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Chapter 1

Vector Calculus, Tensors, and
Indicial Notation

In this chapter we review vectors(which students shouldhave seenin Calculus3 and/or
undergraduatephysics), introduce tensors(a generalizationof vectors to higher order),
and introduceindicial notation, a convenient notation for manipulating tensors,vectors,
and equations involving these quantities. Indicial notation, sometimesreferred to as
Einstein notation, was invented by (who else?) Einstein. It is a way of writing vector
equationsusing indicesin such a way that it represents clearly which parts of a product
of (¯rst-order, second-order,third-order) tensorsare being acted on/upon and added
together. It alsogive a quick visual cueas to whether an equation makessense.

We proceedwith a disclaimer: For all but the last sectionof this chapter the indicial
notation presented is valid only for an orthonormal coordinate system. For cylindrical
or sphericalcoordinates we needa more generalform of the indicial notation and this
is introducedin the last section.

We begin with the de¯nition of vector, and then introduce indicial notation for a
vector.

De¯nition 1.1 A vector is an object representinga direction and magnitude.

Thus for example,a scalar,a, is not a vector sincealthough it hasa magnitude(jaj),
it doesnot represent a direction.

Note that the de¯nition of a vector is coordinate-systemindependent. Wecandenote
the vector in direct notation as v, where in 2-dimensionalCartesian coordinates the
vector v has components (v1; v2) and in 3-dimensionsit has components (v1; v2; v3).
Note that the components arecoordinate dependent: the components changedepending
upon the coordinate systembeing used. Direct notation, v, is coordinate independent.
In indicial notation, the components of the vector are denotedasvi wherei is the index,
and it is assumedthat i = 1; 2; 3 unlessotherwisenoted. We will make this rule number
one:

Indicial Notation Rule Num ber 1: Unlessotherwisenoted, all indices
take on the values1, 2, and 3.

3



4 CHAPTER 1. VECTOR CALCULUS, TENSORS, AND INDICIAL NOTATION

Thus w can be represented as wi or wj : Note that the free index acts just asa vari-
able in a function. Whereasf (x) = x2 is the samefunction as f (y) = y2, wi represents
the samevector as wj .

1.1 Dot Pro duct

The dot product of two vectors,u and v, in direct notation is given by u ¢v. Because
the dot product is related to the anglebetweenthe two vectors,µ,

u ¢v = jju jj jjv jj cosµ (1.1)

it is a quantit y which doesnot vary with the coordinate system. In indicial notation the
dot product is:

ui vi =
3X

i =1

ui vi = u1v1 + u2v2 + u3v3: (1.2)

In indicial notation the summation on i is implied. Thus:

Indicial Notation Rule Num ber 2: Repeated indicesimplies summation.

Wenote that with repeatedindices,the index is a dummy variablesothat ui vi = uj vj

in much the sameway that
R

f (x) dx =
R

f (y) dy.
Next we review somede¯nitions.

De¯nition 1.2 If u ¢v = 0 then the vectors are orthogonal .

De¯nition 1.3 If u ¢u = 1 then u is a unit vector .

De¯nition 1.4 If u ¢u = 1, v ¢v = 1, and u ¢v = 0 then the set f u ; vg is an
orthonormal set.

Exercise: What conditions are necessaryfor the set f u ; v; wg to be an orthonormal
set?

The dot product is often usedin the decomposition of a vector v. Givena unit vector
n , a vector v can be decomposedin such a way that

v = vp + vo

wherevp is parallel to n and v o is orthogonalto n . The vector v p is calledthe projection
of v onto n and is given by:

vp = (v ¢n )n vp
j = vi ni nj : (1.3)

In the indicial form of the above equation j is the free index in each term becauseit
appearsexactly oncein each term. And this leadsus to the next indicial notation rule:
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Indicial Notation Rule Num ber 3: In each term of an equation, the free
indices must match.

So for example,ui + vi = wi is correct, but ui + vj = wi is not.
Often one wants to project a vector v onto a not necessarilyunit vector w . This

can be done if one replacesn in the above formula by
w

jjw jj
, which is a unit vector in

the direction of w . The resulting formula is what is often given in the third semesterof
calculus: vp =

v ¢w
jw j2

w.

The component vector of v perpendicular to n is

vo = v ¡ vp = v ¡ (v ¢n )n = v ¢(I ¡ nn ) (1.4)

vj = vp
j ¡ vi ni nj : (1.5)

Note that we don't needparenthesisin indicial notation. This is oneof the propertiesof
indicial notation: Order doesn't matter, sincethe order of multiplication is determined
by the indices.

1.2 Tensors

We needthe de¯nition of a vector spaceto begin:

De¯nition 1.5 A vector space, V, consistsof a set of vectors for which vector addi-
tion and scalar multiplication are de¯ned and which satisfy the following properties for
all vectors u , v, and w in V:

1. If u and v are any two vectors in V, then u + v is also in V (closure under
additivity).

2. If k is any real number and u is any vector in V then ku is also in V (closure
under scalar multiplication).

3. u + v = v + u (commutativity).

4. u + (v + w) = (u + v) + w (associativity of vector addition).

5. There is a vector, 0 suchthat for any u in V, 0 + u = u (additive identity).

6. For any u in V there is another vector, ¡ u suchthat u + (¡ u ) = (¡ u ) + u = 0
(existence of an additive inverse).

7. k(lu ) = (kl)(u ) (associativity of scalr multipliation).

8. (k + l)u = ku + lu (distributivity for scalar sums).

9. k(u + v) = ku + kv (distributivity for vector sums).

10. 1u = u (scalar multiplicative identity).
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A tensor is a generalizationof a vector in the following sense.We considera vector
asa linear transformation acting on a vector space:through the dot product a vector is
a linear transformation which mapsa vector to a scalar: v ¢(au + w) = av ¢u + v ¢w .
Then a generalizationgivesus the de¯nition of a second-ordertensor:

De¯nition 1.6 A second-order tensor is de¯ned to be a linear tranformation from a
vector space onto itself, i.e., if v and w are arbitrary vectors in the vector space V then,
B is a second-order tensor if B (cu + v) = cB (u) + B (v).

As long asevery vector in the vector spacecanberepresented asa linear combination
of the basisvectors,then it canbeproventhat all second-ordertensorscanberepresented
by a matrix. In particular, matrices are speci¯c representations of second-ordertensors
and the representation is dependent on the coordinate system. From linear algebrait is
known that rotations, re°ections,and projectionsareexamplesof linear transformations
and can all be represented by matrices for a particular coordinate system. Theseare
examplesof second-ordertensors.Another exampleis the transformation B(u) = b£ u
whereb is a givenvector. Though this is a linear transformation mappinga vector space
onto itself (and soit is a second-ordertensor), it is not readily apparent what its matrix
representation is.

