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M otivation

o N

Not all linear systems have solutions.

_ 1 2 1 3 _
EXAMPLE: No solution to = exists. Why?
2 4 o 2
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Ax Is a point on the line spanned by and b is not on the line. So Ax # b for all
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Approximate Solutions

Instead find x so that Ax lies "closest” to b.
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Using techniques in this chapter, we will find that x= , SO that AX = -

|
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o N

Observation: Segment joining AX and b is perpendicular (or orthogonal) to the
set of solutions to Ax = b.

Need to develop fundamental ideas of
® length

® orthogonality

® orthogonal projections

The key to all of these concepts is the Inner Product.

o |
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Thelnner Product

o N

Inner product or dot product of

Ui V1
u2 V2
u= . and vV =

Un, Un
V1
V2

u-VzuTVZ[ul ug e un} _ = ULV + UV2 + -+ + UnUn

Un

Notethatv - u =viui1 + - +vpunp = uiv1 + - +Upvy, =1 -V
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THEOREM 1

Let u, v and w be vectors in R™, and let c be any scalar. Then
d u-v=v-u

b. (u+v) - w=u-wH+v-w

C. (cu)-v=c(u-v)=u-(cv)

d u-u>0,andu-u=0ifandonlyifu = 0.

Combining parts b and c, one can show

(ciur + -4 cpup) -w=cy (U1 - W) + -+ ¢p (up - W)

o |
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For v =

V1

V2

VIl =vv-v=yof+vi+- +o3

L ength of a Vector

-

, the length or norm of v is the nonnegative scalar ||v|| defined

and

vI[*=v-v.

a
For example, if v = , then ||v|| = va? + b2 (distance between 0 and
b

v)

Observation: For any scalar c,

.

lev]l = lel[[v]

|
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Distancein R"

o N

The distance between u and vin R":
dist(u,v) = |[ju — v||.

This agrees with the usual formulas for R and R®. Let u = (u1, u2) and

v = (v1,v2).

Thenu — v = (u1 — V1,U2 — UQ) and

dist(u, v) = |lu = v|| = [|(u1 = v1,u2 — v2)|

= \/(Ul — U1)2 + (u2 — 712)2

o |
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Orthogonal Vectors

-

dist (u, v)]? = [[u—v[? = (u=v) - (u—v)
=) - (u=v)+(=v) - (u=-v) =
—u-u—u-v+-—-VvV-u+V-V

=ul® +v[* —2u-v

—  [dist(u,v)]> = [l +|]v|* —2u - v

|
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-

Previous slide showed that [dist (u, v)]? = [Ju|* + ||v||* = 2u - v
Similarly, we can show that [dist (u, —v)]?

lall® + [[v]* +2u- v
Since [dist (u, —v)]? = [dist (u, v)]*, u-v

Two vectors u and v are said to be orthogonal (to each other) if u-v = 0.

Also note that if u and v are orthogonal, then |ju + v||? = ||u||® + ||v]|%.

THEOREM 2 THE PYTHAGOREAN THEOREM

Two vectors u and v are orthogonal if and only if ||u + v||? = ||ul|* + ||v]|?.

o |
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Orthogonal Complements

-

If a vector z is orthogonal to every vector in a subspace W of R", then z is said to
be orthogonal to W. The set of vectors z that are orthogonal to W is called the
orthogonal complement of W and is denoted by W (read as “W perp”).

|
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Row, Null and Columns Spaces

o N

THEOREM 3

Let A be an m x n matrix. Then the orthogonal complement of the row space of
A Is the nullspace of A, and the orthogonal complement of the column space
of A is the nullspace of A”:

(Row A)" =Nul 4,  (Col A)" =Nul AT,

Why? (See complete proof in the text) Consider Ax = 0:

i ry - X ] I 0 ]
e - X 0
Note that Ax = _ = | | wherery,...,r,, are the rows of A. Thus, x
T - X 0

IS orthogonal to each row of A. So x is orthogonal to Row A.
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EXAMPLE

0 -1
Let A =
2 0 2
([o] [1]
Basis for Nul A = < 1 {,] O » and therefore Nul A is a plane in R3.
\ L 0 i » 1 d J
¢ 1 T )
Basis for Row A = ¢ 0 v and therefore Row A is a line in R3.
\ L —1 4 )
. 1 . .
Basis for Col A = and therefore Col A is a line in R2.
2
. —2 . o
Basis for Nul AT = and therefore Nul A7 is a line in R2.
1

|
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Section 6.2 Orthogonal Sets

o |

A set of vectors {uy,u2,...,u,} in R™ is called an orthogonal set if u; - u; = 0 whenever
i ]
¢ ] B ] B T )
1 1 0
EXAMPLE: Is { —1 |, 1 |,] 0O > an orthogonal set?
O e L I I e

