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Announcements

-

# Study Guide 6 posted
o HWK 6 posted
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Tonight
-

# Finish Determinants.
# Start Chapter 4. Vector Spaces
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MORE THEOREMS
-

Theorem 4 A square maitrix is invertible if and only If
detA 6 0.
Theorem 5 If Aisann n matrix, then detAT = detA.

Partial proof (2 2 case)

det a b = ad bc and
c d
Ho #
det a b = det a ¢ — ad Dbc
c d b d
1 # 1 #
a b a c
det = det
) det “ b d
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Implications of Theorem5

o N

Theorem 3 still holds if the word row is replaced

with




THEOREM 6 (Multiplicati ve Property)

o N

Forn n matrices A and B, det(AB) = (detA) (detB).

EXAMPLE: Compute detA3 if detA = 5.
Solution: detA3 = det(AAA) = (detA) (detA) (detA)

o |

Math 3191Applied Linear Algebra — p.7/32



EXAMPLE:
o N

Forn n matrices A and B, show that A Is singular if
detB 6 0 and detAB = 0.
Solution: Since

(detA) (detB) = detAB = 0

and
detB 6 O:

then detA = 0. Therefore A is singular.

o |
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Sec.4.1Vector Spaces

o N

We can think of a vector space in general, as a collection of objects that behave as vectors
doin R". A vector space consists of

1. A nonempty collection V of objects (called vectors).

2. An operation (called vector addition) that maps any two vectors u; v 2 V into another
vector in V. (denoted u + v).

3. An operation (called scalar multiplication) that maps any real number ¢ and a vector
v 2 V into another vector in V. (denoted cv).
4. Required Properties:
® Closure under vector addition and scalar multiplication.

® Usual properties of addition: (associativity, commutativity, additive identity, additive
inverse).

® Usual properties of scalar multiplication: (multiplication identity, distributivity,
associativity).

o |
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Example: Polynomials

o N

Consider the set of polynomials of degree 2 or less.:

P2 = fap + ait + azt’jag;a1;a2 2 IRQ:

In order to talk about this as a “vector space” we have to define vector addition and scalar
multiplication:

® \Vector addition: p+ gis dened by (p+ q)(t) = p(t) + g(t).
® Scalar multplication. cpis de ned by (cp)(t) = c(p(t)):

Closure Properties : Arep+ gandcpin|P2?

Yes. We can show that if p(t) = ag + ait + axt? and q(t) = by + byt + bpt?, then

1. (p+ q)(t) = (ag+ bp) + (a1 + b))t + (a2 + p)t2, so p+ qis a polynomial of degree 2.

2. cp(t) = (cap) + (cap)t + (cap)t?, so cpis a polynomial of degree 2.

Arithmetic Properties : All of the arithmetic properties we are used to also are satis ed for
polynomial addition and scalar multiplication.
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Vector SpacePropertiesin Detall

o N

Closure Properties:

Cluv2V= u+v2ayV.
C2v2V,c2IR=) cv2V.

Vector Addition Properties (for all U;Vv;w 2 V)

Al There is a special vector (denoted 0) such thatv+ 0= 0.
(additive identity).

A2 v has a negative (denoted v) satisfyingv+ ( v) = 0.
(additive inverse). (Note: we shall often use the notation
vV uasashorthand forv+ ( u).)

A3 (u+ v)+ w=u+ (v+ w). (associativity).
Ad u+ v = v+ u. (commutivity). J

.

Math 3191Applied Linear Algebra — p.11/32



-

Properties(cont.)

Scalar Multiplication Properties (for all U;v 2 V,c;d 2 IR)
S1 1u = u. (multiplicative identity).

S2 c(u+ v) = cu+ cv. (distributivity).
S3 (c+ d)u = cu+ du. (distributivity).
S4 c(du) = (cdyu. (associativity).

|
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What' sthe Point
-

# We will develop a lot of very useful theory about vector
spaces, using only the properties of vector spaces.

-

# Much of this will be intuitive when we think about vectors
in IRZ or |R3, but it applies to all vector spaces.

# As aresult, much of what we learn in linear algebra, will
apply to differential equations, and many other areas of
applied mathematics!!

o |
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Vector SpaceExamples
B ¢ # )

EXAMPLE: LetM, » = i 5’ .a b c dare real
4

In this context, note that the 0 vector Is

Question: How do we de®ne vector addition and scalar mul-
tiplication?

o |
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EXAMPLE:
o N

Letn Obe an integer and let
P, = the set of all polynomials of degree at mostn  O:

Members of P, have the form

p(t) = ap+ art + apt®+  + ant"

variable. The set P, Is a vector space.
We will just verify 3 out of the 10 axioms here.

o |
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proof
- -

Letp(t) = ag+ ait+  + axt" and
g(t) = p+ bit+  + bt". Let c be a scalar.
Axiom C1:

The polynomial p + g Is de®ned as follows:
(p+ q)(t) = p(t)+q(t). Therefore,

(p+ q)(t) = p(t)+q(t)

= ( )+ ( yt+  +( )t
which is also a of degree at
most . Sop+gisinPy.

o |
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proof (cont.)

R N

xiom Al:
0=0+0t+ + Ot
(zero vector in Pp)

(p+0)(t)= p()+0=(ap+ 0)+ (ar+ O)t+  + (an + O)t"

=ap+t at+  + apt" = p(t)
andsop+0=p
Axiom C2:

(cp) (1) = op(t) =
( )+ ( Jt+ )t

which is In Py,.
The other 7 axioms also hold, so P, is a vector space.

o |
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Example—Spaceof Continuous Functions (C(1))

-

® etV = (1), the set of all continuous functions on the interval | IR.

