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COMMENTS

The slides named ”COMMENTS” were not present during the talk, it is just to help the reader to

understand.
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A reorthogonalization procedure for MGS applied to a low rank deficient

matrix.

Julien Langou

CERFACS

joint work with Luc Giraud,

and Serge Gratton .
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Gram-Schmidt algorithm

Starting from A = (a1, . . . , an) ∈ R
m×n with full rank,

Gram-Schmidt algorithm computes Q and R so as

• A = QR,

• Q ∈ R
m×n, QTQ = In,

• R ∈ R
n×n, R is upper triangular with positive elements on the diagonal .
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Gram-Schmidt algorithm

Starting from A = (a1, . . . , an) ∈ R
m×n with full rank,

• A = QR,

• Q ∈ R
m×n, QTQ = In,

• R ∈ R
n×n, R is upper triangular with positive elements on the diagonal .

Classical Gram-Schmidt (CGS) Modified Gram-Schmidt (MGS)
for j = 1, n do

w = aj

for i = 1, j − 1 do

rij = qT
i aj

w = w − qirij

end for

rjj = ‖w‖2
qj = w/rjj

end for

for j = 1, n do

w = aj

for i = 1, j − 1 do

rij = qT
i w

w = w − qirij
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Outline

• Some previous results on modified Gram-Schmidt algorithm.

• Rank considerations in the modified Gram-Schmidt algorithm.

• A reorthogonalization procedure for modified Gram-schmidt applied to low rank

matrices.

• Numerical experiments.
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Historical Framework

A ∈ R
m×n with full rank n ≤ m, with singular values : σ1 ≥ . . . ≥ σn > 0, κ(A) = σ1/σn,

MGS computes in floating point arithmetic Q̄ and R̄ so as
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where c̄i and c are constants depending on m, n and the details of the arithmetic,

and u is the unit round off.



Milovy, 2002 4/26

Historical Framework

A ∈ R
m×n with full rank n ≤ m, with singular values : σ1 ≥ . . . ≥ σn > 0, κ(A) = σ1/σn,

MGS computes in floating point arithmetic Q̄ and R̄ so as
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This results holds under the assumptions :

2.12 · (m + 1) · u < 0.01 and c̄2uκ(A) < 1.
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Singular values of T .
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Under the assumption that (c + c1)uκ < 1

[bjpa:92] ‖T̃‖2 ≤ cξuκ, κ =
σ1

σn

.

i = 1, . . . , n, σi(T̃ ) ≤ cξuκi, κi =
σ1

σn−i+1
.
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Proof.

Follow Björck and Paige (1992) and instead of doing

‖AB‖2 ≤ ‖A‖2‖B‖2,

do

σi(AB) ≤ σi(A)‖B‖2, i = 1, . . . , n.
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Singular values of F .
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Milovy, 2002 7/26

Singular values of F .
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Singular values of F .

[bjpa:92] A + Ê = Q̂R̄ , Q̂T Q̂ = Id and ‖Ê‖2 ≤ cu‖A‖2,

F = Q̃− Q̂.

under the assumption cuκ < 1, with η = (1− cuκ)−1,

σi(F ) ≤ 2cηuκi, i = 1, . . . , n.



Milovy, 2002 8/26

Tightness of the bounds(1)
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Tightness of the bounds(2)
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Tightness of the bounds(3)
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Interpretation.

σi(F ) ≤ 2cuηκi(A) = 2cuη ‖A‖2

σn−i+1(A) , i = 1, . . . , n.

|| A ||
2

s
n
(A)

σ1(A) σn(A)

Singular values of A.
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|| A ||
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s
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σ1(A) σn(A)

κn(A) κ1(A)

Singular values of A.

Condition numbers κi(A) of A.
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Interpretation in term of rank.

|| A ||
2

s
n
(A)

σ1(A) σn(A)

Singular values of A.

c u K(A)

cu
σ1(F ) σn(F )

Singular values of F .

If A has (numerical) rank n− 1, F has (numerical) rank 1.
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Interpretation in term of rank.

F = Q̃− Q̂

we say that

the difference from Q̃, the Q-factor computed by modified Gram-Schmidt,

and Q̂, an exact orthogonal matrix such that A = Q̂R + E,

is F , a low rank matrix.
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Background - Derivation of Q̂.

