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1 Review of Sequences and Series

The most basic concept is that of an infinite sequence (of real or complex
numbers in these notes). For p ∈ Z, let Np = {k ∈ Z : k ≥ p}. An infinite
sequence of (complex) numbers is a function a : Np → C. Usually, for n ∈ Np

we write a(n) = an, and denote the sequence by a = {an}∞n=p. The sequence
{an}∞n=p is said to converge to the limit A ∈ C provided that for each ε > 0
there is an Nε ∈ Z such that |an − A| < ε for all n ∈ Z with n > Nε. When
this holds we write limn→∞an = A.

Def. A sequence {an}∞n=p of complex numbers is called a Cauchy sequence
provided that for each ε > 0 there is some n0 ∈ Z such that for m,n ∈
Z,m ≥ n0 and n ≥ n0 imply that |am − an| < ε. When this is so, we write
limm,n→∞|am − an| = 0.

Theorem 1.1 (Cauchy; 1789 – 1857) A sequence of complex numbers cn-
verges if and only if it is a Cauchy sequence.

Proof: Suppose limn→∞an = A ∈ C. Then given ε > 0, there is an
n0 ∈ Z for which n ≥ n0 implies |A − an| < ε/2. Hence m,n ≥ n0 implies
|an − am| ≤ |an − A|+ |A− an| < ε/2 + ε/2 = ε. So {an} is Cauchy.
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For the converse we need to quote the famous Bolzano-Weierstrass theo-
rem: Every bounded infinite set B of complex numbers has an accumulation
point x, i.e., there is an x ∈ C such that each punctured neighborhood
Nδ(x) = {z ∈ C : 0 6= |x− z| < δ} contains a point of B (and hence contains
infinitely many points of B).

Now suppose {an}∞n=p is a Cauchy sequence. For ε = 1, there is an N1

such that for all m,n ≥ N1, |am − an| < 1. Fix n0 ≥ N1. Then for m ≥ n0,
|am| ≤ |am−an0|+ |an0| < 1+ |an0|. So if α = 1+max{|ap|, |ap+1|, . . . , |an0|},
we have |am| < α for all m ≥ p. It is easy to show that if there are only finite
many distinct values in {an}∞n=p, then (because of the Cauchy condition) the
values of an are constant for all sufficiently large n. And if {an}∞n=p has
infinitely many values, then by the Bolzano-Weierstrass theorem there is an
A ∈ C such that each punctured neighborhood of A contains some term of
{an}∞n=p, and hence infinitely many.

Let ε > 0 be given. Then there is an N1 for which m,n ≥ N1 implies
|an−am| < ε/2. The punctured neighborhood Nε/2(A) must have some point
an0 with n0 ≥ N1. Then n ≥ N1 implies |an − A| ≤ |an − an0|+ |an0 − A| <
ε/2 + ε/2 = ε. Hence limn→∞an = A.

Using the Bolzano - Weierstrass theorem it is also easy to prove the
following two results:

Theorem 1.2 A bounded, nondecreasing sequence of real numbers converges
to its least upper bound.

Theorem 1.3 Each bounded sequence of complex numbers has a convergent
subsequence.

Given the sequence {an}∞n=1, we define the sequence {sn}∞n=1 of partial
sums sn = a1 +a2 + · · ·+an. The sequence {sn}∞n=1 is usually denoted by the
“infinite sum”

∑∞
n=1 an. By definition the series

∑∞
n=1 an converges to the

limit S provided the sequence {sn}∞n=1 of partial sums converges to S. If we
interpret Theorem 1.1 for the sequence {sn}∞n=1 of partial sums of the series∑∞

n=1 an, we have the following:

Theorem 1.4 (Cauchy Criterion for Series). The series
∑∞

n=1 an converges
if and only if for each ε > 0 there is some Nε such that whenever m ≥ n > Nε

we have |an + an+1 + · · · am| < ε.

Corollary 1.5 If
∑∞

n=1 an converges, then limn→∞ an = 0.
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But the converse is false: In Calculus II the harmonic series
∑∞

n=1 1/n is
shown to diverge (i.e., not converge) even though limn→∞

1
n

= 0.

If
∑∞

n=1 an = A, then
∑∞

n=N+1 an = A−
∑N

n=1 an. Hence if
∣∣∣∑N

n=1 an − A
∣∣∣ <

ε, then
∣∣∑∞

n=N+1 an
∣∣ < ε.

The following limits are established for real values of z in Calculus II by
using Taylor series. For complex non-real values of z they may be taken as
definitions.

ez =
∞∑
n=0

zn

n!
. (1)

∞∑
n=0

arn =
a

1− r
if |r| < 1. (2)

sin z =
∞∑
n=0

(−1)nz2n+1

(2n+ 1)!
, for all z ∈ C. (3)

cos z =
∞∑
n=0

(−1)nz2n

(2n)!
, for all z ∈ C. (4)

log(1 + z) =
∞∑
n=1

(−1)n−1zn

n
, if |z| < 1. (5)

−log(1− z) =
∞∑
n=1

zn

n
, if |z| < 1. (6)

If z = rei(θ±2nπ), r > 0, then log(z) = ln(r) + i(θ ± 2nπ), −π < θ ≤ π.
One of the most fascinating equations in all of mathematics is due to Euler:
eiθ = cos θ + i sin θ. It follows from Eqs. 1, 3 and 4.

For n ≥ 1, put an = 1
n(n+1)

= 1
n
− 1

n+1
. Then Sn =

∑n
k=1 ak = 1 − 1

n+1

converges to 1 as n → ∞. Hence,
∑∞

n=1
1

n(n+1)
= 1. Now consider the

sequence
∑∞

n=1
1
n2 with partial sums tn =

∑n
k=1

1
k2 = 1 + 1

2·2 + · · · 1
n·n <

1 + 1
1·2 + 1

2·3 + · · · + 1
(n−1)n

= 1 + Sn−1 < 2. Since {tn} is strictly increasing

and bounded above by 2, we have that {tn}∞n=1 converges and
∑∞

n=1
1
n2 ≤ 2.

