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Chapter 1

Vector Calculus, Tensors, and
Indicial Notation

In this chapter we review vectors(which studerts should have seenin Calculus3 and/or
undergraduatephysics), introduce tensors(a generalizationof vectorsto higher order),
and introduceindicial notation, a conveniert notation for manipulating tensors,vectors,
and equationsinvolving these quartities. Indicial notation, sometimesreferredto as
Einstein notation, was inverted by (who else?) Einstein. It is a way of writing vector
equationsusingindicesin sud a way that it represets clearly which parts of a product
of (‘rst-order, second-order third-order) tensorsare being acted on/upon and added
together. It alsogive a quick visual cue asto whether an equation makessense.

We proceedwith a disclaimer: For all but the last sectionof this chapter the indicial
notation presetted is valid only for an orthonormal coordinate system. For cylindrical
or spherical coordinates we needa more generalform of the indicial notation and this
is introducedin the last section.

We begin with the de nition of vector, and then introduce indicial notation for a
vector.

De nition 1.1 A vector is an object representinga direction and magnitude.

Thusfor example,a scalar,a, is not a vector sincealthough it hasa magnitude (jaj),
it doesnot represen a direction.

Note that the de nition of a vectoris coordinate-systemindependen. We candenote
the vector in direct notation as v, where in 2-dimensional Cartesian coordinates the
vector v _has componerts (vi;Vv,) and in 3-dimensionsit has componerts (vq;Vs; V3).
Note that the componerts are coordinate dependert: the componerts changedepending
upon the coordinate systembeing used. Direct notation, v, is coordinate independert.
In indicial notation, the componerts of the vector are denotedasv; wherei is the index,
and it is assumedhat i = 1;2; 3 unlessotherwisenoted. We will make this rule number
one:

Indicial Notation Rule Num ber 1: Unlessotherwisenoted, all indices
take on the valuesl, 2, and 3.
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Thusw canbe represetied asw; or w;: Note that the free index acts just asa vari-
ablein a function. Whereasf (x) = x? is the samefunction asf (y) = y?, w; represets
the samevector asw; .

1.1 Dot Pro duct

The dot product of two vectors,u and v, in direct notation is given by u ¢v. Because
the dot product is related to the angle betweenthe two vectors, |,

u ¢v = jjujj jjvjj cosu (1.1)
it is a quartity which doesnot vary with the coordinate system. In indicial notation the
dot product is:

x3
upv; = UiVi = U1V1 + UoVy + UgVi: (1.2)
i=1
In indicial notation the summationoni is implied. Thus:
Indicial Notation Rule Num ber 2: Repeated indicesimplies summation.

We note that with repeatedindices, the indexis adummy variable sothat uivi = u;V;
in much the sameway that f (x) dx = f (y) dy.
Next we review somede nitions.

De nition 1.2 If u ¢v = 0 then the vectors are orthogonal .
De nition 1.3 If u ¢u = 1thenu is a unit vector.

De niton 14 If u¢u = 1, v¢v = 1, and u ¢v = 0 then the setfu;vg is an
orthonormal set.

Exercise: What conditions are necessaryfor the setfu;v;wg to be an orthonormal
set?

The dot product is often usedin the decomposition of a vectorv. Givena unit vector
n, a vector v can be decommsedin sud a way that

v =vP+v°

wherevP is parallelto n and v? is orthogonalto n. The vector vP is calledthe projection
of v onto n and is given by:

vP = (v ¢n)n VP = vinn;: (1.3)

In the indicial form of the above equationj is the free index in ead term becauseit
appearsexactly oncein ead term. And this leadsus to the next indicial notation rule:
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Indicial Notation Rule Num ber 3: In eachterm of an equation, the free
indices must match.

Sofor example,u; + vi = w; is correct, but u; + v; = w; is not.
Often one wants to project a vector v onto a not ne\(l:vessarilyunit vector w. This
can be doneif onereplacesn in the above formula by v which is a unit vector in

the direction ofvw. The resulting formula is what is often given in the third semesterof

calculus: vP = -
W]

The componert vector of v perpendicularto n is

vil=vij vP=vij (veén)n=ve(l j nn) (1.4)
vi = V)i vinin;: (1.5)

Note that we don't needparerthesisin indicial notation. This is oneof the properties of
indicial notation: Order doesrit matter, sincethe order of multiplication is determined
by the indices.

1.2 Tensors

We needthe de nition of a vector spaceto begin:

De nition 1.5 A vector space, V, consistsof a set of vectors for which vector addi-
tion and salar multiplication are de ned and which satisfy the following properties for
all vectors u, v, andw in V:

1. If u and v are any two vectors in V, thenu + v is alsoin V (closure under
additivity).

2. If k is any real numker and u is any vector in V then ku is alsoin V (closure
under salar multiplication).

u+ v =v+u (commutativity).
u+ (v+w)= (u+v)+ w (assaiativity of vector addition).

There is a vector, 0 suchthat for any u in V, 0+ u = u (additive identity).

o o &~ W

For any u in V there is another vector, j u suchthatu+ (ju)=(ju)+u=0
(existene@ of an additive inverse).

~N

k(lu) = (kl)(u) (assaiativity of salr multipliation).
8. (k+ u = ku + lu (distributivity for salar sums).
9. k(u + v) = ku + kv (distributivity for vector sums).

10. 1u = u (scalar multiplicative identity).
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A tensoris a generalizationof a vector in the following sense.We considera vector
asa linear transformation acting on a vector space:through the dot product a vector is
a linear transformation which mapsa vectorto a scalar: v ¢(au + w) = av ¢u + v ¢w.
Then a generalizationgivesus the de nition of a second-ordetensor:

De nition 1.6 A second-order tensor is de ned to be a linear tranformation from a
vector space onto itself, i.e., if v andw are arbitrary vectors in the vector space V then,
B is a second-order tensorif B (cu + v) = cB (u) + B(v).

