Combinations of Functions

We begin by recalling a couple of definitions.

Definition: Let A and B be sets. A relation
R from A to B is a subset of A x B.

Definition: Let A and B be sets. A function
f from A to B is a relation f from A to B
(f € A x B) which satisfies the following two
properties:

i. Dom(f) = A.

i. If (z,y) € f and (x,2) € f, then y = z.

Definition: Assume f : A — B is a function,
i.e.,

f={(z,y) e Ax B : f(z) =y}



Then the inverse relation =1 is

7t =A{(z,y) 1 (v,2) € f}
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Remarks: Assume f is a function from A to
B, and f‘l is the inverse relation of f.

1. f~1 need NOT be a function.
2. fC Ax B and Dom(f) = A.
3. f71C Bx A and Dom(f~1) = Rng(yf).

4. Rng(f~1) = bom(f) = A.



Definition: Assume f: A— B,and g: B — C.

The composition of f and g is the relation

gof = {(x,2) e AxC : Jye B with (z,y) € f
and (y,z) € g}
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Note:

gof = {(x,2) € AxC : Jye B with (x,y) € f

and (y,2) € g}.
= {(z,2) e AxC : Jye B with f(z) =1y

and g(y) = z}
= {(z,2) e AxC : g(f(x)) ==z}
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Remark: In general, go f # fog.

Note: In all examples in this section f o g and
go f are functions.

Is this always true?

Theorem: Assume f: A— Bandg: B — C

are functions. Then the relation go f from A
to C satisfies:

1. Dom(go f) = Dom(f) = A. and
2. go f is a function, i.e., go f: A — C.

We can now say (z,y) € go f iff (go f)(z) =y
and (go f)(z) = g(f(x)).

Note: If f: A —- B and g : B — (' are func-
tions, it follows that Rng(f) € Dom(g).



Recall: Two functions f and g are equal, i.e.
f =g iff

i. Dom(f) = Dom(g), and

ii. f(x) = g(x) for all x € Dom(f).

Theorem: Let f: A —- B, g . B — C, and
h : C — D be functions. Then ho (go f) and
(hog)o f are functions and

ho(gof)=(hog)of.

Remark: It has now been established that
functional composition is associative, but not
commutative.



Definition: (Identity function on A) Let A be
a nonempty set. The identity function on A,
Ip,:A— A, is defined by

Iy(x) =x
for all x € A.

Theorem: Let f: A — B be a function and
let 14 and Ip be the identity functions on A
and B respectively. Then

1. folyq=f, and

2. Igof=f.



Theorem: Let f: A — B be a function with
Rng(f) = C. If f~1 is a function, then

1. f~lo f =14, and

2. fof =1,

Definition: Let f : A — B be a function and
let D C A. The restriction of f to D, denoted

flp, is given by

flp={(z,y) e Ax B : z€ D and f(x) = y}.

If f and g are functions, and g is a restriction
of f, then we say f is an extension of g.
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Theorem: Assume h is a function with Dom(h) =
A and g is a function with Dom(g) = B. If



ANB = 0, then hUg is a function with Dom(hU
g) = AUB.
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