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Section 5.1: Eigenvectors & Eigenvalues

Definitions: Given an n × n matrix A, if there exists a
nonzero vector x and a scalar λ such that

Ax = λx,

then

x is an eigenvector of A.

λ is an eigenvalue of A.

We say “x is an eigenvector corresponding to λ.

Question: Why shouldn’t x be zero?
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Example

Let A =

2

4

0 −2

−4 2

3

5, u =

2

4

1

1

3

5, and v =

2

4

−1

1

3

5.

Au =

2

4

0 −2

−4 2

3

5

2

4

1

1

3

5 =

2

4

−2

−2

3

5 = −2

2

4

1

1

3

5 = −2u

Av =

2

4

0 −2

−4 2

3

5

2

4

−1

1

3

5 =

2

4

−2

6

3

5 6= λv for any λ.

Question: Which vector is an eigenvector?

Answer:
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Graphical View

- 2 - 1 1
x1

- 2

- 1

1
2
3

4
5
6
x2

Au = −2u, but Av 6= λv
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Finding eigenvectors corresponding to an eigenvalue

PROBLEM: Show that 4 is an eigenvalue of A =

2

4

0 −2

−4 2

3

5 and find the corresponding

eigenvectors.

Solution: 4 is an eigenvalue of A if and only if Ax = 4x has a nontrivial solution.

Ax−4x = 0

Ax−4 (____)x = 0

(A−4I)x = 0.

To solve (A−4I)x = 0, we first need to find A−4I:

A−4I =

2

4

0 −2

−4 2

3

5 −

2

4

4 0

0 4

3

5 =

2

4

−4 −2

−4 −2

3

5
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Now solve (A−4I)x = 0:
2

4

−4 −2 0

−4 −2 0

3

5 ∼

2

4

1 1

2
0

0 0 0

3

5 ⇒ x =

2

4

− 1

2
x2

x2

3

5 = x2

2

4

− 1

2

1

3

5.

Each vector of the form x2

2

4

− 1

2

1

3

5 is an eigenvector corresponding to λ = 4.
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Eigenspace for λ = 4
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Eigenspace

The set of all solutions to (A−λI)x = 0 is called the eigenspace of A corresponding to λ.

Yes, it is a subspace of IRn. Why?

Every nonzero vector in the eigenspace is an eigenvector.

EXAMPLE: Let A =

2

6

6

4

2 0 0

−1 3 1

−1 1 3

3

7

7

5

. An eigenvalue of A is λ = 2. Find a basis for the

corresponding eigenspace.

Solution:

A−2I =

2

6

6

4

2 0 0

−1 3 1

−1 1 3

3

7

7

5

−

2

6

6

4

___ 0 0

0 ___ 0

0 0 ___

3

7

7

5

=

2

6

6

4

___ 0 0

−1 ___ 1

−1 1 ___

3

7

7

5
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Augmented matrix for (A−2I)x = 0:

2

6

6

4

0 0 0 0

−1 1 1 0

−1 1 1 0

3

7

7

5

∼

2

6

6

4

1 −1 −1 0

0 0 0 0

0 0 0 0

3

7

7

5

x =

2

6

6

4

x1

x2

x3

3

7

7

5

=

2

6

6

4

x2 + x3

x2

x3

3

7

7

5

= ____

2

6

6

4

1

1

0

3

7

7

5

+ ____

2

6

6

4

1

0

1

3

7

7

5

So a basis for the eigenspace corresponding to λ = 2 is

8

>

>

<

>

>

:

2

6

6

4

1

1

0

3

7

7

5

,

2

6

6

4

1

0

1

3

7

7

5

9

>

>

=

>

>

;
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Graphical View

x3 x3

Effects of Multiplying Vectors in Eigenspaces for λ = 2 by A.
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THEOREM 1

The eigenvalues of a triangular matrix are the entries on its main diagonal.

Proof for the 3×3 Upper Triangular Case: Let

A =

2

6

6

4

a11 a12 a13

0 a22 a23

0 0 a33

3

7

7

5

.

and then

A − λI =

2

6

6

4

a11 a12 a13

0 a22 a23

0 0 a33

3

7

7

5

−

2

6

6

4

λ 0 0

0 λ 0

0 0 λ

3

7

7

5

=

2

6

6

4

a11 − λ a12 a13

0 a22 − λ a23

0 0 a33 − λ

3

7

7

5

.
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A − λI =

2

6

6

4

a11 − λ a12 a13

0 a22 − λ a23

0 0 a33 − λ

3

7

7

5

.

By definition, λ is an eigenvalue of A if and only if (A − λI)x = 0 has a nontrivial solution.
This occurs if and only if (A − λI)x = 0 has a free variable.

When does this occur?

THEOREM 2 If v1, . . . ,vr are eigenvectors that correspond to distinct eigenvalues
λ1, . . . , λr of an n × n matrix A, then {v1, . . . ,vr} is a linearly independent set.

See the proof on page 307.

Question: Can an n × n matrix have more than n eigenvalues? Why or why not?
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Recap

So far, we’ve seen how to

Show that a given vector is an eigenvector. (Multiply by the matrix).

Find the eigenspace corresponding to an eigenvalue (Solve (A − λI)x = 0).

Determine if λ is an eigenvalue. (Determine if (A − λI) is singular).

But how do we find the eigenvalues of a matrix?

If the matrix is triangular, the diagonal entries are eigenvalues.

What do we do if the matrix isn’t triangular?

