
Equivalent Sets

In this section we address the issue of the

“size” of a set.

Definition: Two sets A and B are equivalent

iff there exists a 1-1 function from A onto B.

Note:

1. We say A and B are in 1-1 correspondence.

2. We write A ≈ B.

Example: {1,2,3} ≈ {a, b, g} since the func-

tion f : {1,2,3} → {a, b, g} given by f(1) = a,

f(2) = g, and f(3) = b is 1-1 and onto {a, b, g}.

Example: Are {1,2,3,4, . . . } and {3,6,9,12, . . . }
equivalent?



Note: {3,6,9,12, . . . } ⊂ {1,2,3,4, . . . }, but yet

they are still equivalent.

Example: Are the intervals [1,2] and [1,4]

equivalent?

Worksheet Example A

The following theorem will be useful:

Theorem: If f : A
1-1→

onto
B and g : B

1-1→
onto

C,

then g ◦ f : A
1-1→

onto
C.

Theorem: The relation “≈” is an equivalence

relation on the set of all sets.

Theorem: Assume A, B, C, and D are sets

with A ≈ C and B ≈ D. Then



1. A×B ≈ C ×D.

2. If A ∩ B = ∅ and C ∩D = ∅, then A ∪ B ≈
C ∪D.

Example: Let A = {−5,0}, B = [1,2], C =

{9,101}, and D = [1,4]. Then A ≈ C and

B ≈ C. By the previous theorem

{−5,0} ∪ [1,2] ≈ {9,101} ∪ [1,4]

Notation: Let N = {1,2,3,4, . . . } and let Nk =

{1,2,3, . . . , k} for k ∈ N.

Definition: A set S if finite iff S = ∅ or S ≈ Nk

for some k ∈ N. Set S is infinite if it is not

finite.



Note:

1. We say the empty set ∅ has cardinality zero.

2. If S ≈ Nk we say set S has cardinality k.

Notation: S means “cardinality of set S.”
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Lemma: Assume set S is finite with cardinal-

ity k, and x /∈ S. then S ∪ {x} is finite with

cardinality k + 1.

Lemma: Every subset of Nk is finite for all

k ∈ N.



Theorem: Assume S is a finite set. If T ⊆ S,

then T is finite. In other words, every subset

of a finite set is finite.

The proof of our last theorem gives us the

following corollary:

Corollary: Any set, which is equivalent to a

finite set, must also by finite.

The Contrapositive of the previous theorem

says:

If a subset of set a A is infinite, then A must

be infinite.

Theorem: If sets A and B are finite with A ∩
B = ∅, then A∪B is finite and A ∪B = A + B.



Corollary:

a. If A and B are finite sets, then A ∪ B is

finite.

b. If A1, A2, A3, . . . , An are finite sets for n ∈ N,

then
n⋃

i=1

Ai is finite.

We say “the union of any finite collection of

finite sets is finite.”

Lemma: If r > 1 and x ∈ Nr, then Nr − {x} ≈
Nr−1.

Theorem: (The Pigeonhole Principle) Let n, r ∈
N. If f : Nn → Nr is a function, and n > r, then

f is not 1-1.



Corollary: If a set is finite, then it is not equiv-

alent to any of its proper subsets.

This gives us the statement: If a set S is equiv-

alent to any of its proper subsets, then S is

infinite.

Example: We claim that N = {1,2,3,4, . . . }
is infinite. To show this, we can show that

N is equivalent to one of its proper subsets.

Consider the set A = {2,3,4, . . . }. It is clear

that A ⊂ N. However consider the function f :

N → A given by f(n) = n+1 for all n ∈ N. This

function is clearly 1-1 and onto A. Therefore

N ≈ A and thus N is infinite.
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