that H;;; Uy, — H’fz:p U,| < 0e whenever s > r > N. Multi-

1
ply both sides by ‘Hrfl u ‘ to obtain |1 —[[7_ u,| < ‘HZ;}D Uy,

~1
n=p N 56 < €
for s > r > N, which is Eq. 13.

Conversely, suppose Eq. 13 holds. Take € = % and let Ny be a correspond-

ing N satisfying Eq. 13 with My > p. Then we have

1 ° 3
§< 7];_[7‘Un <§,fOI'SZ’I"ZNO.
Put » = Ny, so
1< ﬁu <§for3>N (14)
92 1 n 27 - 0-
n=~Nog

(Note: In the above inequalities we do not need the absolute value marks,
but they are convenient later.)



Putm:%|HNﬂflun| >0, and M = 3|HNO "4,|. Then

1w

n=Np

No—1 No—1

T < I =

i.e, 0 <m <|r(p,s)| forall s > Ny. This says that [[,” u, cannot converge
to 0. Similarly, for all s > Ny we have

0<m— |7Tp7 )|7

No—1 No—1

m(p, s ’—‘Hun‘ ‘Hun’<‘Hun‘

n=~Np

So we now have
0<m<|n(p,s)| <M for all s > Ny.

To see that the infinite product converges, let € > 0 be given and use the
hypothesis to choose N, N > Ny, such that |1 — ] _ u,| < ;7 whenever
s > r > N. Multiply this inequality by |m(p,r — 1)| to obtain
im(p,r —1) —m(p,s)| = |m(p,r = 1) - [1 =TI’ _, un| < M -5 = €. Hence the
sequence {7(p, s)}32, is a Cauchy sequence and must converge [

Corollary 2.2 If[[° | u, converges, then u, — 1 as n — occ.

Proof: Take r = s in Theorem 2.1. m

Note: The converse of Corollary 2.2 is false.

Note: The convergence of an infinite product cannot be affected by
changing a finite number of nonzero factors to other nonzero factors.

We often write the factors of a product in the form u, = 1+ a,. So by
Corollary 2.2, a,, — 0 if [[>,(1 + a,) converges. When this is done, we call
a, the nth term of the product.

Theorem 2.3 Let {a,}22, C C. Then [[,~,(1+ a,) converges if and only
if for some p € N the series 3" log(1+ay) converges. (Here “log” denotes
the principal branch of the complex logarithm, and it is implicit that 1+a,, # 0
forn >p.) Moreover, if s =3 log(1+a,) € C, then

00 p—1

H(l +a,)=¢€- H(l + ap).

n=1 n=1



Proof: Suppose the series Z;O:p log(1 + a,) converges to s. Since exp is
continuous at s, it follows that 0 # e* = lim,_cexp (ZZZP log(1+ an)> =

lim, o [ [}, exp(log(l + a,)) = limg.oo{[[5—,(1 + an)}. So the infinite
product converges to the asserted value.

Conversely, suppose the product converges and let € > 0 be given, € < 1.
By the Cauchy Criterion there is a p € N such that

S

1- H(l—i—an)

n=r

1
< % < 3 whenever s > r > p. (15)

) ik

Using the Taylor series —log(1 — z) = )", =, we have

= XL i
[log(1 — 2)| < ; o < ; |2|" = Il < 2|z| when |z| < 5 (16)
Combine Egs. 15 and 16 to obtain for s > r > p,
log [H(l +ap) || = |log (1 - <1 — H(l + an)>) ‘
<2(1-JJ+a)| <e (17)
In particular,
llog(1 + a,,)| < € for all n > p. (18)

Recall that for real numbers z and w, log(zw) = log(z) + log(w), but for
complex z and w the best we can say is that there is some integer k for which
log(z) + log(w) = log(zw) + 2kmi.