•
MGS Householder

A = QR ←→





0

A



 =





P11

P21



R

with

�
�

P11

P21

�
�

=

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

0 qT
1 q2 qT

1 (Id − q2qT
2 )q3 . . . qT

1 (Id − q2qT
2 ) . . . (Id − qn−1qT

n−1)qn

0 0 qT
2 q3 . . . qT

2 (Id − q3qT
3 ) . . . (Id − qn−1qT

n−1)qn

.

.

.

.

.

.

.

.

. . . .

.

.

.

0 0 0 . . . qT
n−1qn

0 0 0 . . . 0

q1 (Id − q1qT
1 )q2 (Id − q1qT

1 )(Id − q2qT
2 )q3 . . . (Id − q1qT

1 ) . . . (Id − qn−1qT
n−1)qn

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

.

• some useful formulae

P21 = Q(Id− P11) T̃ = P11(P11 − Id)−1
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Background - Derivation of Q̂.

As

(

P11

P21

)

has orthonormal columns, we can do its CS-decomposition.

P11 = U1CW T

P21 = U2SW T
with

UT
1 U1 = I

UT
2 U2 = I

C2 + S2 = I , C and S diagonal.

Björck and Paige (1992) define Q̂ as

Q̂ = U2W
T .
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How to find F?

F = Q− Q̂,

= P21(I − T )− Q̂, Q = P21(I − T )

= U2(S − I)W T − P21T, P21 = U2SW T

∼ U2k(Sk − I)W T
k − P21(UTkΣTkW

T
Tk).

We have expressed F as a sum of to low rank matrix of rank k. The choice of k is a

compromise between accuracy and efficiency.
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How to find F?

F = Q− Q̂,

= P21(I − T )− Q̂, Q = P21(I − T )

= U2(S − I)W T − P21T, P21 = U2SW T

∼ U2k(Sk − I)W T
k − P21(UTkΣTkW

T
Tk).

We have expressed F as a sum of to low rank matrix of rank k. The choice of k is a

compromise between accuracy and efficiency.

We avoid the computation of P11 and P21 using P11 = (T − I)−1T and P21 = Q(I − T )−1

F = (Q(I − T )−1)WkS
−1
k (Sk − Ik)W

T
k −Q(I − T )−1(UTkΣTkW

T
Tk),

F = Q
((

I − UTkΣTkW
T
Tk

)

−1
(

Wk(Ik − S−1
k )W T

k − UTkΣTkW
T
Tk

))

.
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How to find F? - the rank 1 case

• Run MGS to have Q and R.

• Form T and find its singular value decomposition such that T = uT σT wT
T .

• Compute c = σ + σ2(wT
T uT ) and s =

√
1− c2.

• Form F :

F =
(

(Q (wT (1− s−1) + uT (1− s−1 − c)))wT
T

)

.
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Things to retain.

•We need to fixed the orthogonality ‖I −QT Q‖2 that we want to reach.

In a way doing this we fix the numerical rank of A.

• The algorithm costsO(mn2). ( MGS costsO(2mn2)).

The main cost is governed by the construction of T = triu(I −QT Q).

• For both of these reasons, it is particulary well-suited when A has a neat low

rank deficiency.
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Experimental results - the case-test.(toolbox proved by Abderahmanne Bendali)

GOLDORAK (n = 715 , κ(A) = 546).



Milovy, 2002 19/26

Experimental results - the case-test.(toolbox proved by Abderahmanne Bendali)

0 50 100 150 200 250
0

50

100

150

200

250

GOLDORAK (n = 715 , κ(A) = 546).



Milovy, 2002 19/26

Experimental results - the case-test.(toolbox proved by Abderahmanne Bendali)

We run full GMRES with MGS without preconditionner and a right-hand side corresponding to an

incident wave at 0o.

The tolerance is fixed to 10−12.

- ‖rm‖2/‖b‖2
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Experimental results - the case-test.(toolbox proved by Abderahmanne Bendali)

From Greenbaum, Rozložnı́k and Strakǒs (1997) we know that

‖rm‖2 ∼ σmin (v0, AVm)

- ‖rm‖2/‖b‖2

-
σmin(v0,AVm)

σmin(A)
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Experimental results - the case-test.(toolbox proved by Abderahmanne Bendali)

so from Björck (1967) we can check that the loss of orthogonality is proportionnal to 1/‖rm‖2.