In linear algebra,a linear systemof equationsis usually written asw = B u. It turns
out that this notation will not be preciseenoughoncehigher-ordertensorsare de¯ned.
Soin direct tensornotation, this systemof equationsis written as: w = B ¢u, which in
indicial notation is

wi = B ij uj = uj B ij : (1.6)

Order doesn't matter in indicial notation sincerepeated indices indicate what is being
summed. Note that the free indicesmatch. In generala singledot indicates one index
is repeated.

Exercise:
Matrix Notation Direct Notation Indicial Notation
w = B T u w = B T ¢u wj = B ij ui

w T = u T B w = u ¢B (i)
a = u T B v (ii) a = B ij ui vj

Ans:
(i )wj = ui B ij = B ij ui , (ii )a = u ¢B ¢v.

As a side remark: direct notation can be quite di®erent from matrix notation. As
an example,the direct notation expressionw = u ¢B would be written as w T = u T B
in matrix notation. In matrix notation no dot, ¢, is usedto denotemultiplication of a
vector and a matrix, asit is assumedthat wherever a matrix and a vector appearnext to
each other, the two are multiplied. Further it is generallyunderstood which quantities
are matricesand what are vectorsso that no distinguishing marks are usedto denotea
matrix. In tensor notation, the generalconvention is that vectorsare denotedby lower-
casebold letters, and matrices are denotedby capital bold-faceletters. In this text, to
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further distinguish betweensecond-orderand higher-order tensors, two underlineswill
be used to denote a second-ordertensor. In direct notation a transposeon vectors is
sometimesused to denote that the components should be written horizontally rather
than vertically.

We now formalize our notation:

Object Direct Indicial
scalar a a
vector u ui

2nd-order tensor B B ij

3rd-order tensor C Cij k

4th-order tensor D D ij kl

A third-order tensor is also a linear operator. It can sendvectors into second-order
tensorsvis C ¢v = B or Cij kvk = B ij , or it can sendsecond-ordertensorsto third-order
tensors:C ¢B = D or Cij kBkl = D ij l . This last operation, C ¢B , canbe interpreted asa
third order tensoracting on a seriesof vectors,and then the resulting second-ordertensor
actson a vector. Sinceby de¯nition second-ordertensorsare linear transformations,this
operation is also linear. We can even de¯ne a doublecontraction

C : B = v Cij kB j k = vi ; (1.7)

sothat a third-order tensoris alsoa linear transformation mappinga second-ordertensor
to a vector.

In continuum mechanics,it is very important to distinguish betweenscalars,vectors,
and higher order tensors. Note that 0 6= 0 6= 0 6= :::.

Exercise:

ui + vi = w(i ) (1.8)

ui + vj = w(ii ) (1.9)

A ij bi + u(iii ) = w(iv ) (1.10)

Cij kBklui + E j lmi Tim = Q(v) (1.11)

Ans:
(i) i , (ii) Not de¯ned, (iii) j , (iv) j , (v) j l or l j . Note that the solution (v) has
two possibleanswers. This will be addressedshortly.

The following rule is a good check to besureequationmanipulationsinvolving tensors
are valid:
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Indicial Notation Rule Num ber 4: Indicesrepeated more than two times
in a single term are not allowed.

So for example Cij kBkluk is not allowed. This is due to the fact that there is no
corresponding direct notation (which is coordinate independent), and thus violates the
spirit of tensors. In addition, the appearanceof such a term usually indicates an un-
physical quantit y (sincephysical quantities such as forces,heat °uxes, and strains and
stressesrepresent the samething regardlessof the coordinate system). If this is indeed
the sort of quantit y that must be represented, then the summation sign shouldbe used.

1.3 Special Matrices/Second-Order Tensors

Any second-ordertensor (and hencematrix), A , can be decomposedinto a symmetric
part and an anti-symmetric part.

De¯nition 1.7 A second-order tensor, A , is symmetric if A T = A .

De¯nition 1.8 A second-order tensor, A , is anti-symmetric if A T + A = 0.

Any second-ordertensor A can be decomposedinto a symmetric part, A s, and an
anti-symmetric part, A a:

A s =
1
2

µ

A + A T
¶

A a =
1
2

µ

A ¡ A T
¶

(1.12)

so that

A = A s + A a: (1.13)

The iden tit y matrix ,

I =

2

6
4

1 0 0
0 1 0
0 0 1

3

7
5 (1.14)

is, in indicial notation:

±ij =

(
1 if i = j
0 if i 6= j

; (1.15)

where±ij is the Kronecker delta, a special symbol usedto represent the identit y tensor.
Using the summationrulesof indicial notation and the de¯nition of the Kronecker delta,
we seethat

±ij bj =

8
><

>:

±11b1 + ±12b2 + ±13b3 = b1

±21b1 + ±22b2 + ±23b3 = b2

±31b1 + ±32b2 + ±33b3 = b3

9
>=

>;
= bi (1.16)
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which in direct notation just says that I ¢b = b. Whenever one is simplifying a term
with the Kronecker delta, the idea is to replaceone of the indicesof ±ij with the other
and drop the Kronecker delta. Often it doesnot matter which index is replaced,but if
it involvesa free index, the free index must be kept.

Exercise:

1.
A ij k±ik = (i )

2.
Tij ±ij = (ii )

3. If f e1; e2; e3g is an orthonormal set, then ei ¢ej = (iii ).

Ans:
(i): A ij i = Akj k (ii): Tij ±ij = Tii = tr( T ) (iii) ±ij .

1.4 Con traction and Tensor Pro ducts

The dot product is an exampleof a contraction, i.e. a repeated index. This is called a
contraction as it reducesthe size of the tensor - e.g. a dot product takes 2 ¯rst-order
tensorsand producesa scalar. As a review:

Direct Indicial
A ¢v A ij vj

A ¢B A ij B j k

A : B A ij B ij

Someauthors usethe following notation: A ¢¢B = A ij B j i although this seemsrare.
The tensor pro duct doesnot reducethe order of the tensors. We de¯ne:

u ­ v = uv T =

2

6
4

u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

3

7
5 (1.17)

and in indicial notation u ­ v is represented as ui vj . So for example

e1 ­ e2 =

2

6
4

1
0
0

3

7
5 ­

2

6
4

0
1
0

3

7
5 =

2

6
4

0 1 0
0 0 0
0 0 0

3

7
5 ; (1.18)

and similarly

e2 ­ e1 =

2

6
4

0
1
0

3

7
5 ­

2

6
4

1
0
0

3

7
5 =

2

6
4

0 0 0
1 0 0
0 0 0

3

7
5 : (1.19)
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In particular we notice that in generalei ­ ej givesa matrix of all zero'sexcept for a 1
in the i; j th position, and the tensor product is not commutativ e.

