Calculus 1 Solutions

Exam #2 - Fall 2004

(1) Differentiate the following functions: (6 pts each)

(a)

Solution:

K'(z) = 2€*® - sin(z) - 42® + €** - cos(x) - 42> + €% - sin(z) - 1227

(b)
f(z) = sin(z? — 1) + cos(In(x))
Solution:
f'(z) = cos(z? — 1) - 2z + w
_ sin(In(z))
= 2z cos(z? — 1) — —
“ 2sin(3)
sin(3x
flz) = n(@+2)
Solution:
o) = (6 cos(3z)) (In(z + 2)) — 25232)
"= (In(z + 2))?
_ (z +2)(6cos(3z))(In(z + 2)) — 2sin(3x)
B (z + 2)(In(z + 2))2
(d)
h(z) = o™ 4147 — "
Solution:

K (z) = 2ze” +In(14) - 14°

(2) Differentiate the following functions: (8 pts each)

(a)
g(x) = tan(2z? — 1) + sin®(z) + cos?(x)

Solution:
g(z) =tan(2z? — 1) + 1

g'(z) = 4z sec’(22% — 1)
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g(z) = cos(e®)(arccos(z))

Solution:

g'(z) = —e” sin(e”)(arccos(z)) —

(3) Given the following expression, find Z—i’. (8pts)

222
4 2 2

Solution:

4z + 6y + 33:2@ + 2yd—y =0
dx dx

5 d d
3;1:2% + 2y% = —4z3 — 6zy

d
£(3x2 +2y) = —4a2® — 6y

d_y _ —4z3 — 6zy
dr  3x2+2y

(4) Find the equation of the tangent line to the curve y = 237" at the point
(1,1). (10 pts) Solution:

In(y) = ln(;zc3z2 )

In(y) = 32° In(x)

1dy 3z

2% 6zl il

ydr 6z 1n(x) + -

1dy

ydr 6z n(z) + 3z
B _ (62 In(z) + 3x)
dz 7

Yy = 1601 (1) + 3(1)
=1(6(0)+3) =3

So the equation of the tangent line at (1,1) is

y—1=3(z—1)
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(5) On what intervals is the function f(z) = e~ concave up? (10 pts) Solu-

tion: )
fl(z) = —2ze™"

Ff(z) = -2 + (—2z)(=2z)e "

= 2 + 4z2e~"

f concave up = f"(z) >0

= —2¢=% + 4z~ >0

= (422 —2)e ® >0

=422 -2>0

=422 > 2

1

2
=2’ > =
7y
= 1< <1
N il
V2 V2

(6) The equation of a particular ellipse is given by 3(z — 4)? + 2(y — 2)2 = 14
Find the equation of the tangent line to this ellipse at the point (6, 3).

(10 pts) Solution

6(x—4)+4(y—2)-3—z:0
dy
4(y—2)-%=—6($—
dy  6(x—
do 4y -
dy  3(x—
de — 2(y -
dy 3(2)
d |(6,3)——E

So the equation of our tangent line is

y—3=-3(x—06)



(7) Use the quotient rule to derive the derivative of cot(x) = Z:’nsg))

Simplify your answer!

(Note: A correct answer with no work will receive no credit!)

Solution:
d _d cos(xz), —sin(x)sin(x) — cos(x)cos(x)
%(mt(m)) B E(Sin(w)) B sin®(x)
_ —sin’(z) — cos?(z) _ —(sin’(z) + cos*(z))
B sin?(z) B sin?(z)
= ﬁ = —csc? ()

(8) Let y = arccos(z). Derive a formula in terms of x for %.
(Note: A correct answer with no work will receive no credit!)

Solution:
y = arccos(z) =

z = cos(y)
. dy
1=-— il
sm(y)dm
dy 1
dr ~  sin(y)
1
V1—z?
X
So, sin(y) = V1 — 22 =
dy 1

dv —  1—a?



(9) BONUS 10 pts

Given The parametric equation
z =2+ cost y=3+sint 0<t<2r

(a) Sketch the grah of this curve and use arrows to indicate the direction

in which the curve is traced as t increases.

%
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(b) Find Z—Z 3 different ways Solutions:
(i)
dy % t
d—y :g—; = CO,S = —cott
T ¥ —sint
(ii) Also,
cost =z —2
sint =y —3
sin?t + cos’t =1
(z—2°+@y-3)°=1
=
dy
20 —-2)+2(y—3)— =0
(-2 +2(y -3
dy  (z-—2)

dx (y—3)



(iii)
(y-2°=1-(z-2)

y—3=1/1—(z - 2)2

y=3++/1— (z—2)2
L/ WP
dz 21— (z—2)2
+ T — 2
1—(z-2)2

t = arccos(z — 2)
y = 3 + sin(arccos(z — 2))

Z_z = cos(arccos(z — 2)) - Vi-(z-22
—(z—2)

V1-(z-2)72

(¢) For what t values does the curve have a horizontal tangent line? Solu-

tion: J J
Y _ axr
pi 0 and 7 #0
cost=0and —sint #0

po T 3T

272
(d) For what ¢ values does the curve have a vertical tangent line? Solution:
d _
dt
—sint =0 and cost #0

dy
Oanda#o

t=0,m