- ‖rm‖2/‖b‖2

-
σmin(v0,AVm)

σmin(A)

- ‖I − V T
m Vm‖2
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Experimental results - the case-test.(toolbox proved by Abderahmanne Bendali)

As AVm = VmH̄m, Vm and A are well-conditionned, we deduced that the second smallest

singular value of (v0, AVm) is reasonnably big.

- ‖rm‖2/‖b‖2

-
σm+1(v0,AVm)

σmin(A)

-
σm(v0,AVm)

σmin(A)
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EXPLANATION

σi(A) = max
E,dim(E)=i

min
x∈E

‖Ax‖2

‖x‖2
.

therefore

σn−1(v1, AV ) = max
E,dim(E)=n−1

min
x∈E

‖Ax‖2

‖x‖2
.

let consider E = �
�

0

� n−1

�
�

, dim(E) = n − 1 and

min
x∈E

‖(v0, AV )x‖2

‖x‖2
= min

y∈� n−1

‖(v0, AV ) �
�

0

y

�
�

‖2

‖ �
�

0

y

�
�

‖2

= min
y∈� n−1

‖AV y‖2

‖y‖2
= σmin(AV )

so

σn−1(v1, AV ) = max
E,dim(E)=n−1

min
x∈E

‖Ax‖2

‖x‖2
≥ min

x∈E

‖(v0, AV )x‖2

‖x‖2
≥ σmin(A)σmin(V )

While σn(v1, AV ) is controlled by the convergence of GMRES, σn−1(v1, AV ) is controlled by A. We deduced that the

matrix (v1, AV ) can be considered as a rank n-1 matrix. When it is orthogonalize with MGS, it is therefore easy to

reorthogonalize.
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Experimental results - the case-test.
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CNSPH (n = 310 , κ(A) = 3, 977). CERFACS (n = 312 , κ(A) = 38).
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COMMENTS

- We may note that the matrix studied are complex whereas the study has been done only in the real case.

- We are going to run one GMRES with MGS for the first right-hand side (corresponding to an incident wave of 0o) then we

project the 359 other right-hand sides (corresponding to incident waves from 1o to 359o) on the Krylov Space (V ) given by

the GMRES run.

When using MGS the right way to project is :

�
�

�
�

�
�

�
�

vT
1 b(i)

vT
2 (I − v1vT

1 )b(i)

.

.

.

vT
n (I − vn−1vT

n−1) . . . (I − v1vT
1 )b(i)

�
�

�
�

�
�

�

�

i = 1, . . . , 359

When using an orthonormal basis Q the right way to project is :

�
�

�
�

�
�

�
�

qT
1 b(i)

qT
2 b(i)

.

.

.

qT
n b(i)

�
�

�
�

�
�

�

�

i = 1, . . . , 359

Therefore we will see that the cost of the reorthogonalization ( obtaining Q from V ) is largely amortized.

- We may also remark that the relation AV = V H is changed in the relation AV = QH then the reorthogonalization does

not matter the solves.
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Experimental results - 1.

We run full GMRES without preconditionning and stop when
‖rn‖2

‖b‖2
< 10−12

GOLDORAK CNSPH CERFACS

m 715 310 312

κ(A) 516 3, 977 38

n 123 101 68

||I − V T V ||2 (MGS) 1.33 · 10−1 1.82 · 10−1 5.39 · 10−3

||I −QT Q||2 (reorth) 1.35 · 10−13 1.43 · 10−13 1.60 · 10−14

||AV −QH̄ ||2 (reorth) 1.74 · 10−15 5.84 · 10−16 6.18 · 10−16

time for projecting with MGS (s.) 36.07 7.59 4.49

time for reorth (s.) 4.79 1.11 0.59

time for projecting with reorth (s.) 5.66 1.18 0.79
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Experimental results - 2 .

We run full GMRES without preconditionning and stop when
‖rn‖2

‖b‖2
< 10−9

IMPCOL A STEAM2 STEAM1

m 225 600 240

κ(A) 9.2 · 106 3.5 · 106 3.0 · 107

n 210 159 199

||I − V T V ||2 (MGS) 5.93 · 10−2 2.48 · 10−1 2.26 · 10−3

||I −QT Q||2 (reorth) 4.18 · 10−11 2.26 · 10−10 1.36 · 10−10

||AV −QH̄ ||2 (reorth) 2.36 · 10−16 9.09 · 10−16 3.53 · 10−16
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Experimental results - 3 - Matrix from Trefethen and Bau (1997).

