Math 2411 Calculusll

Solutions to Practice Test # 1, Solutions
Summer2006
Z X
1. Let f bethe continous function shavn below, and let g(x) = f (1) dt
2

Note: The portion of the graph on[ 2;0] is a half circle.

(2:3)

(4 2 €

Evaluate the following: (2 points each)

a.g 2=0 c.g@=3 5
b.g(0)= 5 d g 4)=2
4

e.g42) = 3

f.gA 1)=

X
2. Let g(x) = f(t)dt, 0 x 5,wheref isthe function pictured below. (10 points)
0

|
a. State the x-value(s), if any, where g hasa:
i. local maximum: x = 2 ii. inection point: x = 3
ii. local minimum: x = 4 iv. absolute maximum: x = 2

b. Sketch the graphofgon0 x 5.
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(@) If g(x) = Rxl e*1 dt, then g4x) = e*1 (3 pts)

(b) If h(x) = in 2L dt, then hdx) = (e'*1)4x3 (3 pts)

3. On the paper provided, evaluate the following integrals. Show all work. You may want to put only one
or two integrals on one sheetof paper. Please put the problems in order before turning them
in.Z(7 points each)

a.  x%e™ dx

Let u = X
du = 2xdx
Let dv = ™ dx
vV = 1-64)(
2 1,. Z1
2 Ax — 2 4X 4x
xce” dx = -x°€ —xe™ dx
4 2
Let u = x
du = dx
Let dv = e dx
v = 1-84)(
Z 4 z
}xe“x dx = }xe“x }e“x dx
2 8 8
1 4x 1 4x
= —Xxe —e” +C
7 8 32
1 1 1
2 Ax — 2 AX 4x AX
xce” dx = -x°€ —Xxe” + —e” + C
4 8 132
5 !
- 4x X X 1
= € - Z+ = +C
4 8 32
Z1 3
' 0 X2+ 1
Z1 3 . Z, X4
0 x2+ 1 X = OX x2+ 1 X
1
x2 1
= = Zin(x®+1
1 1 1
= — —In(2 —In(2
5 3h@ 5@
1 1
= — —In(2
5 3 (2



dx
_p:
X 1+ x2

arcsinx dx

2x 1
X2+ 2x+ 1

Let x

z

arcsinx dx = X arcsinx

X+ 1
X2+ 4x + 4

tan
ed
2 se¢ d
tan ' 1+ tan2
cos d
sin (sec ) cog
1
sin
In(sec + tan )+ C Using Wrong Formula
In( 1+ x2+x)+C
In(csc  cot )+|C Using Right Formula
1+x2 1

— +C
X X

In

Let u = arcsinx

du =

Let dv = dx

vV = X z
pxidx
1 x2

. pP—
= xarcsix+ 1 x2+C

X+ 1

(x + 2)?

A B

X + 2+ (x + 2)2

A(x+2)+ B
(x+2)2

Ax + 2A + B
(x + 2)2

2A +

W
I

1

B:ZB

2x+1 dx 2 3
x4+ 4x + 4

x+2) (x+22 ™

= 2njx+ 2j+ +C

X+ 2



f.  sin®xcosx dx

Z Z
siffxcosx dx = (1 cogx)(cos’x)sin x dx
Let u = cosx
7 du = 7 sin x dx
(1 cogx)(cos’x)sin x dx = 1 u?ud du
Z
= u> uldu
ué  u?
= — —+ C
6 4
_ cofx codx ‘
6 4

5. On the paper provided, evaluate the following Improp er integrals. Show all Work. State whether the
integral corvergesor diverges. (7 points each)

(@)

Z_ z,
tan d = Iim tan d
0 B> 0
Let u = cos
du = sin _d
cosb 1
= lim —du
B 1 u
= lim  Injujj$>®

= |lm Injcosh=1

Sothe integral diverges.

(b)

|
o
x
1
5
|
o
x

= |lim
b1

= lim
b1

Sothe integral corvergesto 1.



6. Given the dierential equation xy® 2y = x2, determine if the function y = x?(In(x) + 3) is a solution.
Show all of your work. (5 pts)

Yo = 2x(n(0 + 3+ ()
= 2X(In(x) + 3)+ x
So xy® 2y = x@x(In(x)+ 3)+ x) 2x3(In(x) + 3)

= 2x°(In(x) + 3)+ x*> 2x3(In(x) + 3)
2

= X
Soy is a solution.
7. Given the di erential equation % = x(y 1)
(@) Onthe grid provided,for 2 x 2and 1 y 2,sketch aslope eld at the points indicated.(5
pts)
A
y

(b) Analytically, nd the particular solution y = f (x) to the given di erential equation with the initial
condition f (0) = 1. (4 pts)

dy

7(y 2 = x dx
Let u = y 1
7 du = gy
du
e = X dx
1 X2
= _+C
u 2
2
i = X_+C
y 1 2
1
y 1 = :
7 *C
1
2 = =
C
1
CcC = =
2
1
y = x2+1 t1
2
= 2 + 1




%(l+ V)(2 vy), with slope eld shown below.

