Mathematical Probability (Math 6383)
MIDTERM TEST. SOLUTIONS

1. Let Q = [0,1] and let A consist of all subsets of [0, 1] that are either countable
or have countable complements. Define P(A) = 0 if A € A is countable and
P(A) = 1 otherwise.

(a) Show that A is a o-algebra on 2.
(b) Show that P is a probability measure on (£2,.A).

Solution.

(a) We check the axioms for a o-algebra. () € A because it’s countable.
[0,1] € A because its complement is () which is countable.

Suppose A € A. We need to check that A€ € A. Since A € A, either A is
countable or A¢ is countable. If A is countable, then the complement of
A€ which is A is countable, so A¢ € A. If A¢ is countable, then A¢ € A
by definition.

Suppose A,, € A, wheren =1,2,.... We need to check that US> ; A4,, € A.

Since A,, € A, either all A,, are countable, or there is A,, which has a

countable complement. If all A,, are countable, then U2 ; A, is countable,

so Us2 1 Ay, € A If there exists an A, with countable complement, then

noting that (Up2; A,)¢ C Ay, , it follows that the complement of Up2 ; A,
is countable, so UX A, € A.

(b) Since [0, 1] is not countable, P(]0,1]) = 1. Suppose A,, are pairwise dis-

joint elements of A. We need to check that P(UX A,) =5 7 P(4,).
Either all A,, are countable, or there exists A,, with a countable com-
plement. If all A, are countable, then P(4,) = 0, so > 2 P(4,) =
0. Also U2, A, is countable, so P(US2; A,) = 0. We conclude that
P(UX,An) = S0, P(Ay).
If A,, has a countable complement, then by the fact that the A, are
pairwise disjoint, A, C A7 for all n # ng. It follows that the A, for
n # ng are countable. Hence, P(A,,) =1 and P(4,,) = 0 for n # ng, and
Yo P(A,) =1. In addition, U3, A, has a countable complement, so
P(Uy2,Ay,) =1 as required.

2. Consider an infinite sequence of independent coin flips such that the proba-
bility of a head appearing on the nth flip is p,,. Denote A the event that only
finitely many heads appear.

(a) Show that A is a tail event. Deduce that either P(A) =0 or P(A) =1.
(b) Find necessary and sufficient conditions on the p,, for P(A) = 0.

Solution.

(a) Denote X, a random variable that equals 1 if the n-th flip results in
a head and equals 0 if it results in a tail. Let A, be the o-algebra
generated by X, X, +1,.... The tail o-algebra is A = N%°,A4,,. We



(b)

need to show that A € A. Consider the event A° which consists in
infinitely many heads appearing. We know that A¢ = limsup,,_,..{X, =
1} = no2, U2, {Xk = 1}. The event U2, {X} = 1} belongs to A,
so it belongs to A, if n > m. Therefore, N5, U {X, = 1} also
belongs to A;,. Since N2, U, {Xi =1} =g, U, { X = 1}, we
conclude that NS, U { X}, = 1} belongs to A,, for arbitrary m. Hence,
this event belongs to all o-algebras A,,,, which means that it belongs to
its intersection N°_;A;, . Thus, A° belongs to the tail o-algebra. It
follows that A belongs to the tail o-algebra because of the definition of a
o-algebra.

Finally, since the random variables X, are independent, by Kolmogorov’s
0-1 law the tail o-algebra consists only of events of probability zero or
one. Hence, A either is of probability 1 or of probability 0.

The event A€ consists in there appearing infinitely many heads. By the
Borel-Cantelli lemma, P(A¢) = 0 if and only if 7, p, < co. Thus,
P(A) =0 if and only if > >° | pp = 0.

3. Let X and Y be independent random variables with XY = 1 a.s. Show that
X and Y are constant a.s.

Solution.

(a)

Suppose, in addition, that X > 0 and Y > 0 a.s. and that EX < oo
and EY < oo. By independence, 1 = E(XY) = EXEY, so EXEY =1.
Suppose, P(X # EX) > 0. Then P(X > EX) > 0.