The series
∑∞

n=1
1
n2 is a good example for which it is not hard to see that it
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converges, but its sum is rather difficult to compute explicitly. In fact, one
of the major goals of this chapter will have as a corollary the identity

∞∑
n=1

1

n2
=
π2

6
. (7)

Theorem 1.6 Let {an}∞n=0 and {bn}∞n=0 be complex sequences. If
∑
|an|

converges and {bn} is bounded, then
∑
anbn converges.

Proof: Choose B ∈ R for which |bn| < B for all n ≥ 0. Let ε > 0 be
given. Choose n0 such that q > p ≥ n0 implies

∑q
n=p+1 |an| < ε/B. Then

q > p ≥ n0 implies
∣∣∣∑q

n=p+1 anbn

∣∣∣ ≤ ∑q
n=p+1 |anbn| ≤ B ·

∑q
n=p+1 |an| < ε.

We have used Cauchy’s Criterion in both directions to complete the proof.

Corollary 1.7 If
∑∞

n=0 an is a series of complex terms and
∑∞

n=0 |an| con-
verges, then

∑∞
n=0 an converges.

Proof: Let bn = 1 for all n and apply Theorem 1.6.

Def. A series
∑
an of complex terms is said to converge absolutely (or to

be absolutely convergent) provided
∑
|an| converges. We note that Corol-

lary 1.7 says that every absolutely convergent series is convergent. The

converse is false. Recall from Calculus II that
∑∞

n=1
(−1)n+1

n
converges but∑∞

n=1
1
n

diverges.

Exercise 1.8 (Comparison Test). If
∑∞

n=0Mn is a convergent series of real
numbers, and if

∑∞
n=0 an satisfies |an| ≤Mn for all n ≥ p0 for some p0, then∑∞

n=0 an is (absolutely) convergent.

Exercise 1.9 If
∑
an converges, then

∑
can = c

∑
an.

Exercise 1.10 If
∑
an and

∑
bn converge, then

∑
(an+bn) =

∑
an+

∑
bn.

Theorem 1.11 (Limit Comparison Test). Let {an} and {bn} be sequences
of positive real numbers.

(i) If lim sup(an/bn) <∞ and
∑
bn <∞, then

∑
an <∞.

(ii) If lim inf(an/bn) > 0 and
∑
bn = ∞, then

∑
an = ∞.
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Proof: (i) Choose β so that lim sup(an/bn) < β <∞. Then there exists an
n0 such that an/bn < β for all n ≥ n0. Hence

∑∞
n=n0

an ≤ β ·
∑∞

n=n0
bn <∞.

(ii) Choose α satisfying 0 < α < lim inf(an/bn). Then for some n0 we
have an/bn > α for all n ≥ n0. Hence

∑∞
n=n0

an ≥ α ·
∑∞

n=n0
bn = ∞.

Theorem 1.12 Suppose am,n ∈ [0,∞) for each (m,n) ∈ N × N, and let
φ : N → N × N be a bijection. With the understanding that a series of
nonnegative real numbers converges to ∞ if it does not converge to a real
number, and using the usual arithmetic for the symbol ∞, we have:

(i)
∑∞

m=1 (
∑∞

n=1 am,n) =
∑∞

k=1 aφ(k),
and

(ii)
∑∞

m=1 (
∑∞

n=1 am,n) =
∑∞

n=1 (
∑∞

m=1 am,n).

Proof: First let α be any real number less than the right side of (i).
Choose k0 ∈ N such that α <

∑k0
k=1 aφ(k). Next choose m0, n0 ∈ N such

that {φ(k) : 1 ≤ k ≤ k0} ⊆ {(m,n) : 1 ≤ m ≤ m0, 1 ≤ n ≤ n0}.
Then we have α <

∑k0
k=1 aφ(k) ≤

∑m0

m=1 (
∑n0

n=1 am,n) ≤
∑m0

m=1 (
∑∞

n=1 am,n) ≤∑∞
m=1 (

∑∞
n=1 am,n). Since α was arbitrary,

∑∞
k=1 aφ(k) ≤

∑∞
m=1 (

∑∞
m=1 am,n).

Now let β be any real number less than the left side of (i), and chose m1 ∈ N
such that β <

∑m1

m=1 (
∑∞

n=1 am,n) =
∑∞

n=1 (
∑m1

m=1 am,n) (use a generalization
of Exercise 1.10). So we can choose n1 ∈ N such that β <

∑n1

n=1 (
∑m1

m=1 am,n).
Now choose k1 ∈ N such that {(m,n) : 1 ≤ m ≤ m1, 1 ≤ n ≤ n1} ⊆ {φ(k) :
1 ≤ k ≤ k1}. So

∑n1

n=1 (
∑m1

m=1 am,n) =
∑m1

m=1 (
∑n1

n=1 am,n) ≤
∑k1

k=1 aφ(k) ≤∑∞
k=1 aφ(k), i.e., β <

∑∞
k=1 aφ(k). As β was arbitrary,

∑∞
m=1 (

∑∞
n=1 am,n) ≤∑∞

k=1 aφ(k), and (i) is proved.

Equality (ii) will follow from (i) if we can show that
∑∞

m=1 (
∑∞

n=1 an,m) =∑∞
k=1 aφ(k), since the left side of this is the right side of (ii) with the roles of

m and n reversed. So write bm,n = an,m; and ψ(k) = (m,n) if φ(k) = (n,m).
Then bψ(k) = aφ(k) and ψ : N → N ×N is a bijection. Applying (i) to bm,n
and ψ, we have

∑∞
m=1 (

∑∞
n=1 an,m) =

∑∞
m=1 (

∑∞
n=1 bm,n) =

∑∞
k=1 bψ(k) =∑∞

k=1 aφ(k).