To address this question, we introduce the characteristic equation.
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Section 5.2 The Characteristic Equation

If λ is an eigenvalue of A, then

⇓

(A − λI)x = 0 must have nontrivial solutions

⇓

(A − λI) is not invertible

⇓

det (A − λI) = 0

(called the characteristic equation)

Solve det (A − λI) = 0 for λ to find the eigenvalues.

Characteristic polynomial: det (A − λI)

Characteristic equation: det (A − λI) = 0
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Example

Find the eigenvalues of A =

2

4

0 1

−6 5

3

5.

Solution: Since A−λI =

2

4

0 1

−6 5

3

5 −

2

4

λ 0

0 λ

3

5 =

2

4

−λ 1

−6 5 − λ

3

5,

the equation det (A−λI) = 0 becomes

−λ (5 − λ) + 6 = 0

λ
2
− 5λ + 6 = 0

Factor: (λ − 2) (λ − 3) = 0 =⇒ So the eigenvalues are 2 and 3.
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3 × 3 Example

Problem: Find the eigenvalues of A =

2

6

6

4

1 2 1

0 −5 0

1 8 1

3

7

7

5

.

Solution:

A−λI =

2

6

6

4

1 − ____ 2 1

0 −5 − ____ 0

1 8 1 − ____

3

7

7

5

det (A−λI) =

˛

˛

˛

˛

˛

˛

˛

˛

1 − λ 2 1

0 −5 − λ 0

1 8 1 − λ

˛

˛

˛

˛

˛

˛

˛

˛

=(−5 − λ)

˛

˛

˛

˛

˛

˛

1 − λ 1

1 1 − λ

˛

˛

˛

˛

˛

˛

= (−5 − λ)
h

(1 − λ)2 − 1
i

= (−5 − λ)
ˆ

1 − 2λ + λ2 − 1
˜

= (−5 − λ)
ˆ

−2λ + λ2
˜

= − (5 + λ) λ [−2 + λ] = 0

⇒ λ = −5, 0, 2
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Example (Triangular Matrix)

Problem: Find the eigenvalues of A =

2

6

6

4

3 2 3

0 6 10

0 0 2

3

7

7

5

.

Solution:

det (A − λI) = det

2

6

6

4

3 − λ 2 3

0 6 − λ 10

0 0 2 − λ

3

7

7

5

Characteristic equation:

( ) ( ) ( ) = 0.

eigenvalues: _____, _____, _____

The (algebraic) multiplicity of an eigenvalue is its multiplicity as a root of the characteristic
equation.
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Example

Problem: Find the characteristic polynomial of A =

2

6

6

6

6

6

4

2 0 0 0

5 3 0 0

9 1 3 0

1 2 5 −1

3

7

7

7

7

7

5

,

and then find all the eigenvalues and the algebraic multiplicity of each eigenvalue.

Solution:

det (A − λI) =

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

2 − λ 0 0 0

5 3 − λ 0 0

9 1 3 − λ 0

1 2 5 −1 − λ

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

= (2 − λ) (3 − λ) (3 − λ) (−1 − λ) = 0

eigenvalues: _____, _____, _____

multiplicities: _____, _____, _____
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The Invertible Matrix Theorem - continued

Let A be an n×n matrix. Then A is invertible if and only if:

s. The number 0 is not an eigenvalue of A.

t. det A 6= 0
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Similarity

Numerical methods for finding approximating eigenvalues
are based upon Theorem 4 to be described shortly.

For n × n matrices A and B, we say the A is similar to B if
there is an invertible matrix P such that

P−1AP = B or equivalently, A = PBP−1.

What’s the point? Two matrices are similar if and only if they
can be used to represent that same linear transformation
(with respect to different bases).
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Theorem 4

If n × n matrices A and B are similar, then they have the
same characteristic polynomial and hence the same
eigenvalues (with the same multiplicities).

Proof: If B = P−1AP , then
det (B − λI) = det

[

P−1AP − P−1λIP
]

=

det
[

P−1 (A − λI) P
]

= det P−1 · det (A − λI) · det P = det (A − λI).
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Some Interesting Tidbits from 5.1 and 5.2

Another look at determinants.

Eigenvalues of matrix powers.

Math 3191Applied Linear Algebra – p.22/25



Another Look at Determinants

Recall that if B is obtained from A by a sequence of row replacements or interchanges, but
without scaling, then det A = (−1)r det B, where r is the number of row interchanges.

Suppose the echelon form U is obtained from A by a sequence of row replacements or
interchanges, but without scaling.

A ∼ U =

2

6

6

6

6

6

6

4

u11 u12 · · · u1n

0 u22 · · · u2n

...
...

. . .
...

0 0 0 unn

3

7

7

7

7

7

7

5

The determinant of A, written det A, can be defined as follows:

det A =

8

>

>

<

>

>

:

(−1)r ·

0

@

product of

pivots in U

1

A, when A is invertible

0, when A is not invertible

(r is the number of row interchanges)
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Eigenvalues of Matrix Powers

Suppose λ is eigenvalue of A. Determine an eigenvalue of
A2 and A3. In general, what is an eigenvalue of An?

Solution: Since λ is an eigenvalue of A, there is a nonzero
vector x such that

Ax = λx.
Then

___Ax = ___λx

A2
x = λAx

A2
x = λ___x

A2
x = λ2

x

Therefore λ2 is an eigenvalue of A2. (And it has the same
eigenspace as λ did for A.)
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Show that λ3 is an eigenvalue of A3:

___A2
x = ___λ2

x

A3
x = λ2Ax

A3
x = λ3

x

Therefore λ3 is an eigenvalue of A3.

In general, ______ is an eigenvalue of An.
(And it has the same eigenspace as λ does for A).
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