
Math 2411Calculus I I
Solutions to Practice Test # 1,
Summer2006

Solutions

1. Let f be the continous function shown below, and let g(x) =
Z x

� 2
f (t) dt

Note: The portion of the graph on [� 2; 0] is a half circle.

��

��

PSfrag replacements

(2; 3)

(� 4; � 2)

f (t)

Evaluate the following: (2 poin ts each)

a. g(� 2) = 0

b. g(0) = � �
2

c. g(2) = 3 � �
2

d. g(� 4) = 2

e. g0(2) = 3

f. g0(� 1) = � 1

2. Let g(x) =
Z x

0
f (t) dt, 0 � x � 5, where f is the function pictured below. (10 poin ts)

a. State the x-value(s), if any, where g has a:

i. local maximum: x = 2

ii. local minimum: x = 4

iii. in
ection point: x = 3

iv. absolute maximum: x = 2

b. Sketch the graph of g on 0 � x � 5.



(a) If g(x) =
Rx

� 1 e2t+1 dt, then g0(x) = e2x+1 (3 pts)

(b) If h(x) =
Rx4

� 1 e2t+1 dt, then h0(x) = (e2x4 +1 )4x3 (3 pts)

3. On the paper provided, evaluate the following integrals. Show all work. You may want to put only one
or two integrals on one sheet of paper. Please put the problems in order before turning them
in. (7 poin ts each)

a.
Z

x2e4x dx

Let u = x2

du = 2x dx

Let dv = e4x dx

v =
1
4

e4x

Z
x2e4x dx =

1
4

x2e4x �
Z

1
2

xe4x dx

Let u = x

du = dx

Let dv = e4x dx

v =
1
4

e4x

Z
1
2

xe4x dx =
1
8

xe4x �
Z

1
8

e4x dx

=
1
8

xe4x �
1
32

e4x + C
Z

x2e4x dx =
1
4

x2e4x �
1
8

xe4x +
1
32

e4x + C

= e4x

 
x2

4
�

x
8

+
1
32

!

+ C

b.
Z 1

0

x3

x2 + 1
dx

Z 1

0

x3

x2 + 1
dx =

Z 1

0
x �

x
x2 + 1

dx

=
x2

2
�

1
2

ln(x2 + 1)

�
�
�
�
�

1

0

=
1
2

�
1
2

ln(2) �
�

�
1
2

ln(1)
�

=
1
2

�
1
2

ln(2)



c.
Z

dx

x
p

1 + x2

Let x = tan �

dx = sec2 �
Z

dx

x
p

1 + x2
=

Z
sec2 � d�

tan �
p

1 + tan2 �

=
Z

cos� d�
sin � (sec� ) cos2 �

=
Z

1
sin �

d�

= � ln(sec� + tan � ) + C Using Wrong Formula

= � ln(
p

1 + x2 + x) + C

= ln(csc� � cot � ) + C Using Right Formula

= ln

 p
1 + x2

x
�

1
x

!

+ C

= ln

 p
1 + x2 � 1

x

!

+ C

d.
Z

arcsinx dx

Let u = arcsinx

du =
1

p
1 � x2

dx

Let dv = dx

v = xZ
arcsinx dx = x arcsinx �

Z
x

p
1 � x2

dx

= x arcsinx +
p

1 � x2 + C

e.
Z

2x � 1
x2 + 2x + 1

dx

4.
2x + 1

x2 + 4x + 4
=

2x + 1
(x + 2)2

=
A

x + 2
+

B
(x + 2)2

=
A(x + 2) + B

(x + 2)2

=
Ax + 2A + B

(x + 2)2

A = 2

2A + B = 1

B = � 3Z
2x + 1

x4 + 4x + 4
dx =

Z
2

(x + 2)
�

3
(x + 2)2 dx

= 2ln jx + 2j +
3

x + 2
+ C



f.
Z

sin3 x cos3 x dx

Z
sin3 x cos3 x dx =

Z
(1 � cos2 x)(cos3 x) sin x dx

Let u = cos x

du = � sin x dxZ
(1 � cos2 x)(cos3 x) sin x dx =

Z
� (1 � u2)u3 du

=
Z

u5 � u3 du

=
u6

6
�

u4

4
+ C

=
cos6 x

6
�

cos4 x
4

+ C

5. On the paper provided, evaluate the following Improper integrals. Show all W ork. State whether the
integral convergesor diverges. (7 poin ts each)