8. Considerthe di erential equationy®=

Draw approximate solution curvesfor eadh of

. (2 pts each)

ial cond

iaons

ing ini

the follow

2)

(@ (0

0)

(b) (O

2)

(c) (O

R |

B i R b i -
B R I NP
B B B B P e
B R S SR P S e
e N N F
e i S N wa e e e e
B I R S NN 1At s
e S R e b ey
e i I BN BN e
PO R S IO S ENENEEREE R KN P B N
R T R NN N N B A e L T
s e s ey B e
B R J T
e P AT R EE SR B e
B ) e T g
B o B N B I e i e
B RS SR B 1A h R i
e R S e T
e i o LR R S N & Bty
S SN NENENENE [N P A A s
B ettt S R RS CE SN G d e e
e i i USSR B B et
B T NN P g g — =g
e 1 et A ARG RN B e et ek
B B R B ettt
B B A B B I e
e B B O T T A e
B B L
B B R B
B e i T e O B B e el
B B B B I S B I
B B L
B B B R e L O
B B B B R B B
D T O T B A e e
e B T L s U0 Y I
B A A B N S I
B B B L B B B e AT
BT B B I I
B (L e N I et
B B B L I B
B B B I I B
B S r F P AR NNNN AN 4,:, B ety
B L I
B A R I
D e B AR B e B e e L
B B B R B B B D
T LV NS RS LN A L e e o

0. Solve your

to the dierential equation x?yy® = y?+ 1 and y(1)

solution

9. Find the particular

solution for y. (5 pts)

- o “

C C NIx ey

NixXax | ¢ lo e

du
Edu
u

z

1
2
Injy? + 1

Injy>+ 1j =

z
1
2



10. Given the region bounded by the functions y = R X andy = X,

(a) Find the areaof the region. (I will accept any of the follo wing answers) (4 pts)

1
_ R— o x2 3.1 3 1
Al = dx= —+ - = —+-==
L o O X®E T 27472
0
A, = X X dx + X xdx=0
1 0
1 1
Ay = 2 ===Z
3 4”2
(b) Find the volume of the solid of revolutioa when the region is rotated about the y-axis.
Note: Disk Metho d Formula: V = 2(f (x))2dx.
Z 1 Z 1
v o= v)? (v} dy= y> y°dy
0° 1 0
1
. @Y YVa- 101
3 7 3 7
0
_ 7.3 _4
- 21 21
11. Considerthe region boundedby the graphsof
y=e® D 1 y=1andx= 1asshownin LA
the gure. . +
ee® D 1=1) e D = 2 2 T
1 - -
“x 1) = In2 - .
2 - ———~
= +
2In2+ 1 -5V , . .

ez D 1=y ) x

2In(y+ 1)+ 1

Setup, but do not evaluate the integral necessaryto nd the volume of the solid of revolution formed
by rotating the region about: (4 pts each)

(a) the x-axis (a) the y-axis
Z 2in2+1 1 Z1
12 (e2* D 1)2dx 2In(y+ 1)+ 1)> (1) dy
1 0
(b) theliney=1 (b) theline x = 3
Z 2in2+1 . Z1
@ (2P 1)?dx 2% (3 (2In(y+ 1)+ 1)*dy
0

12. Givenf (x) = R X+ 1

(@) nd the averagevalue of f onthe interval [ 1;7]. (5 pts)

y4
1771 13 !
= — + = — — +
Average 8 . X+ 1dx 84(x 1)3 .
1 3 316 3
= g 210 9 =755



(b) sketch a graph of f and the rectangle whosearea is the sameas the areaunder the graph of f. (4
pts)

\

13. As spring of natural length 15in. is stretched to a length of 18 in. by a force of 7501bs. Set up but do
not evaluate an integral usedto nd the amourt of work necessaryto stretch the spring from a length
of 16in. to 19in. (5 pts)

F(x) = kx
F(3) = k 3in
750 = 3k
k = 50
2
So W = 250« dx in Ibs

1



14. Considerthe Great Pyramid showvn in the gure below. The baseof the pyramid is 800ft. by 800ft. and

the height of the pyramid is 400ft. The pyramid was built by workers stacking stonesfrom the ground
level to the top one layer at a time. If the weight density of the stones (force density) is 200 %? set

up but do not evaluate the integral you would useto nd the amount of work required to build the
pyramid. ( 6 pts)

400 y;

Yi

400

Xi _ 400 ;i
400 400
Xj = 400 vyj;
Vi = (2x)? y
= (800 2yi)? y
F; = 200(800 2y)? vy
Wi = 200y(800 2yi)? vy
Z 400

200y(800 2y)? dy

=
I

15. The rate of changein the amourt of a radioactive substanceis directly proportional to the amournt Q of
the substancepreser at time t.

(a) Write a di erential equation which givesthe relationship betweenthe rate of changein the amount
of the substanceand the amount of the substance. (3 pts)

dQ _

T



If 100kg. of the substancedecays to 40 kg after 10 years, solve the di erential equationto nd the
particular solution Q(t) which can be usedto nd the amount of the substanceat any time t. (4

pts)

Q) = 100
45) = 100!
5 : In2 In5

n n
k =
Q) = 100eIn Sf )i

t
= 100 () ™
t
2 10
= 100 =
5

(b) How much of the substancewill remain after 20 years? (4 pts)

Q(20) = 100 2 g 100 4 16 k
B 5 25 g