Indeed, if P(X > EX) = 0, then

EX = E(X1{x_gx}) + E(X1xs5x}) + E(X1{x<EX)})
= (EX)P(X =EX) + E(Xl{X<EX})

Hence, (EX)P(X # EX) = E(X1;x<gx}). The probability on the
left is P(X < EX) because we supposed that P(X > EX) = 0. Thus,
(EX)P(X < EX) = E(X1x.gx}); or E(X —EX)1(x.px}) = 0. The
random variable (X —EX)1;xgx)}) is nonpositive. Since its expectation
is zero it equals zero a.s. Hence, P(X < EX) = 0, which together with
P(X > EX) = 0 contradicts the supposition that P(X # EX) > 0.
Since XY = EXEY a.s., we have that Y < EY on the event {X > EX}.
We have that P(Y # EY) > P(X > EX) > 0. By the argument used
for proving that P(X > EX) > 0 we conclude that P(Y > EY) > 0.
By independence, P(X > EX)P(Y > EY) = P(X > EX,Y > EY).
Hence, the latter probabilty is positive. However, on the event {X >
EX,Y > EY} we have that XY > EXEY. Thus, P(XY > EXEY) =
P(XY > 1) > 0. The obtained contradiction completes the proof.

Consider the general case. Let us prove that for arbitrary constant a > 0,
P(|X| > a) is either zero or one. Suppose P(|X| > a) > 0. By the fact
that XY =1 a.s. and independence, we have for ¢ > 0

P(|X| = a)P(|X| <a) =P(|X| = a)P([Y] > 1/a)
= P(|X| > a,|Y] > 1/a).



The latter event is of probability zero since on it |XY| > 1. Thus, if
P(|X]| > a) > 0, then P(|X| < a) = 0. Hence, if P(|X| > a) > 0, then
P(X|>a)=1-P(|X|<a)=1.

Let @ = sup{a : P(|X| > a) =1}. Since P(|X| > a) — 0 as a — oo, we
have that @ < oo. By definition, for arbitrary € > 0, P(|X| > a+¢€) < 1,
so P(|X| > a+¢€) = 0. On letting e — 0, P(|X| > a) = 0. Also
P(|X|>a—¢€)=1,s0P(|X|>a)=1. It follows that P(|X| =a) =1.
In particular, @ > 0. Therefore, |Y| =1/|X|=1/a a.s.

Next, by independence

P(X =a)P(X = —a)
=PX=a)P(Y=-1/a)=P(X =a,Y =—1/a).
The latter event is of probability zero. Hence, on recalling that P(X =

a)+P(X = —a) = 1, either X = a a.s. or X = —a a.s. Accordingly,
either Y =1/a a.s. or Y = —1/a a.s.

4. Let (X,Y) be a bivariate normal random variable with mean (0, 0). Show that
X/Y has a Cauchy distribution.

Solution. Let g be a bounded measurable function. We have bu a change of
variables
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5. Let (X1, Xo,...,X,) be an n-dimensional Gaussian random variable with zero

mean. Let £ denote the collection of all linear combinations with deterministic
weights of the X;. In the vector space L define the inner product XY = EXY .
Apply the Gram—Schmidt procedure in order to orthogonalize the X; with
respect to this inner product. Show that the random variables Y7, ...,Y, thus
obtained are Gaussian and independent.

Solution. According to the Gram-Schmidt process,

Yl = Xla
XN
Yo = X9 — Y;
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Thus, for each k, Y, is a linear combination of Xq,..., X, with determin-
istic weights. Hence, the vector (Y7,...,Y,,) is a linear transformation of
(X1,...,X,), so it is Gaussian. An easy induction argument shows that

EY, =0 for £ = 1,2,...,n. Finally, since by Gram-Schmidt Y; - Y; = 0 for
i # j, it follows that EY;Y; = 0. Thus, the covariance matrix of (Y1,...,Y;)
is diagonal, so they are independent random variables.



