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Announcements

-

# Hwk 4 and Study Guide 4 posted.
# Reminder—Exam 1 will be Sept. 27.
# Course Outline added to web site.

o |
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Outline

-

® Finish Sec. 1.9—-Matrix of a Linear Transformation.

-

# Sec. 2.1 Matrix Operations.

o |
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Secl.9: Matrix of aLinear Transformation

o N

Key Concepts:

# |dentity Matrix and the vector g;. (Last time).

# Constructing the standard matrix of a linear
transformation.

® Geometric linear transformations in |R?.

® one-to-one and onto.

o |
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Review

o N

# ¢ Is the vector with a '1' in the i-th component, and O's
everywhere else.

.. X — X]_e]_'l' X2€2+ + Xnen.
® T(x)=T(xie1+ + Xpen) = x1T(e1) +  xnT(en).

o |
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Finding the matrix of alinear transformation

o N

On the previous slide, note that

2 32 3
X1
T(x)= 14 8 . £
Xn
So
h i
TX)= T(ep T(en) X = AX
The standard mathrix for the linear transformation Is given by
|
A= T(e1) T(ey) T (en)

o |
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Theorem 10

o N

Let T : R" ! R™ be a linear transformation. Then there
exists a unigue matrix A such that

T(x) = Ax forall x inR".
In fact, A Isthe m n matrix whose jth column is the vector
T (&), where g; is the jth column of the identity matrix in R".

A = [T (e1) T (e2) T (en)]

standard matrix for the linear transformation T

o |
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EXAMPLE

2 3 2 3
2 2 2 3 X1 2Xs
X
T(x):ﬁ? ?24 15:§ 4X 1 é
X2
? ? 3X1+2X2

?

?
Solution: g ?2 2 Z = standard matrix of the linear transformation T .
?

?
2 3 2 3
? h i
G2 2L= Ty Tl =4 ¢
2 9

|
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EXAMPLE

Find the standard matrix of the linear transformation T : R2 ! R 2 which rotates a point
about the origin through an angle of - radians (counterclockwise).

1 /‘@
. N
, \
’ \
’ \

|

Math 3191Applied Linear Algebra — p.9/24



Existenceand Unigueness

-

Given a linear transformation T : IR" ! |R™M.
Two fundamental questions:

1. Does T(x) = b always have a solution? (i.e., for every
possible b 2 IR™). (existence.)
Another wording: Is range of T equal to the
of T?
If yes, T Is said to be onto.

2. If T(x) = b has a solution (for a given b), is it unique?
(unigueness).
If yes, T Is said to be one-to-one .

|
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Onto and One-to-one

o N

Onto: Amapping T : IR" ! IR™ is said to be onto if every
b 2 IR™ is the image of at least one x 2 IR".

One-to-one Amapping T : IR" ! IR™M is said to be one-to-One
if every b 2 IR™ is the image of at most one x 2 IR".

o |
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Relationshipto matrix

o N

Let A be the standard matrix for the linear transformation
T:IR"! IR™. (Recall: T(x) = Ax).

# If T Is onto, then
s the matrix equation Ax = b has a solution for every

b2 R™.
» So, the columns of A R™.
# If T Is one-to-one, then
» the equation Ax = b has no variables.
s S0, A hasno positions.

» S0, the columns of A are linearly

o |
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Section2.1: Matrix Operations

o N

Matrix Notation:  Two ways to denote m n matrix A:

In terms of the columns of A:

h [
A= a; as an
In terms of the entries of A:
2 3
a1l aij ain
A = a1 ajj Ain
am 1 Amj Amn

LNotation: A= [a ] J

Main diagonal entries:
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Matrix Operations
- -

# Addition and scalar multiplication—performed
componentwise (just like we did for vectors).
! # ! # #
1 2 3 1 1 2 3 4 7
+ 2 =

3 45 3 3 4 9 10 13

# Multiplication has a more complicated defintion, which
we'll define shortly.

o |
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Zero matrix:

2 3
0 0 0
O—EO 0 0
0 0 0
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Propertiesof Matrix addition and scalar multiplication

o N

THEOREM 1
Let A, B, and C be matrices of the same size, and let r and
s be scalars. Then

a.A+B=B+A dr(A+B)=rA+rB
b.(A+B)+C=A+(B+C) e.(r+s)A=rA+sA
C.A+0=A f.r(sA)=(rs)A

No difference from vector arithmetic

o |
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Matrix Multiplication

-

fMultiplying B and x transforms x into the vector Bx. In
turn, iIf we multiply A and Bx, we transform Bx into A (Bx).
So A (Bx) Is the composition of two mappings.

GOAL: Define the product AB so that A(Bx) = (AB) x.

o |
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Derivation of Multiplication Rule

-

2 3
X1
X2
Suppose Aism n,B =1[by b bpland x = 4. Then
Xp

B X
A (Bx)

X1b1 + Xsbo + + Xpbp
A(X1b1+ Xobo + + Xpbp)
A (X1b1) + A(x2b2)+  + A(Xpbp)

X1Ab1 + X9Abo + + XpAbp
3

2
X1
X2
[Ab1 Abo Abp] _ :

Xp

|
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Definition of Matrix Multiplication

o N

On last slide we saw that

A(Bx) = [Aby Aby  Aby]x.

By defining

AB = [Aby Aby  Aby]

we have A (Bx) = (AB) x.
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-

EXAMPLE:
-

2 3

4 2 2 3
2 3 |
Compute AB WhereAzg 3 5 ZandB:4 S . Solution:
6 7
0 1
2 3 2 3 2 3 2 3
4 2 223 4 4 2 7 33 2
Ab1:§3 52465:§ 242; Ab2:§3 524 75=§26Z:
0 1 6 0 1 7
2 3
4
=) AB:§ 24 262
6 7

Note that Ab is a linear combination of the columns of A and Ab s is a linear combination of

the columns of A: Each column of AB is alinear combination of the columns of A using weights from

the corresponding columns of B :
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Compatible Dimensions

o N

IfAis4 3andB is3 2,then what are the sizes of AB and BA?

Solution:
3 3

S

which is

fAism nandBisn p,then AB ism p.

o |
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Row-Column Rule for Computing AB (alternate method)

o N

When A and B have small sizes, the following method is more efficient when working by
hand.

If AB is defined, let (AB )ij denote the entry in the ith row and jth column of AB . Then

(AB)j = aiibyj + aigbyj +  + ain by .

2
b1
by
i1 42 Ain .

o |
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EXAMPLE
o , N

2 3 2 3
2 3 6 s :
A=4 9 B=9 0 1 £: Compute AB;ifitis defined.
1 0 1
4 4

Solution: Since Ais2 3andB is3 2, then AB is defined and AB is

2 32, 5 ° 2 3

AB:42365§0 12:428 5
1 0 1
4 7
2 32, o ° 2 3
42365§O 122428 45
1 0 1
4 7

|
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2
s 2 3
1 0
2
s 2 3
1 0
2
SoAB = 4

Continuing on: ::

322 3 2 3
65§0 122428 45
1 2

4 7

2 3

3% 5, 4 2 3
65§0 122428 45
1 2 4

4 7
3

8 45

2 4

|
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