As long asewery vectorin the vector spacecanbe represeted asa linear combination
of the basisvectors,then it canbe proventhat all second-ordetensorscanberepreseted
by a matrix. In particular, matrices are speci c represemations of second-ordetensors
and the represetmation is dependert on the coordinate system. From linear algebrait is
known that rotations, re°ections, and projections are examplesof linear transformations
and can all be represeted by matrices for a particular coordinate system. Theseare
examplesof second-ordetensors. Another exampleis the transformation B(u) = b£ u
whereb is a given vector. Though this is a linear transformation mapping a vector space
onto itself (and soit is a second-ordetensor), it is not readily apparert what its matrix
represemation is.

In linear algebra,a linear systemof equationsis usually written asw = B u. It turns
out that this notation will not be preciseenoughoncehigher-ordertensorsare de ned.
Soin direct tensor notation, this systemof equationsis written as: w = B_¢u, which in
indicial notation is

Wi = Bij U = U; Bij . (16)

Order doesn't matter in indicial notation sincerepeated indicesindicate what is being
summed. Note that the free indicesmatch. In generala single dot indicates one index
is repeated.

Exercise:

Matrix Notation Direct Notation Indicial Notation
w=B"u w=B"¢u W, = Bj u;
wh=u'B w = u ¢B ()

a=u'Bv (II) a= Bij U; V;
Ans:

(h)w, = uBj = Bju;, (ii)a= u¢B ¢v.

As a side remark: direct notation can be quite di®erert from matrix notation. As
an example,the direct notation expressionw = u ¢B_would be written asw™ = u'™B
in matrix notation. In matrix notation no dot, ¢ is usedto denote multiplication of a
vector and a matrix, asit is assumedhat wherewer a matrix and a vector appear next to
ead other, the two are multiplied. Further it is generally understood which quartities
are matrices and what are vectorssothat no distinguishing marks are usedto denotea
matrix. In tensornotation, the generalconvertion is that vectorsare denotedby lower-
casebold letters, and matrices are denotedby capital bold-faceletters. In this text, to
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further distinguish between second-orderand higher-ordertensors,two underlines will
be usedto denote a second-ordertensor. In direct notation a transposeon vectorsis
sometimesusedto denote that the componerts should be written horizontally rather

than vertically.
We now formalize our notation:

Object Direct Indicial
scalar a a
vector u Uj
2nd-ordertensor B Bj
3rd-order tensor C Ci k
4th-order tensor D Dij i

A third-order tensoris alsoa linear operator. It can sendvectorsinto second-order
tensorsvis C ¢v = B or Cjj v = Bjj, or it cansendsecond-ordetensorsto third-order
tensors:C @B = D or CjjkBy = Djj. This last operation, C ¢B , canbeinterpreted asa
third ordertensoracting on a seriesof vectors,and then the resulting second-ordetensor
actson avector. Sinceby de nition second-ordetensorsarelinear transformations, this
operation is alsolinear. We can even de ne a doublecontraction

:é: \% Cij kBjk = Vi, (17)

g

sothat athird-order tensoris alsoa linear transformation mapping a second-ordetensor

to a vector.
In cortinuum medanics, it is very important to distinguish betweenscalars,vectors,

and higher order tensors. Note that 06 06 0 6 ::..

Exercise:
Ui + Vi = W) (1.8)
u + Vi = Wﬂ (19)
Aij h+ Uw = Wm (110)
CijkBuui + Ejimi Tim = Qv (1.11)
Ans:

() i, (i) Not de ned, (i) j, (v)j, (v)jlorlj. Notethat the solution (v) has
two possibleanswers. This will be addressedshortly.

The following rule is a good ched to be sureequationmanipulationsinvolving tensors
are valid:
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Indicial Notation Rule Num ber 4: Indicesrepeated more than two times
in a singleterm are not allowed.

So for example Cj By uk is not allowed. This is due to the fact that there is no
correspnding direct notation (which is coordinate independer), and thus violates the
spirit of tensors. In addition, the appearanceof sud a term usually indicates an un-
physical quartity (since physical quartities suc as forces,heat °uxes, and strains and
stressegepresen the samething regardlessof the coordinate system). If this is indeed
the sort of quantity that must be represeted, then the summation sign should be used.

1.3 Special Matrices/Second-Order  Tensors

Any second-ordertensor (and hencematrix), A, can be decommsedinto a symmetric
part and an anti-symmetric part.

Denition 1.7 A second-order tensor, A, is symmetric if AT =

>

De nition 1.8 A sewond-order tensor, A, is anti-symmetric  if AT + A

I
o

Any second-ordertensor A can be decommsedinto a symmetric part, A®°, and an
anti-symmetric part, A%

1M 1 1M 1
A= S A+AT A= S AGAT (1.12)
sothat
A=A+ A% (1.13)
The identit y matrix ,
2 3
100
1=%01 0% (1.14)
001
is, in indicial notation:
(
1 ifi=j o

whered; is the Kronecker delta, a special symbol usedto represen the idertity tensor.
Using the summationrules of indicial notation and the de nition of the Kronedker delta,
we seethat

8 9
2 by + Eply + sy = by 2
Hih = tab+ byt hs=h  =h (1.16)

H31l0p + Faoly + gl = by



1.4. CONTRACTION AND TENSOR PRODUCTS 9

which in direct notation just says that | ¢b = b. Whene\er oneis simplifying a term
with the Kronedker delta, the ideais to replaceone of the indicesof ; with the other
and drop the Kronedker delta. Often it doesnot matter which index is replaced,but if
it involvesa free index, the free index must be kept.

Exercise:
1.
Au ktk = |_)
2.
Tij jj = (II

3. If fel; e?; e3gis an orthonormal set, then e' ¢el = (iii ).

Ans:
(): Aji = A (1) Ty =Ty = tr(T)  (iii) & .

1.4 Contraction and Tensor Pro ducts

The dot product is an exampleof a cortraction, i.e. a repeatedindex. This is called a
contraction as it reducesthe size of the tensor - e.g. a dot product takes2 rst-order
tensorsand producesa scalar. As a review:

Direct Indicial
é ¢v Aij Vj
A B Aij Bjk
A:B Aij Bj

Someauthors usethe following notation: A ¢®B_= A; B;; although this seemgare.
The tensor pro duct doesnot reducethe order of the tensors. We de ne:

2 3
Uivi UgVe UpV3

U-v=uwT =9 vi Uy Upvs & (1.17)
UsVvy UszVe UzVi

and in indicial notation u - v is represeted asu;v;. Sofor example

2 3 2 3 2 3
1 10
el-e?=304-914=900 0%; (1.18)
0 0 000
and similarly
0 1 000
e2-et=914-9045=3100 (1.19)
0 0 000
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In particular we notice that in generale’' - e givesa matrix of all zero'sexceptfor a 1
in the i; | th position, and the tensor product is not comrutativ e.