A =
�

�
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.
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�
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�

, b =

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

1

1

.

.

.

1

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

m = 203 n = 100

‖Id − QT Q‖2 ‖AV − QH̄‖2 flops/2mn2

MGS Alone 9.64 · 10−03 6.90 · 10−17 1.02

Householder 1.03 · 10−14 2.17 · 10−15 2.55

MGSCI(α = 0.5) 2.82 · 10−15 1.09 · 10−16 2.07

MGS avec reorth 4.78 · 10−14 1.18 · 10−16 1.59
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Experimental results - 3 - Matrix from Trefethen and Bau (1997).
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�
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m = 203 n = 100

‖Id − QT Q‖2 ‖AV − QH̄‖2 flops/2mn2

MGS Alone 9.64 · 10−03 6.90 · 10−17 1.02

Householder 1.03 · 10−14 2.17 · 10−15 2.55

MGSCI(α = 0.5) 2.82 · 10−15 1.09 · 10−16 2.07

MGS avec reorth 4.78 · 10−14 1.18 · 10−16 1.59

In this case, we know that k = 1, we made the assumptions that the last columns of T contains the vector uF1 enough well.

To know the singular value decomposition of T , we just have to compute 2 lines of T , which costs around 4mn flops. Then

we reorthonormalize, the global cost is 8mn.In term of quality, this gives :

‖Id − QT Q‖2 ‖AV − QH̄‖2 flops/2mn2

MGS Intuitive Reorth 2.82 · 10−14 1.07 · 10−16 1.09
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COMMENTS

This application may seem very promising however we present them just as some test case for the reorthogonalization issue.

Not like real interesting from the computational point of view. For two reasons :

- First of all, we remarked in our applications that two CGS runs faster than a single MGS and the basis obtained after 2 CGS

is orthogonal. This is due to the big size of our matrix in this case the parallelism and BLAS3 operation in CGS counts a lot.

- If we want to compute QT b in a good way from V of MGS the only solution is the long formula already presented. However

QT b is not a goal in itself in our application, we want y such as y = arg miny∈� n ‖QT b − H̄y‖2 We can compute y to

a good level with the formula y = arg miny∈� n ‖V T b − H̄y‖2
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EXPLANATION

First of all we have

H̄ = QT
n+1AV ⇒ κ(H) ≤ κ(V )κ(A),

we consider H well-conditionned.

We have AV = V H + EV = QH + EQ.

Let assume that the least square problem on H is solved exactly.

We can write

y(i) = (H̄T H̄)−1H̄T (QT b(i))

= (H̄T H̄)−1(QH̄)T b(i)

= (H̄T H̄)−1(V H̄ + EV − EQ)T b(i)

= (H̄T H̄)−1H̄T (V T b(i)) + (H̄T H̄)−1(EV − EQ)T b(i)

Meaning that the difference between the good y obtained from QT b(i) and the bad y obtained from V T b(i) is of the order

of uκ(A). It is not backward stable, but it is as good as one have when he reorthogonalize MGS in just one direction.
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Experimental results - 4 .

We take A = gre 216b with m = n = 216 and κ(A) = 8.10 · 1014.
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−14
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10
−6

10
−4

10
−2

10
0

Singular values of gre 216b.

We run MGS on A and observe that

‖I − Q̄
T
Q̄‖2 = 1.54 · 10−4

.

We fix the tolerance of the reorthogonalization tol=10−7, 10−10 and 10−13 and observe

tolerance k ‖I − Q̂T Q̂‖2 ‖A − Q̂R̄‖2

10−7 7 7.32 · 10−8 1.79 · 10−16

10−10 11 6.93 · 10−11 1.59 · 10−16

10−13 36 2.44 · 10−15 1.59 · 10−16

k is fixed by the tolerance wanted and the s.
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Conclusion :

• During modified Gram-Schmidt algorithm, information from the distribution of the

singular values of the initial matrix A is transfered to the constructed matrix Q,

• this remark can be used for reorthogonalize Q.

• the reorthogonalization process is particulary efficient when A has a neat low

rank-deficiency.
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