In keeping with the spririt of the de¯nition of a second-ordertensor as a linear
operator, one may formally de¯ne the tensor product as a linear operator acting on a
vector spaceV. If w is any vector in V then

(u ­ v) ¢w = u(v ¢w):

Thus in order to determine(u ­ v) ¢(w ­ x ) we look at its action on a vector a:

(u ­ v) ¢(w ­ x )a = u ­ v ¢f (w ­ x )ag

= (u ­ v) ¢w(x ¢a)

= uv ¢w(x ¢a)

= v ¢w(u ­ x ) ¢a

so that we have

(u ­ v) ¢(w ­ x ) = v ¢wu ­ x ;

or in indicial notation

ui vj wj xk = vj wj ui xk :

In generalthis formal de¯nition of a tensorproduct is combersome,and sowe will make
useof this de¯nition only if necessary.

Most of the time the operator ­ is omitted, so that the above expressionmay be
written as

(u ­ v) ¢(w ­ x ) = uv ¢wx :

Note that the tensor product, u ­ v = uv, implies two, non-repeating, indices,so that
no summation is implied. The result is a second-ordertensor (ui vj , which has two free
indices).

Now consider ei ­ ej , which consistsof 9 elements and which forms a basis for
matrices in Cartesiancoordinates. The matrix ei ­ ej consistof all zerosexcept in the
(i; j ) position, whereit contains a 1. So just as we can write a vector as:

v = vi ei

we can write a second-ordertensor as

A = A ij ei ­ ej :

This allowsusto distinguishbetweena secondorder tensorand its transposeif necessary:

A = A ij ei ­ ej

A T = A j i ei ­ ej :
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Writing the basisvectorscan be a bit cumbersome,and consequently the basisvectors
are usually written only when necessary, such as to dinstinguish betweena tensor and
its transposeor when working in a curvi-linear coordinate system.

Exercise:
Write the following indicial notation expressionsin direct notation.

1.
A ij B j kei ­ ek = A ¢B

2.
A ij B ik ej ­ ek = (i )

3.
A ij Bkj ei ­ ek = (ii )

4.
A ij Bki ej ­ ek = (iii )

5.
A ij Bki ek ­ ej = (iv )

Ans:
(i): A T ¢B (ii): A ¢B T (iii): A T ¢B T (iv): B ¢A

1.5 Cross Pro duct and Determinan t

Recall that one goal is to develop a systemwhich is coordinate independent. The dot
product is related to the anglebetweentwo vectors. A secondway of \m ultiplying" two
vectors in a physically (or geometrically) meaningful way is the crossproduct. One of
the most important propertiesof the crossproduct is that it give a vector orthogonal to
both vectors. To calculate the crossproduct, one takes the determinant of the matrix
in which the ¯rst row consistsof i , j , and k , the secondrow consistsof the components
of the ¯rst vector, and the third row consistsof the components of the secondvector.
For exampleif:

u = (1; 2; 3) v = (¡ 1; 1; 0)

then

u £ v =

¯
¯
¯
¯
¯
¯
¯

i j k
1 2 3

¡ 1 1 0

¯
¯
¯
¯
¯
¯
¯
= i

¯
¯
¯
¯
¯

2 3
1 0

¯
¯
¯
¯
¯
¡ j

¯
¯
¯
¯
¯

1 3
¡ 1 0

¯
¯
¯
¯
¯
+ k

¯
¯
¯
¯
¯

1 2
¡ 1 1

¯
¯
¯
¯
¯
= ¡ 3i ¡ 3j + 3k :

There are several properties of the crossproduct:

1. u £ v givesa vector orthogonal to both u and v.
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2. The direction of u £ v is determinedby the right-hand rule (point your right-hand
¯ngers in the direction of u , curl them in the direction of v, and the direction of
your thumb is the direction of u £ v). This givesus the next property.

3. u £ v = ¡ v £ u .

4. ju £ vj = ju jjv j sinµ whereµ is the acute anglebetweenu and v.

5. ju £ vj givesthe areaof a parallelogramwith two sidesformed by u and v:

v

u

6. ju ¢(v £ w)j represents the volume of a parallelepiped which has adjacent sides
consistingof vectorsu , v, and w . Notice that if any two of the three vectorsare
parallel, the result is zero.

For practice, consideri = (1; 0; 0), j = (0; 1; 0), and k = (0; 0; 1), then usingthe right
hand rule and the fact that thesevectorsare orthogonal we get:

i £ i = 0; i £ j = k ; i £ k = ¡ j :

In indicial notation the crossproduct is given by

u £ v = ui vj " ij k

where" ij k is the perm utation tensor , a third-order tensor de¯ned as

" ij k =

8
><

>:

0 if any 2 indicesare equal
1 if ij k is an even permutation of 123

¡ 1 if ij k is an odd permutation of 123

2

1

3

+

- (1.20)

An even permutation of 1-2-3is de¯ned astaking an even number of interchangesto
obtain the neworder. Similarly, an odd permutation of 1-2-3is de¯ned astaking an odd
number of interchangesto obtain the neworder. Sofor exampleto determine" 231, begin
with 1-2-3, interchange1 and 3 to get 3-2-1, then interchangethe 3 and 2 to get 2-3-1.
This required 2 interchanges(an even number) so " 231 = 1. This is a mathematical
(precise) de¯nition. In practice is is easierto use the 1 ¡ 2 ¡ 3 circle depicted above.
Traveling clockwiseimplies an even permutation and traveling counter-clockwiseimplies
an odd permutation. To determine " 231, start at 2 and then go to the 3 and then to 1.
This required us to travel in the clockwise direction, so that " 231 = 1.

Exercise:
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1. "123 = 2. "112 = 3. "321 =
4. "121 = 5. "213 =

Ans:
1. 1 2. 0 (two indicesmatch) 3. ¡ 1 4. 0 (two indicesmatch) 5. ¡ 1

It can be easily shown that the permutation tensor has the following properties:

" ij k = " j ki = " kij (1.21)

" ij k = ¡ " j ik = ¡ " ik j = ¡ " kj i (1.22)

So in manipulating expressionswith the permutation tensor cyclical permutations do
not changethe sign, and interchanging2 indicescausesa sign change.

Weremark that indicial notation for the crossproduct is generallyusedto manipulate
vector expressions,but to compute the crossproduct, the determinant method, asused
above, is generallymore e±cient.