Theorem 1.13 (Main Rearrangement Theorem). Suppose cm,n ∈ C for
each (m,n) ∈ N × N and φ : N → N × N is a bijection. If any of the
three sums

(i)
∑∞

m=1 (
∑∞

n=1 |cm,n|) ,
∑∞

n=1 (
∑∞

m=1 |cm,n|) ,
∑∞

k=1 |cφ(k)| is finite, then
all of the series
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(ii)
∑∞

n=1 cm,n, m = 1, 2, 3, . . .

(iii)
∑∞

m=1 cm,n, n = 1, 2, 3, . . .

(iv)
∑∞

m=1 (
∑∞

n=1 cm,n) ,
∑∞

n=1 (
∑∞

m=1 cm,n) ,
∑∞

k=1 cφ(k)

are absolutely convergent, and the three series in (iv) all have the same sum.

Proof: By Theorem 1.12 the three series in (i) all have the same sum,
which we are assuming to be finite. And since no term of a convergent series
of nonnegative terms can be ∞, it follows that all series in (ii) and (iii) are
(absolutely) convergent.

Write
∑∞

n=1 cm,n = bm, m = 1, 2, 3, . . .. Since |bm| = limq→∞ |
∑q

n=1 cm,n| ≤
limq→∞

∑q
n=1 |cm,n| =

∑∞
n=1 |cm,n| for allm ∈ N, the Comparison Test (Exer-

cise 1.8) yields
∑∞

m=1 |
∑∞

n=1 cm,n| =
∑∞

m=1 |bm| ≤
∑∞

m=1 (
∑∞

n=1 |cm,n|) <∞,
so the first series in (iv) is absolutely convergent. By a similar argument the
second series in (iv) is absolutely convergent. And by the first sentence of
this proof so is the third. Write

∑∞
k=1 cφ(k) = s ∈ C. We shall next show that∑∞

m=1 bm = s, i.e., the first and third series in (iv) have the same sum. That
the second and third have the same sum can be proved in a similar manner.

Let ε > 0 be given. Choose k0 ∈ N such that

∞∑
k=k0+1

|cφ(k)| < ε/3, (8)

and ∣∣∣∣∣s−
k0∑
k=1

cφ(k)

∣∣∣∣∣ < ε/3. (9)

Next choose p0, q0 ∈ N such that {φ(k) : 1 ≤ k ≤ k0} ⊆ {(m,n) : 1 ≤
m ≤ p0, 1 ≤ n ≤ q0}. Then whenever p ≥ p0 and q ≥ q0, each term of the
finite sum

∑k0
k=1 cφ(k) appears as a term in the finite sum

∑p
m=1 (

∑q
n=1 cm,n).

So subtracting those terms from the latter sum and using Eq. 8, we have∣∣∣∣∣
p∑

m=1

(
q∑

n=1

cm,n

)
−

k0∑
k=1

cφ(k)

∣∣∣∣∣ ≤
∞∑

k=k0+1

|cφ(k)| < ε/3. (10)

We claim that
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p ≥ p0 implies

∣∣∣∣∣s−
p∑

m=1

bm

∣∣∣∣∣ < ε. (11)

(If true,
∑∞

m=1 bm = s and the proof is complete.) So fix p, p ≥ p0. Since
limq→∞

∑q
n=1 cm,n = bm (m = 1, 2, 3, . . .), it follows that

limq→∞
∑p

m=1 (
∑q

n=1 cm.n) =
∑p

n=1 bm. Thus we may choose some q, q ≥ q0,
such that ∣∣∣∣∣

p∑
m=1

(
q∑

n=1

cm,n

)
−

p∑
m=1

bm

∣∣∣∣∣ < ε/3. (12)

Then Eq. 11 follows from Eqs. 9, 10 and 12.

2 Infinite Products

Start with a sequence {un}∞n=1 of complex numbers and form the partial
products π(p, q) =

∏q
n=p un. Suppose there is some p ∈ N for which πp =

limq→∞ π(p, q) ∈ C, and for which un 6= 0 for n ≥ p. Then we say the

VALUE of
∏∞

n=1 un is the number
(∏p−1

n=1 un
) (

limq→∞
∏q

n=p un

)
. (If p = 1,

interpret
∏p−1

n=1 un as 1.) If πp = limq→∞ π(p, q) 6= 0,we say
∏∞

n=1 un converges
to its value. If un = 0 for infinitely many n,

∏∞
n=1 un, diverges but has value

0.

Note: Neither the convergence nor the value of
∏∞

n=1 un is affected by the
paticular choice of p for which un 6= 0 where n ≥ p.

All infinite products not covered by the above definition are said to di-
verge. If a divergent product has the value zero, we say it diverges to 0.
This occurs if un = 0 for infinitely many n, or else un 6= 0 for n ≥ p but
limq→∞

∏q
n=1 un = 0. A convergent product has the value 0 if and only if at

least one but only finitely many of its factors equals 0.

Examples to illustrate the definitions

Example 1.
∏∞

n=1
n
n+1

diverges to 0, since no factor equals 0 and∏q
n=1

n
n+1

= 1
q+1

→ 0.

Example 2.
∏∞

n=1
n2−1
n2 converges to 0, since u1 = 0, un 6= 0 for n ≥ 2,

and
∏q

n=2 un = 1
2
· 3

2
· 2

3
· 4

3
· 3

4
· 5

4
· · · (q−1)(q+1)

2q
→ 1

2
6= 0.
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Example 3.
∏∞

n=1
n−1
n

diverges to 0. Here u1 = 0, un 6= 0 for n ≥ 2, but

for any p > 1,
∏q

n=p
n−1
n

= p−1
q
→ 0 as q →∞.

Example 4.
∏∞

n=1[1 + (−1)n] diverges to 0.