We want to prove that

<efors>r>p. (19)

Zlog(l + an)

n=r

This will show that > 7 log(1 + a,) is Cauchy and hence converges.
For fixed r, if s = r, then Eq. 19 follows from Eq. 18. Now suppose that
Eq. 19 holds for some fixed s, s > r. We can choose an integer k£ such that
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s+1 s+1
Z log(1+ a,) = log [H(l +ay) | + 2kmi. (20)

n=r

In view of Eq. 17 we would have Eq. 19 for s 4+ 1 if we knew k£ = 0. But
it follows from Egs. 20, 17, 18 and 19 for s that

2n|k| = |2kmi
s s+1
= Z log(1+ a,) +log(1+ asy1) — log H(l +ay)
- s+1 s -
< Jlog H(l +a,)| + Z log(1+ ay)| + |log(1 4+ asyq)]
< 6+6ji-e B
< 3 < 2m,

implying that £ = 0. So Zzozp log(1+ a,,) converges. By the first part of the
proof it converges to the desired value. m

Corollary 2.4 The series Y, b, of real numbers converges if and only if
the infinite product [[>7, €’ converges, in which case

o0
e[z’?;l bn] H e
n=1

Proof: In Theorem 2.3, 1 + a,, # 0 for all n > 1. Put b, = log(1+a,). =
For products having real terms of constant sign, the comparison with
series is somewhat simpler.

Theorem 2.5 Let {a,}2>, C [0,00]. Then [[72,(1+ an), [, (1 — an),

> > an, either all converge or all diverge.

Proof: We may suppose that a, — 0 as n — oo, for otherwise all three
diverge. Summands 0 or factors 1 cannot affect convergence and neither can
a finite number of changes of summands or factors. Hence we also assume
0 < a, <1 for all n. Since (using L’Hopital on each of the three limits)

log(1 + x) i —log(1 — =) ' —log(1 ~2) =

limgjgo—————= = limgg————= = lim, :
10 T 10 x P log(1 + )

11



it follows from the usual limit comparison test for series that the three series
Yo log(1 + ay), = 07 log(1 — ay), Yo7, a, either all converge or all
diverge. So the proof is completed by invoking theorem 2.3. m

(Recall one version of the limit comparison test: If a,,b, > 0 and
limy ooy = L, 0 < L < 00, then > a, and > b, both converge or both
diverge.) The hypothesis that a, > 0 for all n in Theorem 2.5 is crucial.
Consider the following examples.

Example 6. Put a, = = 1} Then Y a,, converges by the alternating

series test, but we show that [[(1 + a,) diverges. (1 + agr_1)(1 + ag) =
<1+\/ﬁ—_1> (1_\/%73) = 1—1bg, where 0 < b, < 1 and kb, — % as k —

co. By the limit comparison test Y by, diverges (because Y ¢ diverges). So
H(l by) diverges by Theorem 2.5. But clearly [;_,(1—by) is monotomcally
decreasing as n — o0, so [ [0, (1 bk)—>0asn—>oo So [I27,(1 +ay,) =
17, (1— b,) — 0. Also, [ (1 + a) = (T4 (1 + 0,)) (1 + azar) =
T (1 —=b,)] (1+ \/ﬁ) — 0. So [](1 + ay,) dlverges

Example 7. Consider [[(1 + a,) = (1 — \1[)(1 + \1[ + (1 - \/ig)(l +
\/Lg + %) -+ in Wthh Aop—1 — \/;1?, Aop = \/7? —|— n_-i-l Clearly an — 0
(op—1 + Aoy = n+1, (14 ag,—1)(1 +ag,) =1-— m So Y a, = oo, but
[1(1 + a,) converges (use Theorem 2.5 again).

In spite of these examples we have the following fact.

Theorem 2.6 Suppose that {a,};>, C C satisfies Y - |a,|* < co. Then
S0 an and [[02,(1 + ay,) either both converge or both diverge.

Proof: Choose n € N so that |a,| <1 for n > N. For |z| < 1,

log(1+2) = z + 2% 1+Z ZQ—i— ] (21)
g - 237 1 '
The power series in brackets represents a function continuous at z = 0,
so it approaches —% as z approaches 0. Put z = a,, to obtain
o0 1)k+1gk 1
:Z ——asn — 0. (22)
= k + 2 2

Hence the sequence {bn} is bounded. So apply the hypothesis and Theo-

rem 1.6 to obtain
oo

Z ab, converges (in fact, absolutely). (23)
n=N

12



From Egs. 21 and 22 we have

log(1+ a,) = a, + a’b, for n > N. (24)

It follows from Eqs. 23 and 24 that Y \ log(1+a,) and Y "  a, both
converge or both diverge. This and Theorem 2.3 complete the proof. m
Just as for series, there is a notion of absolute convergence for products.