With the permutation tensorde¯ned, wecannow expressthe determinant of a matrix
in indicial notation. It can be shown that for a matrix A ,

det[A ]" lmn = " ij kA il A j mAkn (1.23)

so that if l = 1, m = 2, n = 3, we have

det[A ] = " ij kA i 1A j 2Ak3:

Multiplying both sidesof equation (1.23) by " lmn we get an alternate expression,

6detA = " lmn " ij kA il A j mAkn ; (1.24)

where " lmn " lmn =
P

l
P

m
P

n " lmn " lmn = "111"111 + "112"112 + "113"113 + ::: = "123"123 +
"132"132+ "213"213+ "231"231+ "312"312+ "321"321 = 6. To give the determinant a geometric
representation (coordinate independent), recall that a tensor acting on a vector repre-
sents a mapping of the vector into another vector. Sofor example,if T is a second-order
tensor which is a scalarmultiple of the identit y, it represents a mapping which shrinks
or elongatesa vector. The de¯nition of the determinant for a second-ordertensor in
direct notation is one which gives the changeof volume of a parallelepiped due to the
mapping in the following sense.Recallingproperty 6 of the crossproduct regardingthe
volume of a parallelepiped,

De¯nition 1.9 Let T be a second-order tensor and u , v, w be arbitrary vectors. Then
the determinan t of T is

³
T ¢u

´
¢

h
(T ¢v) £ (T ¢w)

i
= det(T ) [u ¢(v £ w)] : (1.25)
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We can show that our algebraicde¯nition of determinant (the determinant of a matrix
as de¯ned in (1.23)) satis¯es this relationship in the Cartesiancoordinate systemusing
indicial notation:

³
T ¢u

´
¢

h
(T ¢v) £ (T ¢w)

i
=

h
Tij uj ) ¢(T ¢v £ T ¢w

i

i

= (Tij uj ) ¢
h
(T ¢v)k £ (T ¢w)m

i

i

= (Tij uj ) ¢[Tkl ¢vl £ Tmn wn ]i
= (Tij uj ) ¢(TklvlTmn wn" kmi )

= Tij TklTmn " kmi uj vlwn

= det(T ) " lnj uj vlwn by (1:23)

= det(T ) uj (vlwn" lnj )

= det(T ) uj (vlwn" lnk )±j k

= det(T ) [u ¢(v £ w)] :

Thus in this casethe algebraicand geometricde¯nitions coincide.

We now present a very useful identit y:

The Kronec ker Delta - Alternating Symbol Iden tit y (" ¡ ±
iden tit y):

" ij k" il m = ±j l±km ¡ ±j m±kl (1.26)

The order of the indices can be remembered as follows. On the left-hand side, the
¯rst indicesof the two " 's must match (i in (1.26)). Let j and l be the middle indices,
and k and m the last indices. Then the order of indiceson the right-hand side is:

(middle-middle)(last-last) - (middle-last)(last-middle)

The proof of the " ¡ ± identit y is left as an exercise.

Exercise:
Prove the following identit y using the " ¡ ± identit y.

u £ (v £ w) = (u ¢w)v ¡ (u ¢v)w

Ans:

ui £ (vj £ wk) = ui £ (vj wk" j kl ) indicial notation for crossproduct.

be sure free index introduceddoesnot match other indices
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= ui vj wk" j kl " il m indicial notation for crossproduct

= ui vj wk" l j k" lmi permute the indicesof the permutation

tensorsso as to more easily apply the " ¡ ± identit y

= ui vj wk(±j m±ki ¡ ±j i ±km ) apply the " ¡ ± identit y

= ui vj wk±j m±ki ¡ ui vj wk±j i ±km note that the free index is m

= ui vmwk±ki ¡ ui vi wk" km

= ui vmwi ¡ ui vi wm check that free index is still m

= [(u ¢w)v ¡ (u ¢v)w ]m

Warning: Indicial notation aspresented this far is only applicablein an orthonormal
coordinate system. This is a limitation of indicial notation as presented here. Direct
notation is applicable in any coordinate system. Indicial notation can be extendedto a
non-orthonormal coordinate system,and an introduction to the formalism is presented
in the last sectionof this chapter.

1.6 Review of Vector Calculus and More Indicial
Notation

We begin by reviewing somebasicvector calculus.
Recall that the gradien t of a scalar-valuedfunction, F (x; y; z), at a point is a vector

which is normal to the level surfacethrough that point. In a Cartesiansystemwe have

r F = (Fx ; Fy; Fz):

F

F(x,y,z) = constant

(1.27)

A unit normal normal to the surfaceis then

n =
r F
jr F j

: (1.28)

Note that (1.27) is not coordinate independent. Hence is not a useful de¯nition.
Mathematically, the gradient is de¯ned as follows (needREFERENCE)

De¯nition 1.10 Supposethat f mapsa vector ¯eld, V , into the reals. And supposethe
domain of f is D and let u 2 D. Then the mappingr f is a gradient mapping at u if
there is a function R which mapsvectors in V to the reals, i.e. R : V ! < suchthat

1. lim
h ! 0

R(h) = 0, and

2. f (u + h) = f (u ) + h ¢r f (h) + jjh jjR(h) for any h 2 V suchthat u + h 2 D.
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This is the mathematical de¯nition. Practically, we usethe following de¯nition:

De¯nition 1.11 Let f be di®erentiable. Then the gradien t of f , r f , satis¯es the
following relationship:

df = r f ¢dx (1.29)

where df is the total di®erential of f in space, and dx is the di®erential of the spatial
coordinates.

The directional deriv ativ e of a scalar-valued function in the direction of a unit
vector, u , gives the rate of changeof F in the direction of u . What is desired is the
magnitude of the projection of the changeof F in the direction of u . Using the formula
for projection, (1.3), and taking the magnitudeof the result, wehave that the directional
derivative is:

r F ¢u : (1.30)

Supposethat the scalar-valued function F (x; y; z) represents temperature, i.e. T =
F (x; y; z). Then r F ¢u givesthe changein temperature with respect to distancein the
direction of u . In what direction doesthe largest changeoccur? Since

r F ¢u = jj r F jj jju jj cosµ;

r F ¢u is maximum when cosµ is one, or when u is in the samedirection as r F .
Thus r F givesthe direction of maximum (positive) change,and the magnitude of that
changeis given by jj r F jj . If F represents temperature, the units of jj r F jj is degrees
per unit length.

In indicial notation a comma denotesderivative, e.g.

Á;i = (Á;1 ; Á;2 ; Á;3 ) =

Ã
@Á
@x1

;
@Á
@x2

;
@Á
@x3

!

: (1.31)

As before,a free index is assumedto take on the valuesof 1, 2, and 3, and the comma
implies that the partial derivatives are taken with respect to the position coordinate.
Further, onefree index implies the quantit y is a vector. Two free indiceswould imply a
second-ordertensor (e.g. vi ;j = r v), etc.

