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Orthonormal Sets

o N

A set of vectors {ui,uz2,...,u,} in R™ is called an orthonormal set if
1. Itis orthogonal.

2. Each vector has length 1.

If the orthonormal set {u;,us,...,u,} spans a vector space W, then
{ui,uq,...,u,} is called an orthonormal basis for W.

o |
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Orthogonal Matrices

Recall that v is a unit vector if ||v|| = /v -v=VvTv =1.

Suppose U = [u; ug us] where {uj, u2,us} is an orthonormal set.

Then

Ul =

usg

[u; u2 ug] =

T
uj ug

T

T

| Uz ug

T
uj; uo

T

T
usz u2

T
uj ug

T

T

uz uz

It can be shown that UU? = I also. So U~! = U7 (such a matrix is called an orthogonal

matrix). (NOTE: U must be square to be orthogonal).

|
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o N

THEOREM 6 An m x n matrix U has orthonormal columns if and only if
U'U=1.

THEOREM 7 Let U be an m X n matrix with orthonormal columns, and let x
and y be in R". Then

a. [ Ux]| = [l
b. (Ux) - (Uy)=x"y
c. (Ux)-(Uy)=0ifandonlyifx-y =0.

Proof of part b: (Ux) - (Uy) =

o |
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Section 6.3 Orthogonal Sets

o o

Review: y = ¥>u Is the orthogonal projection of onto
~ - \
- - \
P \
- \
_ - \
0
Suppose {u, ..., u,} is an orthogonal basis for W in R". For eachy in W,

v = (3) wor o+ (35 w
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EXAMPLE

o N

Suppose {ui, uz,us} is an orthogonal basis for R* and let W =Span{u;, uz}.
Write y in R? as the sum of a vector y in W and a vector z in W=,

o |
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o N

Solution: Write

where

z= (X3 )u.
ug-usg 3

To show that z is orthogonal to every vector in W, show that z is orthogonal to the
vectors in {u;,uz2}.

Since
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o N

THEOREM 8
THE ORTHOGONAL DECOMPOSITION THEOREM

Let W be a subspace of R™. Then each y in R™ can be uniquely represented in

the form
y =y +z
where ¥ isin W and z is in W=. Infact, if {u1,...,u,} is any orthogonal basis of
W, then
V= () w b+ () o
Yy = uj-uq 1 up-uy p
and z = y—y.

The vector y is called the orthogonal projection of y onto W.

o |
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EXAMPLE:

o N

EN 0 | B
letu; = | 0 |,uz2=| 1 |,andy=| 3 |[. Observethat {u;,u2} is an orthogonal
1 0 10

basis for W :S_pan{ul, 1:12}. “Write y as the sum of a vector in W and a vector orthogonal
to W.

Solution:

projwy =y = (3’;&) u + (3'2‘:122) uo

3 0 3
=( )|lo|+(C )| 1]|]=|3
1 o | |1
o] [3] [ -3
z=y-y=| 3 |- 3 |=] o0
\— 0] | 1] | 9 J
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Geometric Interpretation of Orthogonal Projections

o N

o |
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o N

THEOREM 9 The Best Approximation Theorem

Let W be a subspace of R™, y any vector in R™, and y the orthogonal projection
of y onto W. Then y is the point in W closest to y, in the sense that

ly=yll <lly = vl

for all v in W distinct from y.

|
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Outline of Proof
- -
Let v in W distinct from y. Then
v—y isalsoin W (why?)
7z — y—Yy is orthogonalto W = y-—y is orthogonal to v—y
y-v=F-N+GF-v) = ly-vI'=Ily-3I"+Iy-vl"
ly —vII* > lly—¥I"

Hence, |y Y[l <y = v.m

o |
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Find the closest point to y in Span{ui, u,} where

1
1
0 0
0

uq-ug

Solution: y= (&) u; + (

o O =

EXAMPLE

. and us=

y-ug
u2-uo

_ = O O

)uz

0
0
1
1

|
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Another View of matrix Multiplication