In keepingwith the spririt of the de nition of a second-ordertensor as a linear
operator, one may formally de ne the tensor product as a linear operator acting on a
vector spaceV. If w is any vectorin V then

(u- v)ew = u(v tw):

Thus in order to determine(u - v) ¢(w - Xx) we look at its action on a vector a:

(u- v)¢w- x)a u- vef(w- x)ag

= (u- v)ew(x ¢a)
= uv ¢w(x ¢a)
= vew(u- x)c¢a

sothat we have
(u- v)e¢w- x)=vewu - Xx;
or in indicial notation
Ui Vi Wi Xk = Vj W, Ui X

In generalthis formal de nition of a tensorproduct is conmbersome,and sowe will make
useof this de nition only if necessary

Most of the time the operator - is omitted, so that the above expressionmay be
written as

(u- v)¢(w- x)=uv ¢wx:

Note that the tensor product, u - v = uv, implies two, non-repeating, indices, so that
no summation is implied. The result is a second-ordettensor (u;v;, which hastwo free
indices).

Now considere' - e, which consistsof 9 elemens and which forms a basis for
matricesin Cartesian coordinates. The matrix e' - e consistof all zerosexceptin the
(i; J) position, whereit cortains a 1. Sojust aswe canwrite a vector as:

vV = vie

we can write a second-ordertensor as
A=A€e- e

This allowsusto distinguish betweena secondordertensorand its transposeif necessary:

é=Aijei' ej
T:Ajiei' ej:

>
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Writing the basisvectorscan be a bit cumbersome,and consequetly the basisvectors
are usually written only when necessarysud asto dinstinguish betweena tensor and
its transposeor when working in a curvi-linear coordinate system.

Exercise:
Write the following indicial notation expressionsn direct notation.

1.
Aij Bjkei - ek = é(ti
2. |
Aij BikeJ - e" = Q
3, |
Aij Bkj e - ek= m
4. _
Aij Bkie' - ek = @
5, |
Aij Bkiek - e = M
Ans:

(): AT¢B (i) A¢B" (i) AT¢BT (iv): B CA

1.5 Cross Product and Determinan t

Recall that one goal is to dewelop a systemwhich is coordinate independert. The dot
product is related to the anglebetweentwo vectors. A secondway of \m ultiplying” two
vectorsin a physically (or geometrically) meaningful way is the crossproduct. One of
the mostimportant properties of the crossproduct is that it give a vector orthogonalto
both vectors. To calculate the crossproduct, one takesthe determinart of the matrix
in which the rst row consistsofi, j, and k, the secondrow consistsof the componerts
of the rst vector, and the third row consistsof the componerts of the secondvector.
For exampleif:

u=(423) v=( 110

then

+ k =j3i 3+ 3k:

Ut v=

Frrrrnd
FLrrrn
I
N
w
|
L
=N
T

'—\
o
|
P
o w
B

=N —

[ k
1 3
1 0

There are seweral properties of the crossproduct:

1. u £ v givesa vector orthogonal to both u andv.



12 CHAPTER 1. VECTOR CALCULUS, TENSORS, AND INDICIAL NOTATION

2. The direction of u £ v is determinedby the right-hand rule (point your right-hand
“ngers in the direction of u, curl them in the direction of v, and the direction of
your thumb is the direction of u £ v). This givesus the next property.

B.UEv=jVvEu.
4. ju £ vj = jujjvjsinp wherep is the acute angle betweenu and v.
5. ju £ vj givesthe areaof a parallelogramwith two sidesformed by u and v:

s

u

6. ju ¢(v £ w)j represetts the volume of a parallelepiped which has adjacert sides
consistingof vectorsu, v, and w. Notice that if any two of the three vectorsare
parallel, the result is zero.

For practice, consideri = (1;0;0), ] = (0;1;0), andk = (0;0; 1), then usingthe right
hand rule and the fact that thesevectorsare orthogonal we get:

i£i=0; i £]=Kk; i£Ek=jj:
In indicial notation the crossproduct is given by
utvs= UiV "ij Kk

where"j  is the permutation tensor, a third-order tensorde ned as

8
2 0 if any 2 indicesare equal +
k=, 1 if ij k is an even permutation of 123 - (1.20)
i 1 if ij k isan odd permutation of 123

An even permutation of 1-2-3is de ned astaking an even number of interchangesto
obtain the neworder. Similarly, an odd permutation of 1-2-3is de ned astaking an odd
number of interchangesto obtain the neworder. Sofor exampleto determine” ,3;, begin
with 1-2-3,interchangel and 3 to get 3-2-1,then interchangethe 3 and 2 to get 2-3-1.
This required 2 interchanges(an even number) so ",3; = 1. This is a mathematical
(precise) de nition. In practice is is easierto usethe 1j 2 3 circle depicted above.
Traveling clockwiseimplies an even permutation and traveling courter-clockwiseimplies
an odd permutation. To determine",3;, start at 2 and then go to the 3 and then to 1.
This required us to travel in the clockwise direction, sothat ",3; = 1.

Exercise:
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1."13= 2. "112= 3. "3 =
4. "1p1 = 5. "0z =

Ans:
1.1 2.0 (twoindicesmatch) 3.j 1 4.0 (twoindicesmatch) 5.1

It can be easily shavn that the permutation tensor hasthe following properties:

Yk = ki = ki (1.21)
Yk =0 ik =0 kg =0 K (1.22)
Soin manipulating expressionswith the permutation tensor cyclical permutations do
not changethe sign, and interchanging 2 indices causesa sign change.

Weremarkthat indicial notation for the crossproduct is generallyusedto manipulate
vector expressionsput to computethe crossproduct, the determinart method, as used
above, is generallymore excient.