Now considera combination of derivativeswith contractions:

vi ;j ui = (r v ¢u) j (1.32)

vi ;j uj = (u ¢r v) i : (1.33)

In (1.32) on the right-hand-side, the contraction occurs between v and u . Thus the
indiceson v and u must match. Now consider(1.33) on the left-hand-side. The indices
which match are the onesrefering to the derivative of the vector v (not the vector itself)
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Figure 1.1: positive divergence negative divergence positive divergence

and the vector u . Thus the contraction operator must be betweenthe gradient and u .
Writing it in direct notation, tradition dictates that we placethe gradient to the left of
what the gradient is operating on, so that in order to contract the gradient with u we
must placeu to the left of the gradient.

Now consider

vi ;i =
@v1

@x1
+

@v2

@x2
+

@v3

@x3
= r ¢v (1.34)

which is the div ergence of the vector ¯eld v. Again, notice that repeatedindicesimplies
summationor contraction. Very loosely, think that the divergenceof a vector ¯eld is the
amount a vector ¯eld \div erges"at a point: if r ¢v > 0, then we say the vector ¯eld is
diverging (seeFigure 1.1). Likewise,if r ¢v < 0, then the vector ¯eld is contracting (or
hasnegative divergence).

The curl of a vector ¯eld roughly represents how much a vector ¯eld \swirls", and
is given by:

(r £ v)k = vj ;i " ij k = vi ;j " j ik (1.35)

Note that the indicial notation is identical to the crossproduct, exceptthat the gradient
replacesone of the vectors. The order is consistent - the index on the ¯rst vector (in
this casethe gradient) correspondsto the ¯rst index on the permutation tensor.

The curl is calculated similarly to the crossproduct. As an exampleconsider the
vector ¯eld v = <x2z; x + 2y; xy2z> :

r £ v =

¯
¯
¯
¯
¯
¯
¯

i j k
@

@x
@

@y
@
@z

x2z x + 2y xy2z

¯
¯
¯
¯
¯
¯
¯

= i

"
@
@y

(xy2z) ¡
@
@z

(x + 2y)

#

¡ j

"
@

@x
(xy2z) ¡

@
@z

(x2z)

#

+ k

"
@
@x

(x + 2y) ¡
@
@y

(x2z)

#

= <2xyz; x2 ¡ y2z; 1>

Secondand higher order derivatives in indicial notation are represented using more
than one index after the comma. Considerthe following examples:

1. vi ;j j =
@2vi

@x2
j

=
@

@x j

@vi

@x j
= (r ¢r v) i
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2. A ij ;j =
@A ij

@x j
= (r ¢A T ) i

3. vi ;ij =
@2vi

@x i @x j
= (r r ¢v) j

In the ¯rst examplethere are two indicesfollowing the commaindicating a second-order
derivative. Sincethe two indicesfollowing the commaarethe samethere is a contraction
between the derivatives, or gradients. Note that there is one free index, which means
the result must be a ¯rst-order tensor, or vector.

In the secondexample,there is only oneindex following the commasothis indicates
a ¯rst-order derivative. The contraction occurs betweenthe derivative and the second
component of the tensor, hencethe needfor the transposeon A . Again the result is a
vector sincethere is only one free index.

In the third example, the two indices following the comma indicate a second-order
di®erentiation. The contraction occurs betweenthe vector and a derivative, hencethe
dot product betweenthe gradient and the vector v. The result of the contraction is a
scalar-valuedfunction, sotaking the gradient of this quantit y makessenseand the result
is again a vector.

Exercise:
Direct Notation Indicial Notation
w = r ¢T (i)
w = (T ¢r ) = r ¢T T (ii)
(iii) a = Tij vj ;i
(iv) a = Tij vi ;j

Ans:
(i )wj = Tij ;i (ii )wi = Tij ;j (iii )a = T : r v (iv )a = T T : r v = T : (r v)T .

Exercise:
Show that the following identit y is true in the cartesiancoordinate systemusing indicial
notation:

r ¢(u ¢T ) = (T ¢r ) ¢u + T : (r u )T (1.36)

Ans:

r ¢(u ¢T ) = (ui Tij );j
= ui ;j Tij + ui Tij ;j product rule

= T : (u r ) + u ¢(T ¢r ) switching into direct notation

= (T ¢r ) ¢u + T : (r u )T switching order of terms

Note that the product rule in indicial notation is applied just as it is on scalar-valued
functions.
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Exercise:

How would
@A

@E ij
E ij ;k be written in vector notation?

Ans:

@A
@E

: (E r )

1.7 Div ergence Theorem, Green's Iden tit y, and Stok e's
Theorem

We now present fundamentally important theoremswhich are multi-dimensional forms
of theoremslearnedin the ¯rst yearof calculus. Thesetheoremswill be referredto often
in this book. We begin with a de¯nition.

De¯nition 1.12 A regular region , ­ , is an open region with (i) a piecewisesmooth
boundary, @­ , and (ii) is such that any straight line which is parallel to any of the
coordinate axes either intersects @­ at a ¯nite set of points or has a whole interval
common with @­ . A regular region may be bounded or unbounded.

Thesetwo criteria on the surfaceof ­ meansthat the surfacecan't wiggle in¯nitely
often. This implies that the region is orientable, i.e. that it has a de¯nable inside and
outside,and is di®erentiablealmosteverywhere (from the piecewisesmooth requirement)
sothat a unit normal outward vectormay bede¯ned almosteverywhere.Mathematically
the de¯nition of a boundedregular region is an open subsetof < n with a surfacewhich
is Lipschitz (seeThm 1.5.3.1of Grisvard [4]). With this de¯nition we can now state the
DivergenceTheorem.

Theorem 1.1 Div ergence Theorem Let ­ be a bounded regular region. Let eachcom-
ponent of v be C0(­) \ C1(­) , i.e. continuous throughoutthe domain and its boundaries
with continuous partial derivatives. Then

Z

@­
v ¢n d¾=

Z

­
r ¢v dv (1.37)

where n is the unit outward normal vector to the surface, @­ .

This allows us to convert from a volume integral in 3-dimensionsof the divergence
of a function into a surfaceintegral, and vice versa.

