More on Sets of Sets

Definition: A set of sets if often called a fam-
ily of sets.

Example:

S ={{1,2},{2,v2},{3,1,7,6}}

Definition: Let A be a family of sets. The
union over A is defined by

J A={z : 3AcA)(z e A)}
AeA

and the intersection over A is
(N A={z : (VA A)(ze€ A)}
AecA
Example: Let A= {{1},{1,2},{2,3}}. Then

J A={1,2,3} and [) A=0.
AeA AcA



Another Way

Definition: Let A be a nonempty set. Sup-
pose for each o« € A\, there is a corresponding
set An. Then the family of sets

A={An | a€e A}

IS an indexed family of sets. Each o € A is
called an index, and A is called an indexing
set.

Example: Let A = N. Let

I =[0,1], I —[o 1] I —[01]
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What is | In 7
neN
Answer:
) In = [0, 1].

neN



What is () In 7

neN
Answer:
ﬂ I, = {0}.
neN
What about
1 1
I, =(0,1), I :<O,—>, I3 = (O,—),... ?
1 =1(0,1), I 5 3 3
Sometimes we will use the following notation:
4
U I; =11 Ul,UlIzUly
i=1
and
6

(I =I3NnIanIsN .
i=3



Example: Let A, = [0,n) for each n € N. and
let

A {An : n €N}

{[0,1),[0,2),[0,3),[0,4),...}.

T hen

U A= |J An= UA [0, o)

Ae A neN
and

N A= (] An= mA [0,1).

AeA neN

Example: Let A, = {1,r3} for each r € R and
let A={A, : r€R}. Then

N A= 4 = {1},

AeA recR
and
U A= U Ar = R,
AceA reR

Worksheet Example A



Some T heorems

Theorem: Let A be a family of sets and let
B e A. Then

proof:

1) Assume that A is a family of sets and that

Be A Now let z e (] A, Then z € A for all

Ae A
sets Ae A. But Be A, so z € B. Thus we

have shown that () A C B.
AeA

2) Exercise.



Theorem: Let A= {A, : ¢« € N} be an indexed
family of sets, and let m be a fixed integer with
m > 1. Then

proof: Assume the hypothesis.

m

1) Let =z € U A;, then x is an element of at
i=1

least one of the sets Aq,A»,...,An, Or said

differently x € A, for some k where 1 < k < m.
But A, € A so

:IJEUA—UA

Ae A 1=



m oo
Therefore | ] A; C (] A;.
i=1 i=1

©.@)
2) Now let z € () A;. Then z € A; for all
i=1

= 1,2,3,4,.... In particular x € A; for + =
1,2,3,4,...,m, so that
m
xr & m Az
i=1

oo m
Therefore () A4; C () A
i=1 i=1

O

Theorem: Let A = {An : « € A} be an
indexed family of sets. Then

acA acA



—

aEN ace\
proof:
1)
ze€ |J Aa <= z¢ |J Aa
aEN ac\
<— x& Ay forall ae A
«— xcA, forallacA
— ze |J Aa
aEN

(Note that we have shown the equivalent of

UJ 4 C ) Aaand ) AaC |J 4a.)
acA acA aEA acEA

2) Exercise.



Definition: The family of sets A ={An : a €
A} is pairwise disjoint iff for all a, 8 € A, if
An # AB’ then A, N Aﬁ = (.

Example: Each of the following families of
sets is pairwise disjoint.

1. A={{1},{2,3},{5,7,10}}
2. A={(n,n+1] : neN

Definition: A family of sets A = {A; : i € N}
is @ nested family of sets if for all 2,7 € N with
1 < j, then A; C A;.



Example: Each of the following families of
sets is a nested family of sets.

1

1. Let A, = [2,2—|——] for each n € N and let
n
A={A, : neN}L

2. Let A, = (n+3,00) for each n € N and let
A={A, : neN}L