Theorem 2.7 If {a,};>, C C, then the following are equivalent:
(i) 2n=i lan] < oo;
(i) TTo2a (1 + fan]) < oo
(ii) >, [log(1 + a,)| < oo for some p € N (a, # —1 forn > p).

Defn. If these three hold, we say [[ (1 + a,,) is absolutely convergent.

Proof: The equivalence of (i) and (ii) follows from Theorem 2.5. If any of
the three hold, then a, — 0. (log(1 + a,) — 0 implies 1 + a,, = exp(log(1 +
a,)) — € =1.) So we may suppose p is large enough to force |a,| < 3 for
n > p. We may also suppose a,, # 0 for all n. So

-1 —1 o, 1 an ai
‘an l0g<1+an>_1| = ’an [an+an<__+___+ )]_1‘
2 3 4
2 3
U S
2 3 4
1 1 1
< §+¥+24+
1
= -, 25
. (29

This implies 5 < [[log(1 + a,)]/a,| < 3. To finish the proof that (i) and (iii)
are equivalent, just apply the limit comparison test, Theorem 1.11. m

Corollary 2.8 If[[(1 + a,) is absolutely convergent, then it is convergent.

Proof: Suppose [ [~ (14a,) is absolutely convergent. So by Theorem 2.7,
S>> lan| < co. By the basic comparison test, > |a2| < oo. Then by
Theorem 2.6, since Y |a,| < oo implies Y a, converges, also [[(1 + a,)
converges. m

13



Theorem 2.9 (The limit of a sum (resp., product)is the sum (resp. product)
of the limits.)

Form,k € N, leta,,(k) € C. For eachn € N suppose that limy,_,oa, (k) =
A, € C, and suppose that |a, (k)| < M, < oo for all n and k, where
Yoo M, < oco. Then

(i) g [555 an ()] = 32, v, and
(i) limy—.oo Hff:l(l + an(k)) = HZO:1(1 + An),

where all sums and products appearing in (i) and (ii) converge in C.

Proof: Let € > 0 be given.

From limy_ an(k) = A, and |a,(k)| < M, we have that |A,| < M,.
Since > 7 M, < oo, we see that > A, converges absolutely. Hence there
is an integer Ny large enough so that for m > Ny we have | Y 2 A, | < €/4.

Since > M, < oo, there is an integer Ny such that for m > N, we have
oo M, < ¢/4. It now follows that

Z an (k)

Put N = max{N;, No}. For each n € {1,2,..., N} there is a k,, such that
lan(k) — An| < g7 for all & > k,. Put K = max{ki, ks,...,kx}. Then for
all k > K we have |a,(k) — A,| < 5257. Hence for all £ > K we have

Z an(k) - Z An

<) an(k) <Y M, < e/4

n=m

= an(k) =D an(k)+ ) an(k) =Y A+ A=) A,

N
€
< e/4+22n+1 +e/d<e/d+e/2+€e/di=e
n=1

This establishes part (i).

To prove (i), first choose m such that M, < 3 for all n > m. Define
b (k) = log(1 + a,(k)), and B, = log(1 + A,) for n > m and all k. From
the continuity of log on the disk |1 — z| < 1, it follows that limy_..b,(k) =

14



limg—oolog(l + an(k)) = log(limg—oo(l + an(k)) = log(1 + A,) = B, for
n>m.
Recall that log( Z) = >0, (_1):1%' Then for n > m, |b,(k)| =
0o 1)~ Yan k)) an (k) —j
ijl()j(() jll()|<M2Jo]+1<MZ 0277 = 2M,,.