(a)

Z �
2

0
tan � d� = lim

b! �
2

�

Z b

0
tan � d�

Let u = cos�

du = � sin � d�

= lim
b! �

2
�

Z cosb

1
�

1
u

du

= lim
b! �

2
�

� ln jujj cosb
1

= lim
b! �

2
�

� ln j cosbj = 1

So the integral diverges.

(b)

Z 1

1

1
x2 dx = lim

b!1

Z b

1

1
x2 dx

= lim
b!1

�
1
x

�
�
�
�

b

1

= lim
b!1

�
1
b

+ 1

= 1

So the integral convergesto 1.



6. Given the di�eren tial equation xy 0 � 2y = x2, determine if the function y = x2(ln( x) + 3) is a solution.
Show all of your work. (5 pts)

y0 = 2x(ln( x) + 3) + x2(
1
x

)

= 2x(ln( x) + 3) + x

So xy0� 2y = x(2x(ln (x) + 3) + x) � 2x2(ln( x) + 3)

= 2x2(ln( x) + 3) + x2 � 2x2(ln( x) + 3)

= x2

So y is a solution.

7. Given the di�eren tial equation
dy
dx

= x(y � 1)2,

(a) On the grid provided, for � 2 � x � 2 and � 1 � y � 2, sketch a slope �eld at the points indicated.(5
pts)

(b) Analytically , �nd the particular solution y = f (x) to the given di�eren tial equation with the initial
condition f (0) = � 1. (4 pts)

dy
(y � 1)2 = x dx

Let u = y � 1

du = dy
Z

du
u2 =

Z
x dx

�
1
u

=
x2

2
+ C

�
1

y � 1
=

x2

2
+ C

y � 1 =
1

�
�

x2

2

�
+ C

� 2 =
1
C

C = �
1
2

y =
� 1

�
x2+1

2

� + 1

= �
2

x2 + 1
+ 1



8. Consider the di�eren tial equation y0 =
1
2

(1 + y)(2 � y), with slope �eld shown below.

Draw approximate solution curvesfor each of
the following initial conditions. (2 pts each)

(a) (0; 2)

(b) (0; 0)

(c) (0; � 2)

9. Find the particular solution to the di�eren tial equation x 2yy0 = y2 + 1 and y(1) = 0. Solve your
solution for y. (5 pts)

x2y
dy
dx

= y2 + 1
Z

y
y2 + 1

dy =
Z

1
x2 dx

Let u = y2 + 1

du = 2y dy
1
2

Z
1
u

du = �
1
x

+ C

1
2

ln jy2 + 1j = �
1
x

+ C

ln jy2 + 1j = C �
2
x

y2 = Ce� 2
x � 1

y =
q

Ce� 2
x � 1

0 =
p

Ce� 2 � 1

C = e2

y =
q

e2� 2
x � 1



10. Given the region bounded by the functions y = 3
p

x and y = x,

(a) Find the area of the region. (I will accept any of the follo wing answers) (4 pts)

A1 =
Z 1

0

3
p

x � x dx = �
x2

2
+

3
4

x
4
3

�
�
�
�
�

1

0

= �
1
2

+
3
4

=
1
4

A2 =
Z 0

� 1
x � 3

p
x dx +

Z 1

0

3
p

x � x dx = 0

A3 = 2 �
1
4

=
1
2

(b) Find the volume of the solid of revolution when the region is rotated about the y-axis.
Note: Disk Metho d Form ula: V = �

Rb
a (f (x))2dx.