Example 5
∏∞

n=1(−1)n and
∏∞

n=1
n+1
n

both diverge but not to 0.

Theorem 2.1 (Cauchy Criterion) An infinite product
∏∞

n=1 un converges if
and only if for each ε > 0 there is an N ∈ N such that∣∣∣∣∣1−

s∏
n=r

un

∣∣∣∣∣ < ε whenever s ≥ r ≥ N. (13)

Proof: Choose p ∈ N such that un 6= 0 for n ≥ p. (This p is fixed through-
out the entire proof.) Suppose the product converges and let limq→∞

∏q
n=p un =

L ∈ C \ {0}. Since L 6= 0, there is a δ > 0 such that
∣∣∣∏q

n=p un

∣∣∣ > δ

for q ≥ p. (To see this, first note that there is an N1 for which q ≥ N1

implies ||π(p, q)| − |L|| < |L|
2

, and hence |L|
2
< |π(p, q)| < 3|L|

2
. Put δ =

1
2

{
min

{
|π(p, p)|, . . . , |π(p,N1)|, |L|2

}}
. So 0 < δ < |πp,q| for all q ≥ p as

claimed, and also 1
π(p,q)

< 1
δ

for all q ≥ p. ) Let ε > 0 be given. By Cauchy’s

Criterion for sequences applied to the sequence {πqn=pun}∞q=p , there is an N ∈
N, N > p, such that

∣∣∣∏r−1
n=p un −

∏s
n=p un

∣∣∣ < δε whenever s ≥ r ≥ N . Multi-

ply both sides by
∣∣∣∏r−1

n=p un

∣∣∣−1

to obtain |1−
∏s

n=r un| <
∣∣∣∏r−1

n=p un

∣∣∣−1

δε < ε

for s ≥ r ≥ N , which is Eq. 13.
Conversely, suppose Eq. 13 holds. Take ε = 1

2
and let N0 be a correspond-

ing N satisfying Eq. 13 with M0 > p. Then we have

1

2
<

∣∣∣∣∣
s∏

n=r

un

∣∣∣∣∣ < 3

2
, for s ≥ r ≥ N0.

Put r = N0, so

1

2
<

∣∣∣∣∣
s∏

n=N0

un

∣∣∣∣∣ < 3

2
, for s ≥ N0. (14)

(Note: In the above inequalities we do not need the absolute value marks,
but they are convenient later.)
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Put m = 1
2
|
∏N0−1

n=p un| > 0, and M = 3
2
|
∏N0−1

n=p un|. Then

0 < m =
1

2

∣∣∣∣∣
N0−1∏
n=p

un

∣∣∣∣∣ <
∣∣∣∣∣

s∏
n=N0

un

∣∣∣∣∣ ·
∣∣∣∣∣
N0−1∏
n=p

un

∣∣∣∣∣ = |π(p, s)|,

i.e., 0 < m < |π(p, s)| for all s ≥ N0. This says that
∏∞

n=p un cannot converge
to 0. Similarly, for all s ≥ N0 we have

|π(p, s)| = |
N0−1∏
n=p

un| · |
s∏

n=N0

un| < |
N0−1∏
n=p

un| ·
3

2
= M.

So we now have

0 < m < |π(p, s)| < M for all s ≥ N0.

To see that the infinite product converges, let ε > 0 be given and use the
hypothesis to choose N , N > N0, such that |1−

∏s
n=r un| <

ε
M

whenever
s ≥ r ≥ N . Multiply this inequality by |π(p, r − 1)| to obtain
|π(p, r − 1)− π(p, s)| = |π(p, r − 1)| · |1−

∏s
n=r un| < M · ε

M
= ε. Hence the

sequence {π(p, s)}∞s=p is a Cauchy sequence and must converge.

Corollary 2.2 If
∏∞

n=1 un converges, then un → 1 as n→∞.

Proof: Take r = s in Theorem 2.1.
Note: The converse of Corollary 2.2 is false.
Note: The convergence of an infinite product cannot be affected by

changing a finite number of nonzero factors to other nonzero factors.
We often write the factors of a product in the form un = 1 + an. So by

Corollary 2.2, an → 0 if
∏∞

n=1(1 + an) converges. When this is done, we call
an the nth term of the product.

Theorem 2.3 Let {an}∞n=1 ⊆ C. Then
∏∞

n=1(1 + an) converges if and only
if for some p ∈ N the series

∑∞
n=p log(1+an) converges. (Here “log” denotes

the principal branch of the complex logarithm, and it is implicit that 1+an 6= 0
for n ≥ p.) Moreover, if s =

∑∞
n=p log(1 + an) ∈ C, then

∞∏
n=1

(1 + an) = es ·
p−1∏
n=1

(1 + an).
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Proof: Suppose the series
∑∞

n=p log(1 + an) converges to s. Since exp is

continuous at s, it follows that 0 6= es = limq→∞exp
(∑q

n=p log(1 + an)
)

=

limq→∞
∏q

n=p exp(log(1 + an)) = limq→∞{
∏q

n=p(1 + an)}. So the infinite
product converges to the asserted value.

Conversely, suppose the product converges and let ε > 0 be given, ε < 1.
By the Cauchy Criterion there is a p ∈ N such that∣∣∣∣∣1−

s∏
n=r

(1 + an)

∣∣∣∣∣ < ε

2
<

1

2
whenever s ≥ r ≥ p. (15)

Using the Taylor series −log(1− z) =
∑∞

n=1
zn

n
, we have

|log(1− z)| ≤
∞∑
n=1

|z|n

n
≤

∞∑
n=1

|z|n =
|z|

1− |z|
≤ 2|z| when |z| ≤ 1

2
. (16)

Combine Eqs. 15 and 16 to obtain for s ≥ r ≥ p,∣∣∣∣∣log
[

s∏
n=r

(1 + an)

]∣∣∣∣∣ =

∣∣∣∣∣log
(

1−

(
1−

s∏
n=r

(1 + an)

))∣∣∣∣∣
≤ 2

∣∣∣∣∣1−
s∏

n=r

(1 + an)

∣∣∣∣∣ < ε. (17)

In particular,
|log(1 + an)| < ε for all n ≥ p. (18)

Recall that for real numbers z and w, log(zw) = log(z) + log(w), but for
complex z and w the best we can say is that there is some integer k for which
log(z) + log(w) = log(zw) + 2kπi.