Since Y 2M,, also converges, we can apply the first part of the theorem to
obtain

limy oo f: ba(k) = i B,. (26)

n=m-1 n=m+1
Then
H (1+ A,) =exp (30 i1 Bn) (Theorem 2.3)
n=m-+1
= exp (imp—oo Dopers ba(k))  (Eq. 26)
= liMi— oo (eq:p Yo bn(E) ) (continuity of exp)
- llmkHOO {Hn:erl + a”(k) }
So finally

limy— oo {Hn “ma1 (L an(k )}
= limp—oo [H (T + an(k)) (Hn m+1(]‘ + an(k))}
= limp—oo Hn 1(1+an( ) - limg o Hn m+1(1+an(k))
= [T+ 4 - T, (1 + A4)
= HZO=1(1 +An>-

3 Applications

Application 3.1 For fized z, z € C\ {0}, the infinite product

~r sin(z/n)
71_[1 z/n

15 absolutely convergent.

15



l)k 2k+1

Proof: Recall sin(w) = >~ 0 G S0

sin z/n f: V(2 /n)HL
prd z/n )(2k + 1)!
1 & ( 1)k22k )
— 14— — 140, /0
i n? kz n2k=1)(2k 4+ 1)! +ba/n

where b, =Y ;| % For fixed z # 0 and any n,

So {|b,|} is a bounded sequence and Y 2 converges. By Theorem 1.6 Y- |2 |
converges. Hence by Theorem 2.7 H 1+ { by ‘ converges, which is equlvalent

to saying [T (1+ &) =11 snz/n) converges absolutely. m

z/n
Application 3.2 For all z € C, limy_.o(1+ (2/k))* =

Proof: Fix z € C and define a;(k) =1+ z for all K € N and

(k)z"/k", 1<n<k;
an(k>_{0, 1<k<n.

Then A, = limg_o a,(k) = limy_ Zn—f . W = Z—, for n > 1.

And A; = limy_ooay (k) = 1+ 2. Also |a1( )| < 14 |2] = Mian (k)| < B =
M, forn > 1. And > >° | M, = Z = = =elfl < 0o Since 3% a,(k) =

142+ an? (n) ()" = (1+ E) by part (i) of Theorem 2.9. We have

llmk_’oo (1 + %)k = lzmk_)OO 220:1 an( ) Zn 1 A Zn 1 7:: =e'. m

Application 3.3 (Euler, 1748). For all z € C,

S ()

n=1

16



Proof: For m € N let

=3[ (2]

From Application 3.2 we have

1

limp—ooPn(2) = % [em'z . efm‘z}

1

= 5 [(cos(mz) + isin(nz)) — (cos(—mz) + isin(—nz))]
i
1

= 5 [0+ 2i sin(rz)] = sin(rz).
i

Hence
limiy 0o P (2) = sin(wz) for all z € C. (27)
The zeros of P,,(z) are those 2 for which (Z+X2)™ = 1 = ¢(™)7 which

holds if and only if 24+ — en if and only if (m + miz) = (m — miz)e n

j % j T 2jmi
if and only if z(mi + m’e%) = me n —m if and only if z = 2 <em-1) =

s

i . . 2i0 _ . 1
DianiZ. (It is an easy exercise to show that S =i tanf.) So z = Ztan’t
™ m e“v41 g m

are zeros of P,,(z) for all integers j. If m = 2k is even, then P,,(z) has degree

m — 1 = 2k — 1, and its distinct zeros are 0, + (%) tan (32—7,;) , 1 <7 <k

(Recall that the tangent function is one-to-one on (—%,%).) The coefficient

of z in P,,(z) is easily seen to be 7 (and the constant term is zero), so
P,(z) = Py(z) =7z l1——— ], forall z€ C. 28

Fix z € C and define

2,2
2 1< <k
a;(k) = 4k2tan? (4T J '
0, 1<k<g.

From Egs. 27 and 28

sin(rz) = 1My —ooPn(z)

17



= lzmk_)ooPQk(z)

= mzlimg_o (Hu + aj(/.c))> . (29)

j=1

Since z < tan x for 0 < z < T and lim,_¢™% = 1, we have
2 T ?

sl 20,12 2
(k) = | Wy < TEE_EP_
or 0 4k2 L7 J

And limy_0aj(k) = ’]—22 = A;. So by part (ii) of Theorem 2.9 ,
10 -5) =Tl
T2 l1——= | =mz 1+A4,) =
i=1 7’ i=1 ’

= 7z limp—so | [(1 + a;(k)) = sin(r2).

