Solutions to Assignment #11 — MATH 2421
Spring 2006

Kawai

Section 13.3

(#18) This is a conservative field. F (z,y,z) = (e¥, ze¥, (z+1)e?)
We can check this using V x F = 0.

f(x,y,z):/de:/Qdy:/Rdz.

Any terms which have z, y, AND z must be identical in each of the three integrals. Otherwise,
we just pick one term of each type when we scan the three results. The sum is the potential
function f (z,y, 2).

/de:/eyd:v:xey—i—a(y,z).

Since the variable of integration is z;, any term which has y’s or z’s (or both) will be considered
constant with respect to . Hence, the symbol « (y, z) represent the “constant of integration”
for this integral.

/Qdy = /xeydy =xe! + [ (z,2).
This is good. The xze¥ term matched up in both integrals.

/Rdz—/(z—l—l)ez—zez+’y(x,y).

This last one requires integration by parts!

There are NO terms with x, y, AND z. We collect one copy of each of the other terms when
we form the potential function.

f(z,y,2) = xe’ + ze* + C.

You should verify that Vf = F.

The Fundamental Theorem of Line Integration tells us that the value of any work integral
fC F - dr is independent of path.

As long as F is defined on the path, the value of the integral is
/ F -dr = f (end) — f (start) .
C

In this case, the path defined by C'is
r(t)=(t ¢, ¢*), 0<t <1

Thus, the starting point is (0,0,0) and the ending point is (1,1,1).
[P = fa0)-F0.00
C

= (161 + 161) — (060 + 060) = 2e work units.



Let’s compare this with the parameterized line integral.

dr = (1, 2t, 3t*)dt

F = <et2, tetQ, (t3 + 1) et3>
The work integral is

1
/F-dr - / <et2, tet”, (£ +1) et3>-<1, 2t, 3t%) dt
C

0

1
— / (et2 + 2% + (365 + 3t2) et3> dt
0

Interesting observation: We know that | et’dt does NOT have an elementary antiderivative.
So this looks like the evaluation might be impossible. Not so!

Since the second term, [ 2t2€t2dt, requires integration by parts:

/ 22l dt = te” — / e’ dt,

the first integral will be cancelled!
Thus, we see that the algebra can be performed, but we will still hate the tricks involved.

Aren’t we glad that we have the potential function?!

(#20) When we have two-variable field F = (P, Q) , the test for conservative field is simple. We
simply check to see if

Q. —P,=0.
We have
P = 2% — 12233
Q = 4dzy—9zy?
and

Qo — Py = 4y — 362°y* — (4y — 362°y*) = 0.V

We create the potential function.

/Pd:c = / (2y2 — 12m3y3) dz = 2zy? — 3z%® + a (y)

/Qdy = / (4zy — 9x4y2) dy = 2zy? — 3z*y3 + B (2).
The terms which contain both variables must be identical. Thus, we have

f(z,y) = 2xy? — 32> + C.

We choose any path from (1, 1) to (3,2).
[Fa = se2-ra
C

= 2(3)(2%) —3(3%) (2°) — (2 — 3) = —1919 work units.



(#24) Here’s a plot of F (z,y) = (2zy +sin(y), * + zcos(y)).

y 5]

NN i N

—
NN S N A
= asl - That is, it doesn’t look like there are any closed paths
NN <P LS which have a nonzero circulation (the arrow go around

\\N~Nw Lol in a circle).

N o ¢ ¢ .1 T |
7 /-2-5/ /HO\ N ;i \ s We check Q, — P,.

X

It looks reasonably irrotational.

-5

VAV P IR NN Q. = 2z + cos (y)
S 3w P, =2x+cos(y). They are equal, so Q, — P, = 0.

P L ~ . . .
— e T F is definitely conservative!

Section 13.4

(#10) The integral ?{ (y? — tan™! (z)) dz + (3z + sin (y)) dy = 7{ Pdx + Qdy is the same as
C

fF-dr,

C

c

where F = (P,Q). This is a circulation integral. [If F is a conservative field, then this is
automatically zero.]

We calculate the circulation density

Q=P = g losin()]+ 5 [~ tan ! (o)

= 34 2y.

We integrate this over the interior of C. This is certainly easier to do than evaluating two
line integrals (two pieces) around the boundary C. In fact, let’s see what those two integrals
would look like...

Here’s the region. We’re bounded by y = 22 and y = 4.

y %

For the parabolic edge, we use
r(t)=(t, t*), -2<t<2.
dr = (1, 2t)dt.

We evaluate F on that edge:

= (a0, 3 ()

= (t* —tan~1 (1), 3t +sin (12)).



The circulation on that edge is (using the counterclockwise orientation)

2
/F.dr = / (t' —tan~' (t), 3t+sin (7)) - (1, 2t)dt
c

-2

2
= / (t* — tan™! (¢) + 6¢> + 2¢sin (¢%)) dt
-2

Each of these functions has an elementary antiderivative, but, for example, tan~! (¢) requires
integration by parts (a lot of work).

For the upper (horizontal) edge, we can find the integral over the line from (—2,0) to
(2,0), and then take the negative of the integral, because we originally wanted the value
when the orientation is in the opposite direction (from right to left is counterclockwise over

C).
Since the line integral is

/ Pdz + Qdy
C

and y is not changing (it’s equal to 4 at all points of the line segment), we have dy = 0 and

/dex + Qdy = /Cqu: = /2 (4% — tan™! () dz.