We want to prove that∣∣∣∣∣
s∑

n=r

log(1 + an)

∣∣∣∣∣ < ε for s ≥ r ≥ p. (19)

This will show that
∑∞

n=1 log(1 + an) is Cauchy and hence converges.
For fixed r, if s = r, then Eq. 19 follows from Eq. 18. Now suppose that

Eq. 19 holds for some fixed s, s ≥ r. We can choose an integer k such that

10



s+1∑
n=r

log(1 + an) = log

[
s+1∏
n=r

(1 + an)

]
+ 2kπi. (20)

In view of Eq. 17 we would have Eq. 19 for s+ 1 if we knew k = 0. But
it follows from Eqs. 20, 17, 18 and 19 for s that

2π|k| = |2kπi|

=

∣∣∣∣∣
s∑

n=r

log(1 + an) + log(1 + as+1)− log

s+1∏
n=r

(1 + an)

∣∣∣∣∣
≤

∣∣∣∣∣log
s+1∏
n=r

(1 + an)

∣∣∣∣∣+
∣∣∣∣∣
s∑

n=r

log(1 + an)

∣∣∣∣∣+ |log(1 + as+1)|

< ε+ ε+ ε

< 3 < 2π,

implying that k = 0. So
∑∞

n=p log(1 + an) converges. By the first part of the
proof it converges to the desired value.

Corollary 2.4 The series
∑∞

n=1 bn of real numbers converges if and only if
the infinite product

∏∞
n=1 e

bn converges, in which case

e[
P∞

n=1 bn] =
∞∏
n=1

ebn .

Proof: In Theorem 2.3, 1 + an 6= 0 for all n ≥ 1. Put bn = log(1 + an).
For products having real terms of constant sign, the comparison with

series is somewhat simpler.

Theorem 2.5 Let {an}∞n=1 ⊆ [0,∞]. Then
∏∞

n=1(1 + an),
∏∞

n=1(1 − an),∑∞
n=1 an, either all converge or all diverge.

Proof: We may suppose that an → 0 as n → ∞, for otherwise all three
diverge. Summands 0 or factors 1 cannot affect convergence and neither can
a finite number of changes of summands or factors. Hence we also assume
0 < an < 1 for all n. Since (using L’Hôpital on each of the three limits)

limx↓0
log(1 + x)

x
= limx↓0

−log(1− x)

x
= limx↓0

−log(1− x)

log(1 + x)
= 1,

11



it follows from the usual limit comparison test for series that the three series∑∞
n=1 log(1 + an), −

∑∞
n=1 log(1 − an),

∑∞
n=1 an either all converge or all

diverge. So the proof is completed by invoking theorem 2.3.
(Recall one version of the limit comparison test: If an, bn > 0 and

limn→∞
an

bn
= L, 0 < L < ∞, then

∑
an and

∑
bn both converge or both

diverge.) The hypothesis that an ≥ 0 for all n in Theorem 2.5 is crucial.
Consider the following examples.

Example 6. Put an = (−1)n−1
√
n

. Then
∑
an converges by the alternating

series test, but we show that
∏

(1 + an) diverges. (1 + a2k−1)(1 + a2k) =(
1 + 1√

2k−1

)(
1− 1√

2k

)
= 1 − bk, where 0 < bk < 1 and kbk → 1

2
as k →

∞. By the limit comparison test
∑
bk diverges (because

∑
1
k

diverges). So∏
(1−bk) diverges by Theorem 2.5. But clearly

∏n
k=1(1−bk) is monotonically

decreasing as n → ∞, so
∏∞

k=1(1 − bk) → 0 as n → ∞. So
∏2m

n=1(1 + an) =∏m
n=1(1 − bn) → 0. Also,

∏2m+1
n=1 (1 + an) =

(∏2m
n=1(1 + an)

)
(1 + a2m+1) =

[
∏m

n=1(1− bn)] (1 + 1√
2m+1

) → 0. So
∏

(1 + an) diverges.

Example 7. Consider
∏

(1 + an) = (1 − 1√
2
)(1 + 1√

2
+ 1

2
)(1 − 1√

3
)(1 +

1√
3

+ 1
3
) · · · in which a2n−1 = −1√

n+1
, a2n = 1√

n+1
+ 1

n+1
. Clearly an → 0,

a2n−1 + a2n = 1
n+1

, (1 + a2n−1)(1 + a2n) = 1 − 1
(n+1)3/2 . So

∑
an = ∞, but∏

(1 + an) converges (use Theorem 2.5 again).
In spite of these examples we have the following fact.

Theorem 2.6 Suppose that {an}∞n=1 ⊂ C satisfies
∑∞

n=1 |an|2 < ∞. Then∑∞
n=1 an and

∏∞
n=1(1 + an) either both converge or both diverge.

Proof: Choose n ∈ N so that |an| < 1 for n ≥ N . For |z| < 1,

log(1 + z) = z + z2[−1

2
+
z

3
− z2

4
+− · · ·]. (21)

The power series in brackets represents a function continuous at z = 0,
so it approaches −1

2
as z approaches 0. Put z = an to obtain

bn =
∞∑
k=0

(−1)k+1akn
k + 2

→ −1

2
as n→∞. (22)

Hence the sequence {bn} is bounded. So apply the hypothesis and Theo-
rem 1.6 to obtain

∞∑
n=N

a2
nbn converges (in fact, absolutely). (23)

12



From Eqs. 21 and 22 we have

log(1 + an) = an + a2
nbn for n ≥ N. (24)

It follows from Eqs. 23 and 24 that
∑∞

n=N log(1 + an) and
∑∞

n=N an both
converge or both diverge. This and Theorem 2.3 complete the proof.