=1
We now have

oo 2 - 2,2 4.4 6.6
H(l_z)zszn(wz)zl_wz+7rz_7Tz+.”' (30)

n2

n=1

Recall that sinh 6 = €= from which it follows that sin(iz) = i sinh(z).

Replace z with iz in Eq. 30 to obtain:

Application 3.4
[1(1+5) =212
n Tz

_ sinh(mz) |+ 222 N izt N 7020
- omz 3! 5! 7!

Application 3.5 Bernoulli Numbers and ((2k)

Define B,,, n > 0, by




The defining equation for B,, is equivalent to

() (£)

Recursively we can solve for the By using this equation. But first notice

the following: Replace x by —xz in the (exponential generating) function for
B,,:

xT

= (—ax)F —z xe
B = = .
Z "R er—1 e*—1

So

: == Son [F] e
et —1 e—l_ e g ! v

This implies that

2 2
—x=DBy-0+ By - —x+Bg 0-2°+ Bs - gx +By-0-2t+--.

which implies that

1
Bl = —5 and ng+1 =0 for k Z 1.

. _ 1.
aB4___

Then recursively from above we find By = 1; B; = —%; By = 30

2
By=1,....
A famous result of Euler (and the main goal of these notes) is the follow-

ing:

D=

Theorem 3.6
0 1 (_1)]{7.(.2]6 . 92k—1 _ng
C(2k) ;n% 2k — 1)! o% ) '

Proof: First take the logarithm of both sides of

oo 2
sinh(rx) = mx H <1 + %) (for x > 0).

n=1

From the left side we get

19



log sinh(rz) = log l(%)]

_ log{ ;mu _ 6—2”)}

—27r:c)

= log(l—e + 7wz — log 2.

On the right side we get (for 0 < x < 1)

o0 2
log 7T+logx—|—Zlog <1—|—%> =

n=1

& o0 (_1)k+1$2k
:log7r—|—l0gx+z ZW :

n=1 \k=1
(Use Theorem 2.3 or Corollary 2.4.) Sinced this double series is absolutely
convergent for 0 < x < 1, we may interchange the order of summation and
obtain the equality

e ™) 4z — log 2 =

(_1)k+1x2kz © 1 ]

log(1

:l0g7r—|—l0ga:'+z

k n2k
n=1

x
=log m+log = + ———  ((2k).
g g ; ——C(2k)
On both sides take the derivative with respect to x. On the right side
we may differentiate term by term, since the resulting series is uniformly
convergent in 0 < z < 1—e€ for any € > 0. (See differentiation of power series

in Calculus II.) We obtain:

_1)k+1 2k

27.{.6727@

1— e—27rx

__+22 kJrl 2k—1 (Qk')

Multiply throughout by z and then substltute 5 for

—Tx

xme T = el T
1 — ez + 7 =1+ Z<_1) 92k—1 : C(Qk)



—

tr | m (DM C(2K)
Gﬂx—l—i_?:l—i_; 22k:—1 xr .

The left side gives Zf + 3~ Bkw. Compare coefficients of positive

il
even powers of x:
Bypmk (=D ¢(2k

(2k)! - o2F—1 ), which implies
(_1)k7r2k22k—1 _BQk
2k) = . .
((2F) (2k —1)! 2% (31)

Now using the values of By, By and Bg computed earlier, we have:

n=1

=1 7r4
——(2.2) = —

;n4 ((2-2) = 55

=1 76
— =((2-3) = —.

;nG N ) 945

Bernoulli originally introduced the B, to give a closed form formula for

Sp(m)=1"42"+3"+ .-+ m".
On the one hand

= (e ) = (£ (£75)-

"~ B,; m = " /n S\ x”
RS — n: Bn—z g I
;(n—z’)' i!]x Z( 1(@) m>n!

n=0

(The coefficient on ”f)—? is 0.)

On the other hand:




j=0 =0 r=0 7=0
e r+1 > ne”
e DAL SR L
r=0 n=1

Equating the coefficients of % we get:

n

g (n) B_im' = S,_1(m —1)n, n>1,
i
i=1

or
n+1

> (n : 1) Busi-i(m+1)" = S,(m) - (n+1), n>0.

=1

So Bernoulli’s formula is:

n+1 .
n+1 m+ 1)

i=1
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