A di®erent form of the divergencetheoremcanbeobtainedby letting v = (Á(x ); 0; 0),

in which casewe get
Z

@­
Án1 d¾=

Z

­

@Á
@x1

dv. Doing the samefor v = (0; Á(x ); 0) and

for v = (0; 0; Á(x )) we get

Theorem 1.2
Z

@­
Án d¾=

Z

­
r Á dv: (1.38)
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This is just another form of the DivergenceTheorem.
What does the DivergenceTheorem reduce to in one dimension? Let ­ be the

interval [a;b]. Then the boundary @­ consistsof two points, a and b. The unit normal
to the boundary at x = a is the unit vector pointing in the negative direction, i.e.
n (x = a) = ¡ 1. Likewisethe unit normal at x = b is 1. Letting Á(x ) = Á(x) in the
divergencetheoremversion(1.38), we get

Z

­
r Á dv =

Z b

a

dÁ
dx

dx =
Z b

a
Á0(x) dx = Á(a)n (x = a) + Á(b)n (x = b) = Á(b) ¡ Á(a)

which is the Fundamental Theoremof Calculus!
Another result easily obtained from the divergencetheorem is the 3-dimensional

version of integration by parts. Begin with (1.38) and let Á = f g where f and g are
scalarvalued functions. We then obtain

Z

@­
f gn d¾=

Z

­
(f r g + gr f ) dv

wherewe have usedr (f g) = f r g + gr f which can be shown using indicial notation
by using the product rule. Rearrangingterms yields

Green's Iden tit y
Z

­
f r g dv =

Z

@­
f gn d¾¡

Z

­
gr f dv: (1.39)

This is exactly the multi-dimensional form of integration by parts for one-dimension,
Rb

a u dv = uvjba ¡
Rb

a v du. Recall that in proving Green'sidentit y, the divergencetheorem
is used,sothat all restrictions placedon ­ in the divergencetheoremapply hereaswell.

Stoke's Theoremis an integral relation involving the curl of a vector ¯eld instead of
the divergence.It relatesa vector ¯eld de¯ned on a surfacewhich existsin 3-dimensions,
S, and the vector ¯eld de¯ned on the curvewhich makesup the boundaryof S, C. Think
of the surfaceasbeing a hat and C asbeing the outer brim of the hat. Mathematically,
S is called a 2-dimensionalmanifold. In order for Stoke's theoremto hold, S must be a
surfacewhich is piecewisesmooth (if the surfaceis parametrizedby z = (x(t); y(t)), then
x(t) and y(t) must be di®erentiable almost everywhere)and orientable, i.e. has 2 sides,
onewith a de¯ned normal n and the other sidewith a normal ¡ n (almost everywhere).
Since the surface is piecewisesmooth, the normal is de¯ned almost everywhere. An
exampleof a non-orientable surfaceis the mobius strip: take a strip of paper, give it a
half-twist so that onesidewhich was originally up is now down, then join the two (far)
endsas if making a ring. The mobius strip has niether an inside nor an outside, and is
hencenot "orientable". We assumethe curve is oriented in such a way that following
the curve with the right-hand ¯ngers orients the thumb in the samedirection asthe unit
normal, n (see¯gure 1.2).
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n

S

C

Figure 1.2: An exampleof a surfacewith the curveoriented appropriately for the normal
illustrated.

Theorem 1.3 Stok e's Theorem
Given an orientable surface, S, bounded by a closed, regular curve C, then

Z Z

S
n ¢(r £ v) ds =

Z

C
v ¢dl (1.40)

where v is a C1(S) \ C0(S) vector ¯eld.

.
Recallthat if C is parametrizedby r (t) = (x(t); y(t); z(t)), in the proper orientation,

then the line integral becomes
Rt= b

t= a v(t) ¢r 0 dt.

1.8 Fourth-Order Tensors with Minor Symmetries

A fourth-order tensor is a linear operator acting on lower order tensors. In this section
we will concentrate on fourth-order tensorsacting on symmetric second-ordertensors
which frequently appearsin solid mechanics. A typical expressionis

¾ij = E ij klekl (1.41)

where¾ and e are symmetric second-ordertensors. In solid mechanics,¾ is called the
stresstensor, e is the strain tensor, and E is the sti®nesstensor which gives an idea
of how di±cult it is to deform the solid. Becauseof the symmetry in e and ¾, E has
minor symmetries:

E ij kl = E j ik l = E ij lk ; (1.42)

i.e. the ¯rst two and last two indices can be interchanged. Sometimesa fourth-order
tensorhasa major symmetry, and this is given by: E ij kl = Ekl ij , but this is not assumed
for E in this section.
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1.8.1 Iden tit y

The fourth-order identit y tensor is de¯ned so that

I : A = A (1.43)

I : E = E ; (1.44)

i.e. contracting a fourth-order tensor with either a second-orderor fourth-order tensor
preserves the tensor. One way to de¯ne the fourth-order might be, I ij kl = ±ij ±kl but
this does not preserve a fourth-order tensor: I ij klEklmn = Ekkmn ±ij . Another possible
de¯nition might be

I ij kl = ±ik ±j l (1.45)

so that I ij klEklmn = E ij mn , however this de¯nition of I doesnot have minor symmetry

(something one would expect of the identit y tensor and which, if the identit y doesnot
have this property, could causeproblems). So we de¯ne explicitly a symmetric fourth-
order identit y tensor:

I s
ij kl =

1
2

(±ik ±j l + ±il ±j k): (1.46)

This de¯nition has both minor and major symmetries,and satis¯es (1.43) and (1.44)
provided A is symmetric and E hasa minor symmetry in the ¯rst two indices.

With this de¯nition we can de¯ne the inverseof a fourth-order tensor: The inverse
of a fourth-order tensor, E , is the tensor E ¡ 1 such that E : E ¡ 1 = E ¡ 1 : E = I s. Just
as is the casefor second-ordertensors,not all fourth-order tensorshave inverses,and as
long asoneusesthis de¯nition of inverse,expectedproperties,such asuniquenessof the
inverse,follow.

1.8.2 6 £ 6 Comp onent Notation of Fourth-Order Tensors

In general it's not easyto work with fourth-order tensors in its generality - but for a
fourth-order tensor with minor symmetries(such asE ) it can be represented asa 6£ 6
matrix. Begin with the symmetric tensors¾ and e which, due to symmetry, can be
represented as 1 £ 6 vectors:

¾ =

2

6
6
6
6
6
6
6
6
4

¾11

¾22

¾33

¾12

¾23

¾31

3

7
7
7
7
7
7
7
7
5

; e =

2

6
6
6
6
6
6
6
6
4

e11

e22

e33

e12

e23

e31

3

7
7
7
7
7
7
7
7
5

: (1.47)

It turns out that this is not a good representation for several reasons.The ¯rst is seen
by calculating

¾ : e = ¾ij eij = ¾11e11 + ¾12e12 + ¾13e13 (1.48)
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+ ¾21e21 + ¾22e22 + ¾23e23

+ ¾31e31 + ¾32e32 + ¾33e23

= ¾11e11 + ¾22e22 + ¾33e33 (1.49)

+2¾12e12 + 2¾23e23 + 2¾31e31

wherewe usedthe symmetry of ¾ and e for the secondequality. Now we can seethat
the vector notation of ¾ and e asgiven in (1.47) doesnot give: ¾¢e = ¾ : e. To rectify
this situation (and others) the de¯nition of the 1£ 6 vector representations aremodi¯ed,
with the most commonbeing the Voigt notation:

¾ =

2

6
6
6
6
6
6
6
6
4

¾11

¾22

¾33

¾12

¾23

¾31

3

7
7
7
7
7
7
7
7
5

; e =

2

6
6
6
6
6
6
6
6
4

e11

e22

e33

2e12

2e23

2e31

3

7
7
7
7
7
7
7
7
5

: (1.50)

Using the Voigt notation we now have ¾¢e = ¾ : e. Another option which alsopreserves
this property is the Kelvin notation:

¾ =

2

6
6
6
6
6
6
6
6
6
4

¾11

¾22

¾33p
2¾12p
2¾23p
2¾31

3

7
7
7
7
7
7
7
7
7
5

; e =

2

6
6
6
6
6
6
6
6
6
4

e11

e22

e33p
2e12p
2e23p
2e31

3

7
7
7
7
7
7
7
7
7
5

: (1.51)

Althought the Kelvin notation is moremathematically pleasing(not favoring onetensor
over the other), it is not as commonas the Voigt notation. As a side note, the Voigt
notation for ¾ and e are not tensorsin the engineeringsense.