Just as for series, there is a notion of absolute convergence for products.

Theorem 2.7 If {an}∞n=1 ⊆ C, then the following are equivalent:
(i)
∑∞

n=1 |an| <∞;

(ii)
∏∞

n=1(1 + |an|) <∞.

(iii)
∑∞

n=p |log(1 + an)| <∞ for some p ∈ N (an 6= −1 for n ≥ p).

Defn. If these three hold, we say
∏∞

n=1(1 + an) is absolutely convergent.
Proof: The equivalence of (i) and (ii) follows from Theorem 2.5. If any of

the three hold, then an → 0. (log(1 + an) → 0 implies 1 + an = exp(log(1 +
an)) → e0 = 1.) So we may suppose p is large enough to force |an| < 1

2
for

n ≥ p. We may also suppose an 6= 0 for all n. So

|a−1
n log(1 + an)− 1| = |a−1

n [an + a2
n(−

1

2
+
an
3
− a2

n

4
+ · · ·)]− 1|

= | − an
2

+
a2
n

3
− a3

3

4
+ · · · |

<
1

22
+

1

23
+

1

24
+ · · ·

=
1

2
. (25)

This implies 1
2
< |[log(1 + an)]/an| < 3

2
. To finish the proof that (i) and (iii)

are equivalent, just apply the limit comparison test, Theorem 1.11.

Corollary 2.8 If
∏

(1 + an) is absolutely convergent, then it is convergent.

Proof: Suppose
∏∞

n=1(1+an) is absolutely convergent. So by Theorem 2.7,∑∞
n=1 |an| < ∞. By the basic comparison test,

∑
|a2
n| < ∞. Then by

Theorem 2.6, since
∑
|an| < ∞ implies

∑
an converges, also

∏
(1 + an)

converges.

13



Theorem 2.9 (The limit of a sum (resp., product)is the sum (resp. product)
of the limits.)

For m, k ∈ N, let am(k) ∈ C. For each n ∈ N suppose that limk→∞an(k) =
An ∈ C, and suppose that |an(k)| ≤ Mn < ∞ for all n and k, where∑∞

n=1Mn <∞. Then

(i) limk→∞ [
∑∞

n=1 an(k)] =
∑∞

n=1An, and

(ii) limk→∞
∏∞

n=1(1 + an(k)) =
∏∞

n=1(1 + An),

where all sums and products appearing in (i) and (ii) converge in C.

Proof: Let ε > 0 be given.

From limk→∞ an(k) = An and |an(k)| ≤ Mn we have that |An| ≤ Mn.
Since

∑∞
n=1Mn < ∞, we see that

∑
An converges absolutely. Hence there

is an integer N1 large enough so that for m ≥ N1 we have |
∑∞

n=mAn| < ε/4.
Since

∑
Mn < ∞, there is an integer N2 such that for m ≥ N2 we have∑∞

n=mMn < ε/4. It now follows that∣∣∣∣∣
∞∑
n=m

an(k)

∣∣∣∣∣ ≤
∞∑
n=m

|an(k)| ≤
∞∑
n=m

Mn < ε/4.

Put N = max{N1, N2}. For each n ∈ {1, 2, . . . , N} there is a kn such that
|an(k) − An| < ε

2n+1 for all k ≥ kn. Put K = max{k1, k2, . . . , kN}. Then for
all k ≥ K we have |an(k)− An| < ε

2n+1 . Hence for all k ≥ K we have∣∣∣∣∣
∞∑
n=1

an(k)−
∞∑
n=1

An

∣∣∣∣∣
=

∣∣∣∣∣
∞∑
n=1

an(k)−
N∑
n=1

an(k) +
N∑
n=1

an(k)−
N∑
n=1

An +
N∑
n=1

An −
∞∑
n=1

An

∣∣∣∣∣
< ε/4 +

N∑
n=1

ε

2n+1
+ ε/4 < ε/4 + ε/2 + ε/4 = ε.

This establishes part (i).
To prove (ii), first choose m such that Mn <

1
2

for all n > m. Define
bn(k) = log(1 + an(k)), and Bn = log(1 + An) for n > m and all k. From
the continuity of log on the disk |1 − z| < 1, it follows that limk→∞bn(k) =

14



limk→∞log(1 + an(k)) = log(limk→∞(1 + an(k)) = log(1 + An) = Bn for
n > m.

Recall that log(1 + z) =
∑∞

n=1
(−1)n−1zn

n
. Then for n > m, |bn(k)| =∣∣∣∑∞

j=1
(−1)j−1(an(k))j

j

∣∣∣ ≤ ∑∞
j=1

|an(k)|j
j

≤ Mn

∑∞
j=0

Mj
n

j+1
< Mn

∑∞
j=0 2−j = 2Mn.

Since
∑

2Mn also converges, we can apply the first part of the theorem to
obtain

limk→∞

∞∑
n=m+1

bn(k) =
∞∑

n=m+1

Bn. (26)

Then

∞∏
n=m+1

(1 + An) = exp
(∑∞

n=m+1Bn

)
(Theorem 2.3)

= exp
(
limk→∞

∑∞
n=m+1 bn(k)

)
(Eq. 26)

= limk→∞
(
exp

∑∞
n=m+1 bn(k)

)
(continuity of exp)

= limk→∞
{∏∞

n=m+1(1 + an(k))
}
.

So finally
limk→∞

{∏∞
n=m+1(1 + an(k))

}
= limk→∞

[∏m
n=1(1 + an(k))

(∏∞
n=m+1(1 + an(k)

)]
= limk→∞

∏m
n=1(1 + an(k)) · limk→∞

∏∞
n=m+1(1 + an(k))

=
∏m

n=1(1 + An) ·
∏∞

n=m+1(1 + An)
=

∏∞
n=1(1 + An).

