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Announcements

-

# Reminder: HWK 5 due Tuesday.
o Study Guide 5 posted.

o |
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Determinants—Key Concepts

o N

Key Concepts:

De nition of determinant.

Cofactor expansion.

Determinant of triangular matrix.

Tricks for calculating determinant of 2 by 2 and 3 by 3 matrix.
Effect of row operations on determinant.

Relationship to invertibility.

Determinants of products: easy.

© © o o o o o ©

Determinants of sums; HARD!

o |
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Sec.3.1 Intr oduction to Determinants

® The determinant is a function that maps a square matrix A into a real number, denoted
jAj or det(A).

: _ a b
® Determinant of 2 by 2 matrix: g = ad bc:
C

® Fora?2by?2matrix A = [a; ay], jdet(A)j is the area of the parallelogram with adjacent
sides a; and a.

2 3
A = 4 1 5
2
jAj:=ad bc=1 3 2 2= L W

® Area of parallelogram is :
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Example

2 s N

1 2
® letA=4 S :jAj =
2 4

® Draw the parallelogram corresponding to the columns of A:

® The columns of A are linearly

® Ais

|
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Minors and Cofactors

o N

Minor:  Associated with the entry a; of the n  n matrix A is a matrix of size
(n 1) (n 1) called the minor of aj and denoted Mj . The minor is obtained
by deleting the ith row and j th column of A.

Example:
2 3
4 2 3
1 3 4
38
M32::§ 5 7 8 Z
10 11 12

13 15 16
13 14 15 16

Cofactor:  The cofactor of a; , denoted Cj; is defined by
Ci = ( 1My j:

NOTE: The textbook uses the notation Aj to represent the minor.

o |
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Determinant of an n by n matrix

-

For n

JA]

-

2, the determinant ofann n matrix A = [a; ] Is
given by

a11jM11j  apjMij+  + ( 1)7 " ag jM1nj
><] 1+j . .

( 1) ag jMyj]
j=1

alj Clj
j=1

|
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EXAMPLE
2 3 -

1 2 0

Compute the determinant of A = 2 3 1 2%
2 0 1
Solution
L 1 2 2 1
JAj =1 2 3 + 0 3
0O 1 2 1 2 0
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THEOREM 1
o N

The determinant of an n  n matrix A can be computed by a cofactor expansion
across any row or down any column:

detA = a;1Ci1 + a2Cj2 + + ain Cin (expansion across row i)
detA = a3; Cqj; + ap Cyj + + apj Cp (expansion down column j)

Use a matrix of signs to determine ( 1)i+j

o |
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EXAMPLE:
B 2 3 -

1 2 0
Compute the determinant of A = 2 3 1 2 g using
2 0 1
cofactor expansion down column 3.
Solution
1 20 3 1 1 2 1 2
3122020 220+131:1.
2 0 1

Math 3191Applied Linear Algebra — p.10/24



EXAMPLE:
o : N

2
1 2 3 4
_ 0O 2 1 5
Compute the determinant of A =
O 0 2 1
O 0 3 5
Solution: jA] =
2 1 5 2 3 4 2 3 4 2 3 4
=1 0 2 1 00 +0 2 1 5 0 2 1 5
0 3 5 0O 3 5 0O 3 5 0 2 1

B : B
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Triangular Matrices:

o N

2 2
0 O O O
g 0 O 0 % g %
00 0 O
(upper triangular) (lower triangular)
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THEOREM 2

o N

If A Is a triangular matrix, then det A Is the product of the
main diagonal entries of A.

EXAMPLE:

24
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Section3.2: Propertiesof Determinants

o N

THEOREM 3 (Effect of Elementar y Row Operations
Let A be a square matrix.

a. If a multiple of one row of A Is added to another row of
A to produce a matrix B, then detA = detB:

b. If two rows of A are interchanged to produce B, then

detB = detA.
c. If one row of A is multiplied by k to produce B, then
detB = k detA.

o |
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EXAMPLE:

1 2 3 4
0500

2 7 6 10
2 97 11

Compute

Solution

A

1
=5 00 2

A

5 2 6 10

1 2 3 4
0500
2 7 6 10
2 9 7 11

2 [ 11

2 [ 11

1 3

1 3 4

0O 0 2

1
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Theorem 3(c) Indicates that 2k 5k 4k

Kk 2 5 4.
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EXAMPLE:
o N

2 4 6
Compute 5 6 7
7 6 10
Solution
2 4 6 1 2 3 1 2 3
56 7 =256 7 =20 4 8
7 6 10 7 6 10 O 8 11
1 2 3 1 2 3
=2(4 0 1 2 =2(4 01 2
0O 8 11 O 05

=2( 49MD)B) = 40
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EXAMPLE
o N

Using a combination of row reduction and cofactor expansion,

2 3 0 1
2 3 1 2 3 1
. 4 7 0 3
Solution = 2 4 7 3 = 2 0 1 1
7 9 2 4
1 2 4 1 2 4
1 2 0 4
2 3 1 1 2 4 1 2 4
=212 4 = 2231 =20 1 7
0O 1 1 0O 1 1 O 1 1
1 2 4
= 20 1 7 = 20)( D( 6= 12
O O 6
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Suppose A has been reduced to U =

o O O O

0
0O 0 .
0O 0 O
by row rgplacements and row iqterchanges, then

2 (1) product of
detA = S pivots in U

0 when A Is not invertible

when A Is invertible

|
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MORE THEOREMS
-

Theorem 4 A square maitrix is invertible if and only If
detA 6 0.
Theorem 5 If Aisann n matrix, then detAT = detA.

Partial proof (2 2 case)

det a b = ad bc and
c d
Ho #
det a b = det a ¢ — ad Dbc
c d b d
1 # 1 #
a b a c
det = det
) det “ b d
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a
detd d

g
a
detd b
C

2

- D O O 0O T

e f d e
h | g |
e h bdg+c
fo foo
3 3
a b c a dg

) det@d e fE=detd b e h&.

g h I

c f

Math 3191Applied Linear Algebra — p.21/24



Implications of Theorem5

o N

Theorem 3 still holds if the word row is replaced

with
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THEOREM 6 (Multiplicati ve Property)
- -

Forn n matrices A and B, det(AB) = (detA) (detB).

EXAMPLE: Compute detA3 if detA = 5.
Solution: detA3 = det(AAA) = (detA) (detA) (detA)
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EXAMPLE:
o N

Forn n matrices A and B, show that A Is singular if
detB 6 0 and detAB = 0.
Solution: Since

(detA) (detB) = detAB = 0

and
detB 6 O:

then detA = 0. Therefore A is singular.

o |
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