—2

Now we see that the )

/ tan~! (z) dz

-2
in both integrals will cancel! Green’s Theorem will automatically discard offsetting integrals
like this!

We will count the area R (interior of S) vertically first.

dy dz
y: 22 —4
r: —2—2 -
41
j{F‘dr:/ / (34 2y) dydx:—6.
—2 Jx2 5
C
Inner:
4 4
/2 (B+2y) dy=[3y+y°] . =(12+16) — (32 +2") = —32° — 2" + 28.
Outer:

2 5 2
41
/ (=322 — 2% + 28) dz = [—x3—x+28x] _46,
L 5 L, 5



(#17) Here’s the simple closed path C (once around counterclockwise).

The enclosed region is certainly polar friendly.

Y r dr df
r: 0—1
07| 6: 0—m/2

The integrand becomes

0 0
0251 QCB - Py - % [xy2] - 87y [x2 + xy] = y2 — .
0 : ; ; | In polar, this is 72 sin? (6) — r cos (6) .

0 0.25 05 0.75 1

Green’s Theorem give us

w/2 rl - 1
?{F'dl‘—/ / (T2Sin2(9)—rcos(9))rdrdé?:——f.
0 0 16 3
C
Inner:
1 1 1
/ (rsin® () — r® cos (0)) dr = Sin2(9)/ 7“3d7“—cos(0)/ r2dr
0 0 0
1, 1
= sin 0) — 5 C0s ().
Outer:
1/”/2 9 1/“/2 1 [9 sin(ze)r/z 1
- sin® (0) df — - cos(0)dd = - |=— — — [sin (0)]
A T R e e A O
T 1
= E—f.\/

(#20) The area formula on p. 948 says that area enclosed by C' is

1
A:%mdy:—%ydm:2f:vdy—ydx.
C

C c

Why does this work? We have P = —y and @) = x, and thus, by Green’s Theorem, we have

;Z{xdy—yd:]s:;/R/(l—(—l))dA:/R/ldA:AreaofR.

Our problem has the curve r (t) = (cos (¢), sin® (¢)), 0 <t < 2.



It turns out that the double integral is somewhat
difficult to evaluate since

3
r =cos(t) and y=sin®(t) = ( 1 — cos? (t))
The explicit form of the curve is

Y= (1—3:2)3/2.

The basic single-variable integral

1
e
/0(1 ) =

equal one-fourth of the enclosed area. It can be evaluated using a trigonometric substitution.

We will show that the line integral is easier to evaluate this time.

A

27
jl{$ dy = /0 cos (t) (3 sin? (t) cos (t) dt)

c

3 [ 2 (t) cos? (t) dt = 3 M ELICOM
/ ()

2w 2w 1 4
3/ sin? (2¢) dt = 3/ L_costt)
1/, 1), \2 2

3[t sin@dt)]* 3w
4 (2 8 J, 4

v

(#26) The moment of inertia formulas are given in Problem #25:

= (3) f 2

C

Our path C' is a circle (centered at the origin) of radius a.

Thus, we have

x = acos(t)
= asin(t), 0 <t <27.

g

<§> /027r a3 cos® (t) (acos (t) dt)

(57) - () ()5

We note that cos* (¢) requires the “reduction of power” formula twice.



Section 13.8

(#12) Divergence Theorem. Cylindrical Coordinates.
We have F = <£L‘3, 222, 3y2,z> .

V-F:Q[x‘g]%—ipxz?]—i— 0

9 3y 7 [3y2z] =322 4+ 0+ 3y = 32,

The outward flux is equal to the flux density integrated over the interior of S.

The lower surface is z = 0 and the upper surface is the elliptic paraboloid, z = 4 — 22 — y? =
4— 72,

If we smash this down onto the xy-plane, we have the circle 22 + 32 < 4.

dz r dr df

z: 0—4—1r?
r: 0—2

0: 0—2m.

2 2 pd—r?
?{(F-n)dS:/ / / 3r2 r dz dr df = +32m.
o Jo Jo

S
The outward flux is positive through S.

Inner:

4—r2
3r3/ dz = 3r3 (4 — r2) =12r3 — 3,5,
0

Next:

2 7672
/ (12r® — 3r°) dr = [37«4 — ] =48 — 32 = 16.
0 2 0

The Outer integral multiplies the previous result by 2w. The final answer is 327.v
(#13) Divergence Theorem. Spherical Coordinates.
We have F = <m3, 3, z3>.

V.F:7[x3]+*[93]+£[23] =322 4+ 3y + 322 = 3p°.

The outward flux is equal to the flux density integrated over the interior of S.

p*sin (@) dp d¢ do

p: 0—1
p: 00—
0: 0— 27

f(F-n)dS:/O%/OW/Ol?)p? p? sin (@) dpdgz)de:l%”.
S



Inner:

1
3sin (¢) /0 ptdp = Zsin (¢).

Next: 5 7 \ ; .
2 [Csin@)do = —Zleos(@F =3 (-1-1 = 3.

12
The Outer integral multiplies the previous result by 2. The final answer is TW.\/