With the permutation tensorde ned, we cannow expresshe determinart of a matrix
in indicial notation. It canbe shown that for a matrix A,

detfA]"imn = "ij kKAI AjmAkn (1.23)
sothat if | = 1, m= 2, n = 3, we have
detfA] = "jj kAi1Aj 2As:
Multiplying both sidesof equation (1.23) by ";nn We get an alternate expression,

6detA = "imn"ij kAl AjmAkn; (1.24)

n n P P P n n mn n n n n n n n
where"imn"imn = 1 om0 dmnimn = 111" "2 112+ "t s = Mgt t

"132" 132+ "213" 213+ "231" 231 F "312" 312+ "321"321 = 6. TO give the determinart a geometric
represemation (coordinate independer), recall that a tensor acting on a vector repre-
serts a mapping of the vector into another vector. Sofor example,if T is a second-order
tensor which is a scalarmultiple of the identity, it represets a mapping which shrinks
or elongatesa vector. The de nition of the determinart for a second-ordertensor in
direct notation is one which givesthe changeof volume of a parallelepiped due to the
mapping in the following sense.Recalling property 6 of the crossproduct regardingthe
volume of a parallelepiped,

De nition 1.9 LetT be a second-order tensorand u, v, w ke arbitrary vectors. Then
the determinan t of T is

3

Ld:u, ¢h(L tv) £ (T d:w)i = det(T) [u ¢(v £ w)]: (1.25)
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We can shaw that our algebraicde nition of determinart (the determinart of a matrix
asde ned in (1.23)) satis esthis relationship in the Cartesian coordinate systemusing
indicial notation:
3 " h i h i
T ¢u ¢ (T ev)E (T ¢w) Tyu) (T ovE T ow
_ - - h - i
= (Tju) ¢ (L) £ (T owW)m
= (T uy) ¢[Tiy OVi £ Ty Wa];
= (T ) ¢(TiaVi Trnn Wn"kmi )
= Ty Tt Toon " kmi U VIW,
= det(T) "inj ujviw, by (1:23)
= det(T) uj (ViWn"inj )
= det(L) Uj (VIWn"Ink)# k
= det(T) [u ¢(v £ w)]:

Thusin this casethe algebraicand geometricde nitions coincide.

We now presen a very usefulidentity:

The Kronec ker Delta - Alternating Symbol Identity (" j %
identit y):

“ikitm = Hidkm i md (1.26)

The order of the indices can be remenbered as follows. On the left-hand side, the
‘rst indicesof the two "'s must match (i in (1.26)). Let j and | be the middle indices,
and k and m the last indices. Then the order of indiceson the right-hand sideis:

(middle-middle)(last-last) - (middle-last)(last-middle)

The proof of the " | +identity is left asan exercise.
Exercise:
Prove the following identity usingthe " j +identity.

U (VEw)= (ucdw)vij (uctv)w

AnNs:

UWE NV Ew) = UE (Vviwju) indicial notation for crossproduct.
be surefreeindex introduceddoesnot match other indices
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= WVWi"jii"itm indicial notation for crossproduct

= VWi 1k imi permute the indicesof the permutation
tensorssoasto more easilyapply the " | *identity

= UiViWk(HmAi i Kitkm) apply the " j +identity

= UiViWedmAg i WiV Wi item note that the freeindexis m

= UiVmWidi i Ui ViWk " km

= WVmWi i WViWm chek that freeindex is still m

= [uoew)vi (uev)wl,

Warning: Indicial notation aspresened this far is only applicablein an orthonormal
coordinate system. This is a limitation of indicial notation as preserted here. Direct
notation is applicablein any coordinate system. Indicial notation can be extendedto a
non-orthonormal coordinate system,and an introduction to the formalism is presened
in the last sectionof this chapter.

1.6 Review of Vector Calculus and More Indicial
Notation
We begin by reviewing somebasic vector calculus.

Recallthat the gradien t of a scalar-waluedfunction, F(X; y; z), at a point is a vector
which is normal to the level surfacethrough that point. In a Cartesiansystemwe have

<V F
F(x,y,z) = constant
r F = (Fx; Fy; Fo): (1.27)
A unit normal normal to the surfaceis then
r F
n=-: - 1.28
jr Fj ( )

Note that (1.27) is not coordinate independen. Henceis not a useful de nition.
Mathematically, the gradiert is de ned asfollows (need REFERENCE)

De nition 1.10 Supmsethat f mapsa vector eld, V, into the reals. And supmsethe
domainoff is D andletu 2 D. Then the mappingr f is a gradiert mapping at u if
there is a function R which mapsvectorsin V to thereals,i.e. R:V ! < suchthat

1. Iim R(h) =0, and
h: O

2. f(u+h)="f(u)+her f(h)+jhjjR(h) for any h 2 V suchthatu + h 2 D.
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This is the mathematical de nition. Practically, we usethe following de nition:

De nition 1.11 Let f be di®eentiable. Then the gradient of f, r f, satis es the
following relationship:

d =r f ¢dx (1.29)

whee d is the total di®emential of f in space, and dx is the di®emential of the spatial
coordinates.

The directional deriv ativ e of a scalar-walued function in the direction of a unit
vector, u, givesthe rate of changeof F in the direction of u. What is desiredis the
magnitude of the projection of the changeof F in the direction of u. Usingthe formula
for projection, (1.3), and taking the magnitude of the result, we have that the directional
derivative is:

r F ¢u: (1.30)

Supposethat the scalar-\alued function F(X;y; z) represes temperature, i.e. T =
F(x;y;z). Thenr F ¢u givesthe changein temperature with respect to distancein the
direction of u. In what direction doesthe largest changeoccur? Since

rFu=jjir Fjjjjujjcosy

r F ¢u is maximum when cosu is one, or when u is in the samedirection asr F.
Thusr F givesthe direction of maximum (positive) change,and the magnitude of that
changeis given by jjr Fjj. If F represems temperature, the units of jjr Fjj is degrees
per unit length.

In indicial notation a comma denotesderivative, e.g.

A . !
o e e .
@ @ @z

As before,a free index is assumedto take on the valuesof 1, 2, and 3, and the comma

implies that the partial derivatives are taken with respect to the position coordinate.