Solution: Label the vectors ui, us, and us respectively. Then

ui - uz = ;U1 - u3 = y U2 - U3 =

Therefore, {u;,u2,u3} is an orthogonal set.

o |
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THEOREM 4

-

Suppose S = {uj,u2,...,u,} is an orthogonal set of nonzero vectors in R™ and
W =span{ui,u2,...,up}. Then Sis a linearly independent set and is therefore a basis
for W.

Partial Proof: Suppose
ciu] +couz + -+ cpup =0
(ciu1 +couz +---+cpup) - =0-
(ciu1) -ug + (c2uz) -ur + -+ (cpup) -u1 =0
c1(uy-uy)+ca(uz-uy)+---+cp(up-uy) =0
ci1(ug-u;)=0
Since u; #0,u; -u; >0whichmeanscy =__

In a similar manner, ca,. . .,c, can be shown to by all 0. So S is a linearly independent set. g

|
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Orthogonal Basis

|7An orthogonal basis for a subspace W of R"™ is a basis for W that is also an orthogonal
set.

Question: Why would we want to have an orthogonal basis?
Ans: It makes it easy to calculate the coordinates relative to the basis.

EXAMPLE: Suppose S = {ui,us,...,u,} is an orthogonal basis for a subspace W of R™
and suppose y isin W. Find ci,...,cp sothaty =ciu; + couz + -+ 4 cpup.

Solution:
y-  =(ciur +cous+---+cpup)-
y -u;=(c1ur +couz +--- +cpup) - my
y -up=ci(ui-up)+ec2(uz-ur)+---+cp(up-ur)
y-u;=cy (u -uy)
- y
u] - uj
Similarly, ca = , C3 = e Cp =

o |
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THEOREM 5

-

Let {ui,ue,...,u,} be an orthogonal basis for a subspace W of R". Then each
y in W has a unique representation as a linear combination of u;, us, ..., u,.
In fact, if

Yy =ciu1 + c2u2 + -+ CpUp

then

o |
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EXAMPLE:

3
Expressy = | 7 | as alinear combination of the orthogonal basis
b 4 —
([ 1 ] [1] [o]]
< _]. ’ ]. 9 O >
L 0O [ O] [ 1],
Solution:
y-4u; _ y 4 _ y Uz _
u; - up U2 - U2 us - us
Hence
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Orthogonal Projections

o N

For a nonzero vector u in R™, suppose we want to write y in R™ as the the following

y = (multiple of u) 4+ (multiple a vector L to u).

/0
(y —au)-u=0
y-u—a(u-u)=0 — o=
~ Yy-u .
= —u (orthogonal projection of y onto u)
u-u

and

-u
zZ — y—%u (component of y orthogonal to u)
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Example

o N

— 3
Lety = and u = . Compute the distance from y to the line through 0 and u.
4 1
Solution:
~ Yy-u
= —u =
u-u

o |
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Orthonormal Sets

o N

A set of vectors {ui,uz2,...,u,} in R™ is called an orthonormal set if
1. Itis orthogonal.

2. Each vector has length 1.

If the orthonormal set {u;,us,...,u,} spans a vector space W, then
{ui,uq,...,u,} is called an orthonormal basis for W.

o |
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-

.

Orthogonal Matrices

Recall that v is a unit vector if ||v|| = /v -v=VvTv =1.

Suppose U = [u; ug us] where {ui,u2,us} is an orthonormal set.

Then

Ul =

usg

[u; u2 ug] =

T
uj ug

T

T

| Uz ug

T
uj; uo

T

T
usz u2

T
uj ug

T

T

uz uz

It can be shown that UUT = I also. So U~! = U7 (such a matrix is called an orthogonal

matrix). (NOTE: U must be square to be orthogonal).

|
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o N

THEOREM 6 An m x n matrix U has orthonormal columns if and only if
U'U=1.

THEOREM 7 Let U be an m X n matrix with orthonormal columns, and let x
and y be in R". Then

a. [ Ux]| = [l
b. (Ux) - (Uy)=x"y
c. (Ux)-(Uy)=0ifandonlyifx-y =0.

Proof of part b: (Ux) - (Uy) =

o |
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