The next step is to determinehow E is represented using the Voigt (and as it turns

out, the Kelvin) notation. Checking by writing out each term of ¾ = E : e, one can
check that

2

6
6
6
6
6
6
6
6
4

¾11

¾22

¾33

¾12

¾23

¾31

3

7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
4

E1111 E1122 E1133 E1112 E1123 E1131

E2211 E2222 E2233 E2212 E2223 E2231

E3311 E3322 E3333 E3312 E3323 E3331

E1211 E1222 E1233 E1212 E1223 E1231

E2311 E2322 E2333 E2312 E2323 E2331

E3111 E3122 E3133 E3112 E3123 E3131

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
4

e11

e22

e33

2e12

2e23

2e31

3

7
7
7
7
7
7
7
7
5

: (1.52)

Thus if E has major symmetry then the 6 £ 6 notation of E is also symmetric. Note

that if we used the notation given by (1.47) there would be somescalar factors of 2
°oating in the matrix.
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Now let's considerthe inverseof E , C , so that E : C = I s, and e = C : ¾. Using
the Voigt notation we get

2

6
6
6
6
6
6
6
6
4

e11

e22

e33

2e12

2e23

2e31

3

7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
4

C1111 C1122 C1133 2C1112 2C1123 2C1131

C2211 C2222 C2233 2C2212 2C2223 2C2231

C3311 C3322 C3333 2C3312 2C3323 2C3331

2C1211 2C1222 2C1233 4C1212 4C1223 4C1231

2C2311 2C2322 2C2333 4C2312 4C2323 4C2331

2C3111 2C3122 2C3133 4C3112 4C3123 4C3131

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
4

¾11

¾22

¾33

¾12

¾23

¾31

3

7
7
7
7
7
7
7
7
5

: (1.53)

Becauseof the choice of putting the factor of 2 into e the coe±cients 2 and 4 appear
in the 6 £ 6 matrix representation of C . If the Kelvin notation is used, there are no
coe±cients which appear, and if neither the Kelvin nor Voigt notation is used, the
6 £ 6 matrix representation of C is not symmetric even if C has major symmetry (not

checked).
In short, oneshould be very careful using a 6£ 6 matrix to represent a fourth-order

tensor with minor symmetries. If unsure, it is best to check the representation against
the expansionof the indicial notation.

1.9 In tro duction to Indicial Notation in a Curvilin-
ear Coordinate System

(from RebeccaBrannon's notes)
Up to this point, indicial notation has been presented assumingwe are using the

Cartesian, or rectangular, coordinate system. However many times another coordinate
system,such as the cylinder or sphericalcoordinate system,is the more natural system
to use.

In order to introducebasisinto indicial notation we beginwith the Cartesiansystem.
Let f e1; e2; e3g represent the standard basis, i.e. e1 = [1; 0; 0]T e2 = [0; 1; 0]T e3 =
[0; 0; 1]T . Then a vector and second-ordertensor are represented completely as:

v = vi ei (1.54)

T = Tij ei ­ ej (1.55)

where­ is the tensorproduct (see(1.17) for de¯nition). It is now possibleto distinguish
betweena tensor and its transpose:

B = B ij ei ­ ej (1.56)

B T = B ij ej ­ ei : (1.57)

Exercise: Write the following expressionsin completeindicial notation, including basis:

1. r v
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2. (r v)T

3. uv

4. A : B

Ans: (i) vi ;j ej ­ ei (ii) vi ;j ei ­ ej (iii) ui vj ei ­ ej

(iv)

A : B = (A ij ei ­ ej ) : (Bklek ­ el )

= A ij Bkl (ei ­ ej ) : (ek ­ el )

= A ij Bkl (ei ¢ek)(ej ¢el )

= A ij Bkl±ik ±j l = A ij B ij

so that the end result is a scalarand no basisis needed.

Exercise: Write the following expressionsin direct notation.

1. A ij B j kei ­ ek

2. A ij Bkj ei ­ ek

3. A j i Bkj ei ­ ek

4. A j i B j kei ­ ek

5. A j i B j kek ­ ei

Ans: With the basisvectorsgiven there is no ambiguity regardingthe transposeof the
resulting matrix (second-ordertensor). The index on the ¯rst basisvector (ei for the
¯rst 4 cases)tells us that the term with the i indice must appear on the left. Thus in
(iii) we know that the in direct notation we must have A T and not A . (i) A ¢B (ii)
A ¢B T (iii) A T ¢B T (iv) A T ¢B (v) B T ¢A which is the transposeof (iv).

We next formerly introduce cylindrical and spherical coordinates. In cylindrical
coordinates, the physical coordinates are given by (r; µ; z) and using the appropriate
basiswe have any vector may be represented as

v = rer + µeµ + zez: (1.58)

In sphericalcooridinates, the physical coordinates aregiven by (½;Á;µ) whereÁ is
the anglefrom the z-axis and µ is the anglefrom the x-axis in the xy-plane(seeFigure).
The order of the coordinates are important as this order givesa right-hand coordinate
systemwhereas(½;µ; Á) doesnot.

Both of thesebasisare orthogonal basis since the basevectors are mutually or-
thogonal. However, they are not homogeneous basis since the basevectors change
direction depending on where they are in space. Non-homogeneousbasis are termed
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Figure 1.3: Cylindrical Coordinates SphericalCoordinates

curvilinear basis. Thus both cylindrical and sphericalcoordinate systemsare curvi-
linear orthorgonal coordinate systems. In contrast, the Cartesian coordinate system
is a homogeneousorthogonal coordinate system. There are systemswhich are both
curvilinear and non-orthogonal,or homogeneousnon-orthogonal.