Further, onefreeindex implies the quartity is a vector. Two free indiceswould imply a

second-ordettensor (e.g.V;;; = r V), etc.
Now considera conmbination of derivativeswith cortractions:

Ai= (Ag;An Ag) = (1.31)

Vi Ui = (r v ¢u); (1.32)
Vi;i U = (U ¢r v): (1.33)
In (1.32) on the right-hand-side, the cortraction occurs betweenv and u. Thus the

indiceson v and u must match. Now consider(1.33) on the left-hand-side. The indices
which match are the onesreferingto the derivative of the vector v (not the vector itself)
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N7 N -

©) — O = _— O =

Figure 1.1: positive divergence  negative divergence positive divergence

and the vector u. Thus the cortraction operator must be betweenthe gradiert and u.
Writing it in direct notation, tradition dictates that we placethe gradiert to the left of
what the gradiert is operating on, sothat in order to cortract the gradiert with u we
must placeu to the left of the gradiert.

Now consider

_@ @ @ _

Viji @, + @ + @ r ¢v (1.34)
which is the div ergence of the vector eld v. Again, notice that repeatedindicesimplies
summation or cortraction. Very loosely think that the divergenceof a vector eld is the
amourt a vector eld \div erges"at a point: if r ¢v > 0, then we say the vector eld is
diverging (seeFigure 1.1). Likewise,if r ¢v < 0, then the vector eld is cortracting (or
has negative divergence).

The curl of a vector eld roughly represetts how much a vector eld \swirls", and
is given by:

(r £ V)= Vi5i"ik= Vis "jik (1.35)

Note that the indicial notation is idertical to the crossproduct, exceptthat the gradiert
replacesone of the vectors. The order is consistent - the index on the rst vector (in
this casethe gradiert) correspndsto the rst index on the permutation tensor.

The curl is calculated similarly to the crossproduct. As an example considerthe
vector eld v =<x2z; x + 2y; xy?z>:

“i ) k-
rev=-g8 & & =
X%z x+ 2y xy’z
@\ i @ @, @ @ ,.
_ @ s @ oy, @ o @ . 9@ 2

=<2xyz; X?i y?z; 1>

Secondand higher order derivativesin indicial notation are represeted using more
than oneindex after the comma. Considerthe following examples:
@V| - @ @i
@ @ @

L ovi = = (r ¢r v)
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2. A = @L,J =(r ¢A"),
3. Viiij = @Cééj = (r r ¢V)j

In the rst examplethere are two indicesfollowing the commaindicating a second-order
derivative. Sincethe two indicesfollowing the commaare the samethere is a cortraction
betweenthe derivatives, or gradierts. Note that there is one free index, which means
the result must be a rst-order tensor, or vector.

In the secondexample,there is only oneindex following the commasothis indicates
a rst-order derivative. The cortraction occurs betweenthe derivative and the second
componert of the tensor, hencethe needfor the transposeon A. Again the result is a
vector sincethere is only one free index.

In the third example,the two indices following the commaindicate a second-order
di®ereniation. The cortraction occurs betweenthe vector and a derivative, hencethe
dot product betweenthe gradiert and the vector v. The result of the cortraction is a
scalar-aluedfunction, sotaking the gradiert of this quartit y makessenseand the result
is again a vector.

Exercise:

Direct Notation Indicial Notation
w=r ¢T ®
w=(Ter)=r ¢IL" (i)

(iii) a= TV

(IV) a-= Tij Vi ;j
AnNns:

(Mw; = Ty (i)wy =Ty (ii)a=T:rv (iv)a= LT rv=T:(rv)".

Exercise:
Shaw that the following idertit y is true in the cartesiancoordinate systemusingindicial
notation:

r ¢ueT)= (T¢r )eu+T:(r u)' (1.36)
Ans:
r ¢(U ¢L) = (UiTij );j
Uy Ty + UiTy product rule

T:(ur)+uc¢Tcr) switching into direct notation
(Ter )cu+T:(r u)’ switching order of terms

Note that the product rule in indicial notation is applied just asit is on scalar-walued
functions.
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Exercise:
How would @Eij '« bewritten in vector notation?
ij
Ans:
@ Er)
@ —

1.7 Div ergence Theorem, Green's Identit y, and Stoke's
Theorem

We now presen fundamertally important theoremswhich are multi-dimensional forms
of theoremslearnedin the rst year of calculus. Thesetheoremswill be referredto often
in this book. We beginwith a de nition.

De nition 1.12 A regular region, -, is an open region with (i) a piecewisesmath
boundary, @, and (ii) is such that any straight line which is parallel to any of the
coordinate axes either intersects @ at a nite set of points or has a whole interval
commonwith @ . A regular region may be boundel or untounde.

Thesetwo criteria on the surfaceof - meansthat the surfacecan't wigglein nitely
often. This implies that the regionis orientablg i.e. that it hasa de nable inside and
outside,andis di®eentiablealmosteverywhee (from the piecewisesmooth requiremert)
sothat a unit normal outward vector may be de ned almosteverywhere. Mathematically
the de nition of a boundedregular regionis an open subsetof <" with a surfacewhich
is Lipschitz (seeThm 1.5.3.10of Grisvard [4]). With this de nition we cannow state the
DivergenceTheorem.

Theorem 1.1 Div ergence Theorem Let- beaboundel regular region. Let eachcom-
ponentofv be C°(-) \ C%(-) , i.e. continuousthroughoutthe domain and its boundaries
with continuous partial derivatives. Then

Z z

o vend¥a= r Cvdv (1.37)

wheee n is the unit outward normal vector to the surface, @ .

This allows us to convert from a volume integral in 3-dimensionsof the divergence
of a function into a surfaceintegral, and vice versa.
A di®eren form ofihe divergenc;theo,remcan be obtainedby letting v = (A(x); 0; 0),

in which casewe get o An, d¥%=  —=— dv. Doing the samefor v = (0; A(x):0) and
. - 1
for v = (0;0; A(x)) we get

Theorem 1.2
z z )
o An d¥%= r Adv (1.38)
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This is just another form of the DivergenceTheorem.