3 Applications

Application 3.1 For fixed z, z ∈ C \ {0}, the infinite product

∞∏
n=1

sin(z/n)

z/n

is absolutely convergent.
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Proof: Recall sin(w) =
∑∞

k=0
(−1)kz2k+1

(2k+1)!
. So

sin(z/n)

z/n
=

∞∑
k=0

(−1)k(z/n)2k+1

(z/n)(2k + 1)!

= 1 +
1

n2

∞∑
k=1

(−1)kz2k

n2(k−1)(2k + 1)!
= 1 + bn/n

2,

where bn =
∑∞

k=1
(−1)kz2k

n2(k−1)(2k+1)!
. For fixed z 6= 0 and any n,

|bn| ≤

∣∣∣∣∣
∞∑
k=1

(−1)kz2k+1

(2k + 1)!

∣∣∣∣∣ · 1

|z|
≤
∣∣∣∣sin(z)− z

z

∣∣∣∣ .
So {|bn|} is a bounded sequence and

∑
1
n2 converges. By Theorem 1.6

∑∣∣ bn
n2

∣∣
converges. Hence by Theorem 2.7

∏(
1 +

∣∣ bn
n2

∣∣) converges, which is equivalent

to saying
∏(

1 + bn
n2

)
=
∏ sin(z/n)

z/n
converges absolutely.

Application 3.2 For all z ∈ C, limk→∞(1 + (z/k))k = ez.

Proof: Fix z ∈ C and define a1(k) = 1 + z for all k ∈ N and

an(k) =

{ (
k
n

)
zn/kn, 1 < n ≤ k;

0, 1 ≤ k < n.

Then An = limk→∞ an(k) = limk→∞
zn

n!
· k(k−1)···(k−n+1)

kn = zn

n!
for n > 1.

And A1 = limk→∞a1(k) = 1 + z. Also |a1(k)| ≤ 1 + |z| = M1|an(k)| ≤ |z|n
n!

=

Mn for n > 1. And
∑∞

n=1Mn =
∑∞

n=0
|z|n
n!

= e|z| < ∞. Since
∑∞

n=1 an(k) =

1 + z +
∑k

n=2

(
k
n

) (
z
k

)n
=
(
1 + z

k

)k
, by part (i) of Theorem 2.9. We have

limk→∞
(
1 + z

k

)k
= limk→∞

∑∞
n=1 an(k) =

∑∞
n=1An =

∑∞
n=1

zn

n!
= ez.

Application 3.3 (Euler, 1748). For all z ∈ C,

sin(πz) = πz ·
∞∏
n=1

(
1− z2

n2

)
.
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Proof: For m ∈ N, let

Pm(z) =
1

2i

[(
1 +

πiz

m

)m
−
(

1− πiz

m

)m]
.

From Application 3.2 we have

limm→∞Pm(z) =
1

2i

[
eπiz − e−πiz

]
=

1

2i
[(cos(πz) + isin(πz))− (cos(−πz) + isin(−πz))]

=
1

2i
[0 + 2i sin(πz)] = sin(πz).

Hence
limm→∞Pm(z) = sin(πz) for all z ∈ C. (27)

The zeros of Pm(z) are those z for which
(
m+πiz
m−πiz

)m
= 1 = e(2πi)j, which

holds if and only if m+πiz
m−πiz = e

2jπi
m if and only if (m + πiz) = (m − πiz)e

2jπi
m

if and only if z(πi+ πie
2jπi
m ) = me

2jπi
m −m if and only if z = m

πi

(
e

2jπi
m −1

e
2jπi
m +1

)
=

m
π
tan jπ

m
. (It is an easy exercise to show that e2iθ−1

e2iθ+1
= i tanθ.) So z = m

π
tan jπ

m

are zeros of Pm(z) for all integers j. If m = 2k is even, then Pm(z) has degree
m − 1 = 2k − 1, and its distinct zeros are 0, ±

(
2k
π

)
tan

(
jπ
2k

)
, 1 ≤ j < k.

(Recall that the tangent function is one-to-one on
(
−π

2
, π

2

)
.) The coefficient

of z in Pm(z) is easily seen to be π (and the constant term is zero), so

Pm(z) = P2k(z) = πz
k−1∏
j=1

(
1− π2z2

4k2tan2
(
jπ
2k

)) , for all z ∈ C. (28)

Fix z ∈ C and define

aj(k) =

{
−π2z2

4k2tan2( jπ
2k )
, 1 ≤ j < k;

0, 1 ≤ k ≤ j.

From Eqs. 27 and 28

sin(πz) = limm→∞Pm(z)
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= limk→∞P2k(z)

= πzlimk→∞

(
∞∏
j=1

(1 + aj(k))

)
. (29)

Since x < tan x for 0 < x < π
2

and limx→0
tanx
x

= 1, we have

|aj(k)| =

{
π2|z|2

4k2tan2( jπ
2k )

or 0
<

π2|z|2

4k2 j
2π2

4k2

=
|z|2

j2
= Mj.

And limk→∞aj(k) = −z2
j2

= Aj. So by part (ii) of Theorem 2.9 ,

πz

∞∏
j=1

(
1− z2

j2

)
= πz

∞∏
j=1

(1 + Aj) =

= πz limk→∞

∞∏
j=1

(1 + aj(k)) = sin(πz).

We now have

∞∏
n=1

(
1− z2

n2

)
=
sin(πz)

πz
= 1− π2z2

3!
+
π4z4

5!
− π6z6

7!
+ · · · . (30)

Recall that sinh θ = eθ−e−θ

2
, from which it follows that sin(iz) = i sinh(z).

