
Standard Note Sheet �MATH 2421

1. 2D & 3D Vectors

The unit direction vector associated with nonzero u is
u

kuk :

u � v = kuk � kvk � cos (�) : The angle of separation is �:
u � u = kuk2 : u � v = 0) u and v are orthogonal.

ku� vk = kuk � kvk � sin (�) : The angle of separation is �:

If a 3D line passes through P (x0; y0; z0) with a direction vector v = ha; b; ci ; then the
parametric form for the line is:

x = at+ x0

y = bt+ y0

z = ct+ z0

2. Surfaces

If a plane in space has normal vector n = ha; b; ci and it passes through the point P (x0; y0; z0) ; then
its standard form (in Rectangular Coordinates) is:

a (x� x0) + b (y � y0) + c (z � z0) = 0:

x2 + y2 = R2 is a right circular cylinder perpendicular to the xy-plane.
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c2
= 1: Hyperboloid of ONE sheet. (One negative sign.)

3. Vector-valued Functions and Arc Length

If the position function is r (t) = hx (t) ; y (t) ; z (t)i ; then

ds = kv (t)k dt =
q
(x0 (t))2 + (y0 (t))2 + (z0 (t))2dt:

Unit Tangent Vector: T (t) =
v (t)

kv (t)k ; v (t) 6= 0:

Principal Unit Normal Vector: N (t) =
T0 (t)

kT0 (t)k ; T
0 (t) 6= 0: [Always points into the curve.]

Curvature: � =
kr0 (t)� r00 (t)k

kr0 (t)k3
: The radius of curvature is

1

�
:
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4. Multivariable Functions and Partial Derivatives

Total di¤erential of z = f (x; y): dz = fxdx+ fydy:

Leibniz form of the Multivariable Chain Rule:

[If z = f (x; y) ; x = x (s; t) ; and y = y (s; t) ; then...]
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This also works for related rates problems.

Implicit di¤erentation: If F (x; y; z) = 0; then
@z

@x
= �

�
Fx
Fz

�
:

rf (x; y; z) = hfx; fy; fzi : The gradient vector always points in the direction of the greatest
directional derivative (best rate of increase in f).

If we have a surface F (x; y; z) = 0; which is a level surface of the parent function F; then
rF is always normal to that surface, and thus, it must also be normal to the plane tangent
to that surface.

If rf = 0 or any of the components of rf is unde�ned, then we have a critical point.
Second Partials Test on those critical points: d = fxxfyy � (fxy)2 :
If d > 0 and fxx > 0; we have a local minimum.

If d > 0 and fxx < 0; we have a local maximum.

If d < 0; we have a saddle point. If d = 0; the test is inconclusive.

5. Conversions

(a) Rectangular to Polar/Cylindrical:

x = r cos (�) y = r sin (�)
y

x
= tan (�) x2 + y2 = r2:

(b) Polar/Cylindrical to Rectangular:

r =
p
x2 + y2 tan (�) =

y

x
:

(c) Cylindrical to Spherical:
z = � cos (�) r = � sin (�)

(d) Rectangular to Spherical:
x = � sin (�) cos (�) y = � sin (�) sin (�)

(e) Spherical to Rectangular:

� =
p
x2 + y2 + z2 �2 = x2 + y2 + z2 cos (�) =

zp
x2 + y2 + z2

:

r = a constant is a right circular cylinder.

� = a constant is a sphere when 0 � � � � and 0 � � � 2�:
� = a constant angle is a cone when � � 0 and 0 � � � 2�:
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is a vector.

rf (x; y; z) = hfx; fy; fzi is a gradient vector �eld.

r � hM; N; P i =
�
@

@x
;
@
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;
@
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�
� hM; N; P i =Mx +Ny + Pz = Divergence.

r� hM; N; P i = hPy �Nz; Mz � Px; Nx �Myi = Curl.

7. Area and Volume Di¤erentials

dA = dy dx = r dr d�

dV = dz dy dx = dz r dr d� = �2 sin (�) d� d� d�

8. Surface Area

If z = f (x; y) ; then

dS =

q
1 + (fx)

2 + (fy)
2 dA:

9. Line IntegrationZ
C

F � dr =

Z
C

Mdx+Ndy + Pdz =

Z t2

t1

F (x (t) ; y (t) ; z (t)) � v (t) dt

mass =

Z
C

� (x; y) ds:

10. Conservative Field

A 2D vector �eld F (x; y) = hM; Ni is conservative if and only if Nx �My = 0:

A 3D vector �eld F (x; y; z) = hM; N; P i is conservative if and only if r� F = h0; 0; 0i :
If a vector �eld F is conservative, then the value of

R
C

F � dr only depends on the starting

point and the ending point of the curve C (path independent).

Furthermore, there must be a potential (scalar) function f such that rf = F and the value
of the line integral must beZ

C

F � dr = f (ending point)� f (starting point) :

11. Green�s Theorem

If C is a simple closed curve and R is the interior of C; thenI
C

F � dr =
Z
C

Mdx+Ndy =

ZZ
R

(Nx �My) dA;

where the closed line integral is traced once around C counterclockwise.

12. Divergence Theorem

If S is a simple closed surface and Q is its interior, then the net outward �ux through S isI
S

(F � n) dS =
ZZZ
Q

(r � F) dV:

It is assumed that n is the outward unit normal vector on S:
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