What does the DivergenceTheorem reduceto in one dimension? Let - be the
interval [a;b]. Then the boundary @ consistsof two points, a and b. The unit normal
to the boundary at x = a is the unit vector pointing in the negative direction, i.e.
n(x = a) = j 1. Likewisethe unit normal at x = bis 1. Letting A(x) = A(x) in the
divergencetheoremversion (1.38), we get

Z ) ZhgA zZ, ) ] ) )
r Adv= . dx dx = . Alx) dx = Al@n(x = a)+ Alpn(x = b) = A(b) i A(a)
which is the Fundamertal Theorem of Calculus!
Another result easily obtained from the divergencetheorem is the 3-dimensional
version of integration by parts. Begin with (1.38) and let A = f g wheref and g are
scalarvalued functions. We then obtain

z z
@fgn d¥%= (fr g+ gr f)dv

wherewe have usedr (fg) = fr g+ gr f which canbe shovn usingindicial notation
by usingthe product rule. Rearrangingterms yields

Green's Identit y
z z z
fr gdv= o fgn d¥%; gr f dv: (1.39)

This is exact||¥ the multi-dimensional form of integration by parts for one-dimension,
u dv = uvjlj v du. Recallthat in proving Green'sidertit y, the divergencetheorem
|s used,sothat aII restrictions placedon - in the divergencetheoremapply hereaswell.
Stoke's Theoremis an integral relation involving the curl of a vector eld instead of
the divergence.lt relatesa vector eld de ned on a surfacewhich existsin 3-dimensions,
S, andthe vector eld de ned onthe curve which makesup the boundary of S, C. Think
of the surfaceasbeing a hat and C asbeingthe outer brim of the hat. Mathematically,
S is called a 2-dimensionalmanifold. In order for Stoke's theoremto hold, S must be a
surfacewhich is piecewisesmooth (if the surfaceis parametrizedby z = (x(t); y(t)), then
x(t) and y(t) must be di®ereniable almost everywhere)and orientable i.e. has 2 sides,
onewith a de ned normal n and the other sidewith a normal j n (almost everywhere).
Sincethe surfaceis piecewisesmooth, the normal is de ned almost everywhere. An
exampleof a non-oriertable surfaceis the mobius strip: take a strip of paper, giveit a
half-twist sothat one side which was originally up is now down, then join the two (far)
endsasif making a ring. The mobius strip hasniether an inside nor an outside, and is
hencenot "orientable". We assumethe curve is oriented in sud a way that following
the curve with the right-hand "ngers orients the thumb in the samedirection asthe unit
normal, n (see gure 1.2).
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/n

C

Figure 1.2: An exampleof a surfacewith the curve oriented appropriately for the normal
illustrated.

Theorem 1.3 Stoke's Theorem
Given an orientable surfaee, S, boundel by a closel, regular curve C, then

zZZz z
neér £v)ds= vcd (1.40)
S C

whee v is a C}(S)\ C%S) vector “eld.

Recallthat if C is parametriﬁedby r(t) = (x(t); y(t); z(t)), in the proper orientation,
then the line integral becomes tfef’v(t) ¢rOdt.

1.8 Fourth-Order Tensors with Minor Symmetries

A fourth-order tensoris a linear operator acting on lower order tensors. In this section
we will concertrate on fourth-order tensorsacting on symmetric second-ordertensors
which frequertly appearsin solid medanics. A typical expressionis

¥% = Ejuea (1.41)

where % and e are symmetric second-ordeitensors. In solid medanics, ¥ is called the
stresstensor, ¢ is the strain tensor, and E_is the sti®nesstensor which gives an idea

of how dixcult it is to deform the solid. Becauseof the symmetry in e and ¥ E has
minor symmetries -

Eijw = Ejiki = Eji; (1.42)

i.e. the rst two and last two indices can be interchanged. Sometimesa fourth-order
tensorhasa major symmetry, and this is givenby: Ej i = Eyj; , but this is not assumed
for E in this section.
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1.8.1 Identity

The fourth-order identit y tensoris de ned sothat

(1.43)
(1.44)

i {>
e {>

i.e. cortracting a fourth-order tensor with either a second-orderor fourth-order tensor
presenesthe tensor. One way to de ne the fourth-order might be, 1 = # %, but
this doesnot presene a fourth-order tensor: |« Eximn = Ekkmn®j . Another possible
de nition might be

lij ki = it (1.45)

sothat I« Eximn = Ejmn, however this de nition of | doesnot have minor symmetry

(something one would expect of the idertity tensor and which, if the identity doesnot
have this property, could causeproblems). Sowe de ne explicitly a symmetric fourth-
order identit y tensor:

1
L = é(ﬁk#l + & d): (1.46)

This de nition has both minor and major symmetries,and satis es (1.43) and (1.44)
provided A is symmetric and E_hasa minor symmetry in the rst two indices.

With this de nition we can de ne the inverseof a fourth-order tensor: The inverse
of a fourth-order tensor, E,, is the tensorE' * sudithat E :Ef'= E'*:E = | 5. Just
asis the casefor second-ordetensors,not all fourth-order tensorshave inversesand as
long asoneusesthis de nition of inverse,expectedproperties, suc asuniquenesof the
inverse,follow.

1.8.2 6£ 6 Comp onent Notation of Fourth-Order Tensors

In generalit's not easyto work with fourth-order tensorsin its generality - but for a
fourth-order tensorwith minor symmetries(such ask) it canbe represeted asa 6£ 6
matrix. Begin with the symmetric tensors¥% and e which, due to symmetry, can be
represeted as1£ 6 vectors:

2 3 2 3
Va1 €11
Yoo €2
Va3 €33
3/, — - - .
Ya Yy, £ e e, 4 (2.47)
Va3 €3
Va1 €31

It turns out that this is not a good represemation for seweral reasons.The rst is seen
by calculating

Yare= Y6 = Yaien+ Yasern + Yizen3 (1.48)
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+ Y1601 + Y2600 + Vp3623
+¥41631 + Y0630 + V33623

= Y1811 + Yao€ + Ya3€33 (1.49)

+2%40€10 + 2%p3€03 + 2¥163

where we usedthe symmetry of ¥ and e for the secondequality. Now we can seethat
the vector notation of % and e asgivenin (1.47) doesnot give: %¢e = %: e. To rectify
this situation (and others) the de nition of the 1£ 6 vector represemations are modi ed,
with the most commonbeing the Voigt notation:

2 3 2 3

Va1 €1
Va2 €22
Ya3 €33

3= : =

h= R, 41 e 20, (1.50)
Y3 2e23
Va1 2e31

Usingthe Voigt notation we now have ¥te = % : e. Another option which alsopresenes

this property is the Kelvin notation:

2 3 2 3
Va1 €11
Yoo €2
¥a3 3
Y= B P S, 5 €T &ielz (1.51)
P 2%3 b éezs
p= p=
2Ya1 2e31

Althought the Kelvin notation is more mathematically pleasing(not favoring onetensor
over the other), it is not as common as the Voigt notation. As a side note, the Voigt
notation for % and e are not tensorsin the engineeringsense.