V1 = �
Z 1

0
(y)2 � (y3)2 dy = �

Z 1

0
y2 � y6 dy

= �

0

@y3

3
�

y7

7

�
�
�
�
�

1

0

1

A = �
�

1
3

�
1
7

�

= �
�

7 � 3
21

�
=

4�
21

11. Consider the region boundedby the graphsof
y = e

1
2 (x � 1) � 1, y = 1 and x = 1 as shown in

the �gure.

e
1
2 (x � 1) � 1 = 1 ) e

1
2 (x � 1) = 2

1
2

(x � 1) = ln 2

x = 2ln 2 + 1

e
1
2 (x � 1) � 1 = y ) x = 2ln(y + 1) + 1

PSfrag replacements 2

2

3

3 4

Set up, but do not evaluate the integral necessaryto �nd the volume of the solid of revolution formed
by rotating the region about: (4 pts each)

(a) the x-axis

�
Z 2 ln 2+1

1
12 � (e

1
2 (x � 1) � 1)2 dx

(b) the line y = 1

�
Z 2 ln 2+1

1
(1 � (e

1
2 (x � 1) � 1))2 dx

(a) the y-axis

�
Z 1

0
(2 ln(y + 1) + 1)2 � (1)2 dy

(b) the line x = 3

�
Z 1

0
(2)2 � (3 � (2 ln(y + 1) + 1))2 dy

12. Given f (x) = 3
p

x + 1:

(a) �nd the averagevalue of f on the interval [� 1; 7]. (5 pts)

Average =
1
8

Z 7

� 1

3
p

x + 1 dx =
1
8

3
4

(x + 1)
4
3

�
�
�
�

7

� 1

=
1
8

�
3
4

(16 � 0)
�

=
3 � 16

32
=

3
2



(b) sketch a graph of f and the rectangle whosearea is the sameas the area under the graph of f . (4
pts)

13. As spring of natural length 15 in. is stretched to a length of 18 in. by a force of 750 lbs. Set up but do
not evaluate an integral usedto �nd the amount of work necessaryto stretch the spring from a length
of 16 in. to 19 in. (5 pts)

F (x) = kx

F (3) = k � 3in

750 = 3k

k = 250

So W =
Z 4

1
250x dx in � lbs



14. Consider the Great Pyramid shown in the �gure below. The baseof the pyramid is 800ft. by 800ft. and
the height of the pyramid is 400ft. The pyramid was built by workers stacking stonesfrom the ground
level to the top one layer at a time. If the weight density of the stones (force density) is 200 lbs

ft 3 set
up but do not evaluate the integral you would use to �nd the amount of work required to build the
pyramid. ( 6 pts)

PSfrag replacements
x i

400

y i

400 � y i

x i

400
=

400� yi

400
x i = 400� yi

Vi = (2x i )2� y

= (800� 2yi )2� y

Fi = 200(800� 2yi )2� y

Wi = 200yi (800� 2yi )2� y

W =
Z 400

0
200y(800� 2y)2 dy

15. The rate of changein the amount of a radioactive substanceis directly proportional to the amount Q of
the substancepresent at time t.

(a) Write a di�eren tial equation which givesthe relationship betweenthe rate of changein the amount
of the substanceand the amount of the substance.(3 pts)

dQ
dt

= kQ



If 100 kg. of the substancedecays to 40 kg after 10 years,solve the di�eren tial equation to �nd the
particular solution Q(t) which can be used to �nd the amount of the substanceat any time t. (4
pts)

Q(t) = 100ekt

40 = 100e10k

2
5

= e10k

k =
ln 2 � ln 5

10

Q(t) = 100e
ln ( 2

5 )
10 t

= 100
�

eln( 2
5 )

� t
10

= 100
�

2
5

� t
10

(b) How much of the substancewill remain after 20 years? (4 pts)

Q(20) = 100
�

2
5

� 2

= 100�
4
25

= 16 kg