By de¯nition, the covarian t base vectors , denotedas f g1; g2; g3g, must point in
the direction that the position vector x moveswhen changingthe associated coordinate
holding the other position coordinatesconstant. By convention the coordinate associated
with basisvectorgi is denotedby vi with the index now in the superscript position. Thus
v = vi gi where summation is implied and i is a dummy variable. So for example, in
cylindrical coordinates, gr points in the direction which is obtained if one ¯xes µ and
z and increasesr , i.e. away from the x3-axis and parallel to the x1x2-plane (seeFigure
1.3). The basevectorsdo not have to be of unit length.

Next considerthe dot product:

v ¢v = (vi gi ) ¢(vj gj )

= vi vj gi ¢gj

= v1v1g1 ¢g1 + v1v2g1 ¢g2 + v1v3g1 ¢g3

+ v2v1g2 ¢g1 + v2v2g2 ¢g2 + v2v3g2 ¢g3

+ v3v1g3 ¢g1 + v3v2g3 ¢g2 + v3v3g3 ¢g3:

Becausewe are in a more generalcoordinate system,there is no guarantee that g i ¢gj =
±ij . To remedythis situation, we introducea contravariant basis, g i so that gi ¢gj = ±j

i

where

±j
i =

(
1 if i = j
0 if i 6= j

is the Kronecker delta. By convention summation is implied if a repeated index occurs
oncein the subscript position and oncein the superscript position. Thus, e.g.±i

i = 3.
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1.10 Exercises

1. (3 pts) Let

A =

2

6
4

1 2 3
4 5 4
3 2 1

3

7
5 B =

2

6
4

¡ 1 ¡ 2 ¡ 3
¡ 4 ¡ 5 4
3 2 1

3

7
5 :

Calculate A : B .

2. (4 pts) Expressbk = ui vj " ij k in terms of (b1; b2; b3), (u1; u2; u3), and (v1; v2; v3).

3. (24 pts) Simplify the following expressions:

(a) ui vj ±ij

(b) vk±2j ±j k

(c) " i 3k±ip vk

(d) ±ii

(e) ±ij ±ij

(f ) " ij k" j ki

(g) ±ij ±j k

(h) ±ij " ij k

4. (9 pts) What is wrong with the following indicial equations?Correct the expres-
sions.
(a) wi = bik ui vk (b) Á = bik ui (c) Áj p = Rij klTklup

5. (7 pts) Show that the relation v = (v ¢n )n + n £ (v £ n ) holds for all nonzero
unit vectorsn and that this represents a resolution of v into vectorsparallel and
perpendicular to n . Usethe ±¡ " identit y.

6. (7 pts) (from R. Brannon) Usethe ±¡ " identit y to determinewhat the question
marks stand for: (a £ b) £ c = (¯ ?¢¯ ?)¯ ?¡ (¯ ?¢¯ ?)¯ ? where¯ ? are all vectors.
Explain why a£ b£ c is poor notation becauseit is ambiguouswithout parentheses.
Explain why n £ u £ n is acceptablebecauseit is not ambiguous.

7. (9 pts) Prove the ±¡ " identit y " ij k" ir s = ±j r ±ks ¡ ±j s±kr . One way is to construct
a table with various combinations of indices. Alternativ ely, Malvern (page 25)
providesthe following hint. Two of the four free indicesmust be equal. Show that
if j = k or r = s, then both sidesvanish. Then show that even with j 6= k and
r 6= s both sidesvanish when j = r unlessalso k = s. What other casesmust be
considered?

8. (8 pts) (Malvern, Page46, 11 and 12). Use indicial notation, and do not assume
any other results.
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(a) Show that tr( T ¢U ) = tr( T T ¢U ) if either T or U is symmetric.

(b) Show that tr( T ¢U ) = 0 if one of the tensors is anti-symmetric (or skew-
symmetric) and the other is symmetric.

9. (15 pts) Write in indicial notation:

(a) r Á

(b) curlv

(c) r 2v = r ¢r v ´ 4 v

(d) T ­ v

(e) T ¢v

10. (20 pts) (Malvern pg 56). AssumeF is a scalar-valued function and v, u are
vectors which are smooth enoughto take the appropriate number of derivatives.
Useindicial notation to prove the following identities in cartesiancoordinates.

(a) r ¢(F v) = (r F ) ¢v + F r ¢v

(b) r £ (r F ) = 0

(c) r ¢(r £ v) = 0

(d) r ¢(u £ v) = (r £ u) ¢v ¡ u ¢(r £ v)

(e) r £ (r £ v) = r (r ¢v) ¡ r 2v

11. (6 pts) Write out explicitly (three equationswith all indicesgiven as1, 2, or 3) in
terms of ½, v, p, g, ¸ , ¹ :

½
Dv
Dt

+ r p ¡ r (¸ r ¢v) ¡ r ¢(2¹ d) = ½g (1.59)

where d = 1
2[r v + (r v)T ]. This is the Navier-Stokes equation which describes

the °ow of °uid. Here ½is the density of the °uid, v is the velocity, p is pressure,
g is an externally applied force (gravit y), and ¸ and ¹ are constants.

12. (8 pts) Let ¾ij and eij be symmetric tensors,and Cij kl be a 4th-order tensor given
by
Cij kl = ¸± ij ±kl + ¹ (±ik ±j l + ±il ±j k) + k(±ik ±j l ¡ ±il ±j k).
where¾ij = Cij klekl .

(a) Show that ¾12 = 2¹e 12.

(b) Write ¾ij asa vector: [¾11; ¾22; ¾33; ¾12; ¾13; ¾23], andeij asa vector: [e11; e22; e33; e12; e13; e23].
Find the 2-dimensionaltensor(matrix) representing Cij kl such that ¾i = C0

ij ej

in terms of ¸ and ¹ . This is a techniquewhich canbeusedto view a 4th-order
tensor.

(c) Normally a 4th order tensor has81 components. Why can we represent Cij kl

as a matrix with only 36 components?
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13. (6 pts) (Malvern, Pg. 61, No. 2). A force of magnitude F acts in a direction

radially away from the origin at a point (
a
3

;
2b
3

;
2c
3

) on the surfaceof the ellipsoid

x2

a2
+

y2

b2
+

z2

c2
= 1. Determine the component of the force vector in the direction

normal to the surface.

14. (6 pts) (i) If r = (x1; x2; x3) is the position vector, usethe divergencetheorem to

express
Z

@R
r ¢n ds in terms of the volume of the region R. (ii) Actually perform

the surfaceintegral for a unit cube with one corner at the origin of a Euclidean
coordinate system.

15. (7 pts) (Malvern, Pg. 212, No. 2) A planar area in the x1x2-plane is bounded
by the squarewith corners(0; 0), (b;0), (b;b), (0; b). A vector v has components
v1 = Ax 2, v2 = Bx2, v3 = 0, whereA and B are constants.

(a) Verify that the divergencetheorem holds for a cube with one surfacecoinci-
dent with the plane area.

(b) Verify that Stokes' theoremholds on the x1x2 planar area.
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