The next stepis to determinehow E is represeted using the Voigt (and asit turns
out, the Kelvin) notation. Cheding by writing out ead term of Ya=

ched that
? Y41 > 2 Ei111 E1120 E1133 | E1112 E1123 Enan
Va2 Exo11 E220 Ezos3 | Eo21o Ezooz Eonoas
Va3 E3s11 E3zz2 Eassss | Eszio Ezszs Eassas
Va2 E1211 E1200 E1233 | E1210 E1203 E1231
Y23 Eos11 E23o E2zss| E2z12 E233 E2zan
EZ31 Ezi11 Es122 E3z133 | Ez112 Esz123 Ezian

32

€11
€22
€33
2%2
2653
2e3;

E

3

: €, onecan

(1.52)

Thus if E has major symmetry then the

6 £ 6 notation of E is also symmetric. Note

that if we usedthe notation given by (1.47) there would be somescalar factors of 2

°oating in the matrix.
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Now let's considerthe inverseof E, C, sothat E : C =
the Voigt notation we get o -

? €1 52 Ciu11 Cuoo Cigzz | 2C1112 2C1123 2C113 32 Ya1 °
€2 Co11 Coop Cosz | 2Co012 2C003 2Co03 % Va2
€3 7 _ 8 Caain Caszo Caszs | 2Csziz 2Cs303 2Cszan Va3 (1.53)
2er; 2C1211 2C1202 2Cy233 | 4C1212 4C1223 4Ci231 z Ya '
2e23 2Co311 2C2320 2C3333 | 4Co312 4Co323 4C333; Y23
2e31 2C3111 2C3120 2Cgi33 | 4Ca112 4Cz103 4Caian Va1

Becauseof the choice of putting the factor of 2 into e the coexcients 2 and 4 appear
in the 6 £ 6 matrix represemation of C. If the Kelvin notation is used, there are no
coexcients which appear, and if neither the Kelvin nor Voigt notation is used, the
6 £ 6 matrix represemation of C is not symmetric evenif C has major symmetry (not

chedked).

In short, one should be very carefulusinga 6 £ 6 matrix to represen a fourth-order
tensor with minor symmetries. If unsure, it is bestto ched the represemation against
the expansionof the indicial notation.

1.9 Intro duction to Indicial Notation in a Curvilin-
ear Coordinate System

(from RebeccaBrannon's notes)

Up to this point, indicial notation has been presered assumingwe are using the
Cartesian, or rectangular, coordinate system. However many times another coordinate
system, suc asthe cylinder or sphericalcoordinate system,is the more natural system
to use.

In order to introducebasisinto indicial notation we beginwith the Cartesiansystem.
Let fel; e?; e3g represen the standard basis,i.e. e* = [1,0;0]" €2 = [0;1;0]" €% =
[0;0; 1]". Then a vector and second-ordettensor are represeted completely as:

V = Vg (1.54)
T=Te- ¢ (1.55)

where- is the tensorproduct (see(1.17) for de nition). It is now possibleto distinguish
betweena tensor and its transpose:

= Bjje - e (1.56)
= Bje - e (1.57)

Exercise: Write the following expressionsn completeindicial notation, including basis:

1.r v
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2. (r v)T
3. uv
4. A B

Ans: (i) vi; el - e (i) viye- e (i) uve - e

(iv)

[
oo
I

(Aje - €):(Bue"- )
= Aij B|<|(ei - ej) . (ek - e')
= Aij Bk|(ei ¢ek)(ej ¢e')

= AjButkg = AjBj

sothat the endresult is a scalarand no basisis needed.

Exercise: Write the following expressionsn direct notation.
1. AjBjke' - €
2. AjjBye' - e
3. AjiByje' - €
4. AjiBjye' - €
5. AjiBjkeX- €

Ans: With the basisvectorsgiven there is no ambiguity regardingthe transposeof the
resulting matrix (second-ordertensor). The index on the rst basisvector (e' for the
‘rst 4 cases)tells us that the term with the i indice must appear on the left. Thusin
(iif) we know that the in direct notation we must have éT andnot A. (i) A¢B (i)
A¢BT (i) AT¢BT (iv) AT¢B (v) B ¢A which is the transposeof (iv).

We next formerly introduce cylindrical and spherical coordinates. In cylindrical
coordinates, the physical coordinates are givenby (r; | z) and using the appropriate
basiswe have any vector may be represeted as

V=re + pe,+ ze;: (1.58)

In sphericalcooridinates, the physical coordinates are given by (¥2A;) whereA is
the anglefrom the z-axis and 1 is the anglefrom the x-axisin the xy-plane (seeFigure).
The order of the coordinates are important asthis order givesa right-hand coordinate
systemwhereas(¥z}; A) doesnot.

Both of thesebasisare orthogonal basis sincethe basevectors are mutually or-
thogonal. Howewer, they are not homogeneous basis sincethe basevectors change
direction depending on where they are in space. Non-homogeneoudbasis are termed
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X3 X3
eZ
e €a _er
b f r
X ey X
z €t

q q
X1 X1
Figure 1.3: Cylindrical Coordinates SphericalCoordinates

curvilinear basis. Thus both cylindrical and spherical coordinate systemsare curvi-
linear orthorgonal coordinate systems. In cortrast, the Cartesian coordinate system
is a homogeneousrthogonal coordinate system. There are systemswhich are both
curvilinear and non-orthogonal,or homogeneousion-orthogonal.