-

-

Part of Theorem 10 below is based upon another way to view matrix multiplication

where Aism x pand Bisp x n

AB = [ colbA colzA .- col,A }

row, B

row, B

row, B

= (col A) (row1B) + - - - + (col, A) (row, B)

|
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o N

For example

5 6 2 1 3 34 5 3

3 1 4 0 =2 10 3 7
5 6 2 1 3
3 1 4 0 =2

5 6

= [2 1 3}+ [4 0 —2}
3 1
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N B
SOifU:{ul uo u, ]ThenUT: . So

u

eyt

UU" =uiuf +uouy + -+ +upu,,

(UUT) y = (ulurf +uguld + -+ upug) y

= (wmui)y + (wouz )y +--- + (wpuy ) y

=u (ufy) + w (uly) +- - +u, (u)y)

=(y - wm)w +(y-u)uz+- -+ (y-up)

= (UUT)yZ(y-u1)111-|—(Y'112)U-2‘|""‘|‘(Y’up)up

o |
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o N

THEOREM 10
If {ui,...,u,} is an orthonormal basis for a subspace W of R", then
projwy = (y -uy)wi +---+ (y-u,) up
If U = [ u; uz - U },then

projwy =UUTy  forally in R™.

Outline of Proof:;

. . y-ug o y-u,
Projwy = (—ul.ul) up + - (up.up) Up

:(y-ul)ul—l—---—l—(y-up)up:UUTy.

o |

Math 3191Applied Linear Algebra — p.18/26



Section 6.4 The Gram-Schmidt Process

o N

Goal: Form an orthogonal basis for a subspace W.

R C o]
EXAMPLE: Suppose W =Span{xi,xz2}wherex; = | 1 | andxz = | 2
0 3

Find an orthogonal basis {vi,v2} for W.

|
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Let

and

Vo = X9o —

o
vi=XxX1=| 1

e O —

N — 1 _ X2'Vjy

Y= PIojyv, X2 = Vi-vy
[ 2 ] (1

o Xo — X2-°V1 . . é

=X — iy Vi = | 2 5 | 1
| 3] | 0

(component of x, orthogonal to x;)

|
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EXAMPLE

o N

Suppose {x1, x2,x3} is a basis for a subspace W of R*. Describe an orthogonal
basis for V.

Solution: Let

X2:'V1
Vi1-V1

vi = x1 and vg = Xo — V1.

{v1,vz2} is an orthogonal basis for Span{xi,x2}.

Let

— X3°V1 X3°V9o
V3 =X3 — 2o V1 — V”;’-V2V

(component of x3 orthogonal to Span{xi,x2})

Note that vs is in W. Why?

= {v1,v2,v3} is an orthogonal basis for .

o |
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Theorem 11: The Gram-Schmidt Process

Given a basis {x1,...,x,} for a subspace W of R", define
Vi = X1
. Xp V1 Xp V2 L Xp-Vp_l
Vp = Xp = S VLT v V2 T vp_1vp_1 P71
Then {vi,...,v,} is an orthogonal basis for W and

Span{xi,...,xp} =Span{vi,...,vp}

|
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EXAMPLE

Suppose {x1,x2,x3}, where x;

for a

o W =

o O N =

y X3

subspace W of R*. Describe an orthogonal basis for 1.

Solution: v = x4

.

1
2
3
0

and

_ O O =

-

1S a basis

|
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cont.

o R _ 5 ,
2 2 2
_ _ X2'Vq — 5 — 7
V2 = X2 vVi1-V1] Vi 0 14 3 _%
| 0 | | 0 | 0
S _ _
I 9
_ 2 18
Replace vy with 14vs : vo = 14 =
- —15
- O — - 0 —

(optional step - to make v, easier to work with in the next step)

|
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V3 =

_ O O =

(S R S

18
—15

2
)
18
—15
O —
[ 4
5
_2
— 5
0
1

|
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cont.

Rescale (optional): vs =

Orthogonal Basis for W

{V1,V2,V3} =

f

o
2
3

_O_

9
18
—15
0

|
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