® Define vector addition by (f + g)(t) := f (t) + g(t), forallt 2 1.

(In other words: if h = f + g, then h is defined by specfying its value at every t:
h(t) = (1) + g(t).

® Define scalar multiplication by (cf )(t) := cf (t), forallt 2 1.
Is this really a vector space? We have to check the vector space properties:

® Closure: Clearly f + g and cf are functionstbut are they continuous? Answer: Yes! (we
have to use the defintion of continuity for the proof).

® Zero vector: Define the 0 function by O(t) = Oforallt 2 1.

® Associativity:
((f+g)+h)(1) = (f+0)(1)+h(t) = T(t)+g(t)+h(t) = f(t)+(g+h)(t) = (f +(g+h))(1).

® etc.

o |
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SomeOther Prominent Vector Spaces

- N

o C'(1): the set of all functions on | having n continuous
derivatives.

® (J: space of all ordered n-tuples of complex numbers.
® sparfuq;u»;:::;Ukg:

o |
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Subspaces

Vector spaces may be formed from subsets of other vectors spaces. These are
called subspaces.

A subspace of a vector space V is a subset H of V that has three properties:

a. The zero vectorofV isin H.

b. Foreach uandv areinH, u+ visinH. (Inthiscase we say H is closed
under vector addition.)

c. Foreach u inH and each scalarc, cuisinH. (Inthiscase we say H is
closed under scalar multiplication.)

If the subset H satis es these three properties, then H itself is a vector space.

o |
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EXAMPLE:
o : N

LetH =

"W W Q0
I ©

2
§ 0 Z : aandbare realB . Show that H is a subspace of R >.
b ’

Solution: Verify properties a, b and c of the de®nition of a subspace.

a. The zero vector of R®isin H (leta = and b= ).

b. Adding two vectors in H always produces another vector whose second entry
IS and therefore the sum of two vectorsin H isalsoin H: (H is closed
under addition)

c. Multiplying a vector in H by a scalar produces another vector in H (H is closed
under scalar multiplication).

Since properties a, b, and ¢ hold, V is a subspace of R >.

o |
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o N

Note: Vectors (a;0;b) in H look and act like the points (a;b)
in R2.

o |
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| 4 # ) -

EXAMPLE: IsH = it 1 . X Isreal a subspace of

?

|.e., does H satisfy properties a, b and c?

X2

3
2.5
2
1.5
/o%/

-05 05 1 15 2™

Graphical Depiction of H

o |
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Solution

-

All three properties must hold in order for H to be a
subspace of R?.

Property (a) Is not true because

-

Therefore H is not a subspace of R?.

3
2.5
2
1.5

. & . . . . X
-0.5 0.5 1 15 2

o |
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o N

Another way to show that H is not a subspace of R ?:

Let
2 3 2 3 2 3
0] 1
u=4 Sandv=4 " 5 thenu+v=4 S
1 2
2 3
1
andsou+ v =% " 5 whichis in H. So property (b) fails and so H is not
3

a subspace of R?.

- X/ B

0.5 05 1 15 2t
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A Shortcut for Determining Subspaces

o N

THEOREM 1

IS a subspace of V:

Proof: In order to verify this, check properties a, b and c of
de®nition of a subspace.

0= Vit Vo + + Vp

o |
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o N

u=av;+ avo + + apVyp
and

V=bvi+ pva+  + by,

Then
u+v=(aivys + azvo + + apVp) + (v + bpvo + + bpvp)
= (__vit vi)+ (___Vvat va)+  +(__vpt Vp)
= (et b)vit+ (a2t p)vat  + (ap+ bp)vyp.
Sou+ visinSpanfvy;:i:i;vpg

o |
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proof (cont.)

-

vV =Ihvi+ pvo + + V.
Then
cv =c(bivi+ pvo+  + byvp)

= vy + Vo+  + Vp

subspace of V:

o |
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Recap
B -

1. To show that H is a subspace of a vector space, use
Theorem 1.

2. To show that a set is not a subspace of a vector space,
provide a speci®c example showing that at least one of
the axioms a, b or ¢ (from the de®nition of a subspace) is
violated.

o |
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EXAMPLE:

o N

IsV = f(a+ 2b;2a 3b): aand bare realg a subspace of
R%? Why or why not?
Solution: Write vectors iV in colymn.form: 4

a+2b = a . 2b
2a 3b 2a 3b
"# ¥ #
1 2
= +
2 3

SoV =Spanfvy;vogand therefore V is a subspace of
by Theorem 1.

o |
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-

EXAMPLE:

8 2 3 9 o
e a+2b =
ISH = >2 a+ 1 % . aand bare real> a subspace of R3?
a :
Why or why not?

Solution: OisnotinH since a= b= 0or any other combina-
tion of values for a and b does not produce the zero vector.
So property fails to hold and therefore H is not a sub-

space of R*>.

o |
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EXAMPLE:
- " #

Is the set H of all matrices of the form 2a &
3a+b 3b

subspace of M, »? EXplain.

Solution: Since

" # " # " #
2a b  2a 0 . 0O b
3a+ b 3b"

= a + Db
(ll

Therefore H =Span and so H is a

3
Lsubspace of Mo ». J
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