By de nition, the covariant base vectors, denotedasfg,;d,; g;9, must point in
the direction that the position vector x moveswhen changingthe asseiated coordinate
holding the other position coordinatesconstart. By corvertion the coordinate assaiated
with basisvector g, is denotedby v with the index now in the superscript position. Thus
v = v'g, where summation is implied and i is a dummy variable. So for example, in
cylindrical coordinates, g, points in the direction which is obtained if one xes p and
z and increases, i.e. away from the xz-axis and parallel to the x;x,-plane (seeFigure
1.3). The basevectorsdo not have to be of unit length.

Next considerthe dot product:

vev = (V) 6V g)
= Vg ¢g;
= vivlg, ¢g, + vivig, ¢g, + vivig, ¢g;
+VAvig, 6g; + VAVg, 6g, + VAV'g, G,
+Vvivig, 6gy + vVig, €g, + ViVPg; ¢y

Becausewe arein a more generalcoordinate system,there is no guarantee that g; ¢g; =
+; . To remedythis situation, we introduce a contravariant basis g' sothat g; ¢g’ = 4

where

( e
4= LTI
- 0O if 16]

is the Kronedker delta. By corvertion summationis implied if a repeatedindex occurs
oncein the subscript position and oncein the superscript position. Thus, e.g.+ = 3.
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1.10 Exercises

1. (3 pts) Let

>

I

O N
WA PR
N g1 N
B AW
ON W
|

I

O N
Wn
N ;N
H-hw
ON W

Calculate A : B..
2. (4 pts) Expressh, = uv;"jj« in terms of (by; by; bs), (uq; Uz; uz), and (vi; Vz; V).
3. (24 pts) Simplify the following expressions:

(@) uiv%

(b) Vb Hi

(€) "iakHpVk

(d) =

(e) 4 4

() i k"

(9) % H«

(h) £ "j«

4. (9 pts) What is wrong with the following indicial equations? Correct the expres-

sions.

(@) wi = bycujvi (b) A= beu (©) Ap= RijuTaUp

5. (7 pts) Show that the relation v = (v ¢n)n + n £ (v £ n) holds for all nonzero
unit vectorsn and that this represeis a resolution of v into vectors parallel and
perpendicularto n. Usethe £ " identity.

6. (7 pts) (from R. Brannon) Usethe £ " identity to determine what the question
marks standfor: (@£ b)E c=( ?2¢ ?) ?i ( ?¢ ?) ?where ?areall vectors.
Explain why a£ bE c is poor notation becausat is ambiguouswithout parertheses.
Explain why n £ u £ n is acceptablebecausadt is not ambiguous.

7. (9 pts) Provethe £j " identity " "irs = H{r3ks i FHshe. Oneway is to construct
a table with various combinations of indices. Alternativ ely, Malvern (page 25)
providesthe following hint. Two of the four freeindicesmust be equal. Show that
if j = korr = s, then both sidesvanish. Then showv that even with j 6 k and
r 6 s both sidesvanishwhenj = r unlessalsok = s. What other casesmust be
considered?

8. (8 pts) (Malvern, Page46, 11 and 12). Useindicial notation, and do not assume
any other results.



28 CHAPTER 1. VECTOR CALCULUS, TENSORS, AND INDICIAL NOTATION

(a) Shaw that tr(T ¢U) = tr(T." ¢U) if either T or U is symmetric.
(b) Shaw that tr(T_¢U) = O if one of the tensorsis anti-symmetric (or skew-
symmetric) and the other is symmetric.
9. (15 pts) Write in indicial notation:

(@ r A
(b) curlv
()r?v=r ¢r v 4v
(dIT-v
(e) T¢v
10. (20 pts) (Malvern pg 56). AssumeF is a scalar-alued function and v, u are
vectors which are smooth enoughto take the appropriate number of derivatives.
Useindicial notation to prove the following idertities in cartesiancoordinates.
@r ¢Fv)=(r F)ev+Fr ¢v
)r £(r F)=0
©)r ¢r £v)=0
dr ¢quEv)=(r £Eu)evj uce(r £v)
@r £ £v)=r(r ¢v)jr v

11. (6 pts) Write out explicitly (three equationswith all indicesgivenas1, 2, or 3) in
termsof %2v, p, g, ,,*:

D
1/2%“ pir(r ev)ir ¢2d) =y (1.59)
whered = 3[r v + (r v)T]. This is the Navier-Stokes equation which descrites
the °ow of °uid. Here¥%zis the density of the °uid, v is the velocity, p is pressure,
g is an externally applied force (gravity), and, and?! are constarts.

12. (8 pts) Let % and g; be symmetric tensors,and Cjj ; be a 4th-order tensor given

by

Ciw = . 2jha+ T (H + Hif) + Ky i ).

Where'°’/ﬂ = Cij Kl €| -

(a) Show that Y40 = 2e 15.

(b) Write % asavector: [¥a1; Ya2; Yas; Y42, Ya3; ¥a3], ande; asavector: [e11; €2; €33; €12; €13; €23].
Find the 2-dimensionalttensor(matrix) represeting Cj i sud that % = Ci?eJ
in termsof , and!. This is atechniquewhich canbe usedto view a 4th-order
tensor.

(c) Normally a 4th order tensor has 81 componerts. Why can we represem Cj; y
asa matrix with only 36 componens?
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13.

14.

15.

(6 pts) (Malvern, Pg. 61, No. 2). A force of magnitude F acts in a direction

. . .. .a2b 2 o
radially away from the origin at a point (§; §; §) on the surfaceof the ellipsoid
2 2 2
AN A 1. Determine the componert of the force vector in the direction

a2

normal to the surface.

(6 pts) () If r = (X1;X2; X3) is the position vector, usethe divergencetheoremto
express r ¢n dsin terms of the volume of the regionR. (i) Actually perform

@R . . : - .
the surfaceintegral for a unit cube with one corner at the origin of a Euclidean
coordinate system.

(7 pts) (Malvern, Pg. 212, No. 2) A planar areain the x;x,-plane is bounded
by the squarewith corners(0;0), (b;0), (b;b), (0;b). A vector v has componerts
Vi = AX,, Vo, = BX,, V3 = 0, where A and B are constarts.

(a) Verify that the divergencetheorem holds for a cube with one surfacecoinci-
dert with the plane area.

(b) Verify that Stokes'theorem holds on the x;x, planar area.
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