Replace z with iz in Eq. 30 to obtain:

Application 3.4
∞∏
n=1

(
1 +

z2

n2

)
=
sin(πiz)

πiz
=

=
sinh(πz)

πz
= 1 +

π2z2

3!
+
π4z4

5!
+
π6z6

7!
+ · · · .

Application 3.5 Bernoulli Numbers and ζ(2k)

Define Bn, n ≥ 0, by

x

ex − 1
=

∞∑
n=0

Bn
xn

n!
.

18



The defining equation for Bn is equivalent to

1 =

(
∞∑
k=0

xk

(k + 1)!

)(
∞∑
k=0

Bk
xk

k!

)
.

Recursively we can solve for the Bk using this equation. But first notice
the following: Replace x by −x in the (exponential generating) function for
Bn:

∞∑
k=0

Bk
(−x)k

k!
=

−x
e−x − 1

=
xex

ex − 1
.

So
x

ex − 1
− xex

ex − 1
= −x =

∞∑
k=0

Bk

[
1− (−1)k

k!

]
xk.

This implies that

−x = B0 · 0 +B1 ·
2

1
x+B2 · 0 · x2 +B3 ·

2

3!
x3 +B4 · 0 · x4 + · · ·

which implies that

B1 = −1

2
and B2k+1 = 0 for k ≥ 1.

Then recursively from above we find B0 = 1; B1 = −1
2
; B2 = 1

6
; B4 = − 1

30
;

B6 = 1
42
, . . . ,.

A famous result of Euler (and the main goal of these notes) is the follow-
ing:

Theorem 3.6

ζ(2k) =
∞∑
n=1

1

n2k
=

(−1)kπ2k · 22k−1

(2k − 1)!

(
−B2k

2k

)
, k = 1, 2, . . . .

Proof: First take the logarithm of both sides of

sinh(πx) = πx

∞∏
n=1

(
1 +

x2

n2

)
(for x > 0).

From the left side we get
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log sinh(πx) = log

[(
eπx − e−πx

2

)]
= log

[
eπx

2
(1− e−2πx)

]
= log(1− e−2πx) + πx− log 2.

On the right side we get (for 0 < x < 1)

log π + log x+
∞∑
n=1

log

(
1 +

x2

n2

)
=

= log π + log x+
∞∑
n=1

(
∞∑
k=1

(−1)k+1x2k

kn2k

)
.

(Use Theorem 2.3 or Corollary 2.4.) Sinced this double series is absolutely
convergent for 0 < x < 1, we may interchange the order of summation and
obtain the equality

log(1− e−2πx) + πx− log 2 =

= log π + log x+
∞∑
k=1

[
(−1)k+1x2k

k

∞∑
n=1

1

n2k

]
=

= log π + log x+
∞∑
k=1

(−1)k+1x2k

k
ζ(2k).

On both sides take the derivative with respect to x. On the right side
we may differentiate term by term, since the resulting series is uniformly
convergent in 0 < x < 1− ε for any ε > 0. (See differentiation of power series
in Calculus II.) We obtain:

2πe−2πx

1− e−2πx
+ π =

1

x
+ 2

∞∑
k=1

(−1)k+1x2k−1ζ(2k).

Multiply throughout by x and then substitute x
2

for x:

xπe−πx

1− e−πx
+
πx

2
= 1 +

∞∑
k=1

(−1)k+1 x2k

22k−1
· ζ(2k)
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→ πx

eπx − 1
+
πx

2
= 1 +

∞∑
k=1

(−1)k+1 · ζ(2k)
22k−1

x2k.

The left side gives πx
2

+
∑∞

k=0Bk
(πx)k

k!
. Compare coefficients of positive

even powers of x:
B2kπ

2k

(2k)!
= (−1)k+1ζ(2k)

22k−1 , which implies

ζ(2k) =
(−1)kπ2k22k−1

(2k − 1)!

(
−B2k

2k

)
. (31)

Now using the values of B2, B4 and B6 computed earlier, we have:

∞∑
n=1

1

n2
= ζ(2) =

π2

6
.

∞∑
n=1

1

n4
= ζ(2 · 2) =

π4

90
.

∞∑
n=1

1

n6
= ζ(2 · 3) =

π6

945
.

Bernoulli originally introduced the Bn to give a closed form formula for

Sn(m) = 1n + 2n + 3n + · · ·+mn.

On the one hand

x(emx − 1)

ex − 1
=

(
x

ex − 1
(emx − 1)

)
=

(
∞∑
k=0

Bk
xk

k!

)(
∞∑
j=1

mjxj

j!

)
=

=
∞∑
n=0

[
m∑
i=1

Bn−i

(n− i)!
· m

i

i!

]
xn =

∞∑
n=0

(
n∑
i=1

(
n

i

)
Bn−im

i

)
xn

n!
.

(The coefficient on x0

0!
is 0.)

On the other hand:

x(emx − 1)

ex − 1
= x

(
emx − 1

ex − 1

)
= x(e(m−1)x + e(m−2)x + · · ·+ ex + 1) =
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= x

m−1∑
j=0

(
∞∑
r=0

jrxr

r!

)
=

∞∑
r=0

xr+1

r!

(
m−1∑
j=0

jr

)
=

=
∞∑
r=0

Sr(m− 1)
xr+1

r!
=

∞∑
n=1

Sn−1(m− 1)
nxn

n!
.

Equating the coefficients of xn

n!
we get:

n∑
i=1

(
n

i

)
Bn−im

i = Sn−1(m− 1)n, n ≥ 1,

or
n+1∑
i=1

(
n+ 1

i

)
Bn+1−i(m+ 1)i = Sn(m) · (n+ 1), n ≥ 0.

So Bernoulli’s formula is:

Sn(m) = 1n + 2n + · · ·+mn =
n+1∑
i=1

(
n+ 1

i

)
Bn+1−i

(m+ 1)i

(n+ 1)
.
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