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Abstract. The spectral propertiesof the laplacian and normalized laplacian matricesareconsidered.
Thesematrices are related to the graphsof the images. The behavior of the condition numbersof these
matrices in the subspacesorthogonal to the ¯rst eigenvectors is studied. The question of time needed
for calculation of someeigenvalues is investigated.
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1. Intr oduction

The purposesof this paper are: survey of somegraph bisectionmethods and comparethem to
spectaral bisection; computational study of the behavior of MATLABfunction eigs on the large
matricesof the garphsof images;comparisonbetweenFiedler partitioning and normalizedcuts
partitioning; discovering the ways for improving of the results that are given in this work.

2. The Graph Par titioning Heuristics

In general,graph partitioning (bisection) algorithms could be divided in

² Geometric,
² Structural (combinatorial),
² Re¯nement, and
² Multilev el algorithms.

Geometric algorithms use the coordinates associated with a graph's vertices. Among these
algorithms are coordinate bisection, recursive inertial bisection,circle bisection. For thesealgo-
rithms see,for instance,[4], [5] [13], [19], [20].

To the structural algorithms belongrecursive level-structure bisection, Farhat's greedyalgo-
rithm, greedygraph growing algorithm of Karypis and Kumar, spectral algorithms (including
Hendrickson and Leland's algorithm, which usesseveral eigenvectors). For this classof algo-
rithms see,for instance[6], [8], [9], [11], [15], [16], [22], [24].

Re¯nement algorithms consist of the Kernighan-Lin algorithm, a greedy steepest descent,
Fiduccia-Mattheysesalgorithm (see[17], [7], [15]).

For the multilevel algorithms see,for instance[1], [3], [14], [16].

3. The Graph Ma trices

Let G be an undirected ¯nite graph. By V = V(G) and E = E(G) we denoteits vertex and
edgesets. Denote by n and m the numbers of vertices and the number of edges. Let w be a
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weigt function, that is
w : V(G) £ V(G) ! R+ ;

which assignsa nonnegative real weight w(u; v) to each pair u; v of vertices(the weight will be
denotedalso by auv ). Then, let's denoteby du the degreeof vertex u. In the unweighted case
du is de¯ned as the number of edgesof G incident to u. In the weighted casewe set

du =
X

v2 V

w(u; v):

Given a graph G, its (weighted) adjacencymatrix A(G) = [aij ] is an n £ n matrix with rows
and columnsindexedby V(G) whoseentries aij are de¯ned as above. Let D(G) = diag(di ) be
the diagonalmatrix with the vertex degreeson the diagonal. The di®erence

L = L(G) = D(G) ¡ A(G)

is called the Laplacematrix (Laplacian) of G.
By de¯nition, L is a real symmetric matrix. Therefore, it has n real eigenvalues¸ 1 · ¸ 2 ·

¢¢¢· ¸ n (repeatedaccordingto their multiplicities).

4. Spectral Par titioning

There is an increasinginterest in the application of eigenvaluesin combinatorial optimization
problems. Spectral partitioning which is basedon eigenvectorsof Laplacematrix of graph has
provedto beoneof the most successfulheuristic approachesin the designof partition algorithms,
in parallel computation, in solving sparselinear systems,etc. (see,e.g. [22], [9]). For additional
applications of spectral properties of the graph matrices see[21].

It is easyto show, that 0 is the eigenvalue of L and 1 = (1; 1; : : : ; 1)T is the corresponding
eigenvector. The following theorem is the background of the spectral partitioning (bisection):

Theorem 4.1. Following statementsare true:
(1) L(G) is a symmetric matrix;
(2) L(G)1 = 0;
(3) L(G) = QQT , where Q is (oriented) incidence matrix of G;
(4) The eigenvaluesof L(G) are nonnegative;
(5) The number of connected components of G equal to multiplicity of zero eigenvalue. In

particular, ¸ 2 6= 0 if and only if G is connected;
(6) ¸ 2(G) = min f xT Lx; kxk = 1; x? 1g.

In particular, this theoremimplies that ¸ 1(G) = 0 is a simple eigenvalue of L i® the graph G
is connected.

Let's now formulate the (easiestvariant of) algorithm of spectral partitioning: Let v2 be the
eigenvector of L(G) corresponding to ¸ 2.

² Compute the eigenvector v2;
² for each node i of G

if v2(i ) < 0 put node i in the partition N ¡
elseput node i in the partition N +
endif

² endfor
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Following theoremshows that above algorithm tends to give connectedcomponents N ¡ and
N +.

Theorem2. ([9]). Let G be connected,and N ¡ and N + be de¯ned by the above algorithm.
Then N ¡ is connected.If no v2(n) = 0, N + is alsoconnected.

There are a number of reasons¸ 2 is called the algebraicconnectivity of the graph. Here is
another:

Theorem 3 ([9]). Let G = (N; E) be a graph, and G1 = (N; E1) a subgraph, i.e. with the
samenodesand a subsetof the edges,sothat G1 is "lessconnected"than G. Then ¸ 2(L(G1)) ·
¸ 2(L(G)) , i.e. the algebraic connectivity of G1 is also less than or equal to the algebraic
connectivity of G.

The most commonspectral methods usethe medianof the components of Fiedler's vector to
induce a bisection.

5. Normalized Cuts Par titioning

A graph G = (V; E) can be partitioned into two disjoint sets,A; B ; A [ B = V; A \ B = ; , by
simply removing edges,connectingthe two parts. The degreeof dissimilarity betweenresulting
two piecescan be computedas total weight of the edgesthat have beenremoved, that is as the
cut:

(5.1) cut(A; B) =
X

u2 A;v 2 B

w(u; v):

The optimal bipartitioning of a graph is the partitioning that minimizesabovevaluecut(A; B).
Although there are exponential number ossuch partitions, there are the e±cient algorithms for
solving of this minimization problem. But it is shown that minimum cut criteria favors cutting
small setsof isolated nodesof the graph.

To avoid this kind of partitionings, let's introducethe measureof disassociation betweentwo
groups- NormalizedCuts (see,e.g. [23]):

(5.2) N cut(A; B) =
cut(A; B)

assoc(A; V)
+

cut(A; B)
assoc(B ; V)

;

whereassoc(A; V) =
P

u2 A;t 2 V w(u; t) is the total connectionfrom nodesof A to the all nodes
of the graphs,and assoc(B ; V) is de¯ned similarly.

Basedon the above de¯nitions we de¯ne a measurefor total normalized association within
groupsfor a given partition:

(5.3) N assoc(A; B) =
assoc(A; A)
assoc(A; V)

+
assoc(B ; B)
assoc(B ; V)

;

where assoc(A; A) and assoc(B ; B) are the total weights of the edgescontaining in A and B
respectively.

It is easyto show that above introducedquantities are related naturally (see[23])

N cut(A; B) = 2 ¡ N assoc(A; B):

The last equationshows, that the above introducedtwo partition criteria, minimizing the dis-
association betweenthe groupsand maximizing the association within the groups,are identical.
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It is shown that problem of minimizing normalized cuts is NP-complete. To tackle this
di±cult y the original problemis embededin real valuedomainand then an approximate discrete
solution is foundede±ciently.

Introducing the indicator vector x such that x i = 1 if node i is in A and x i = ¡ 1 otherwise,
the problem of minimizing of N cut(A; B) could be rewritten in the equivalent form: ¯nd

(5.4) min
x

N cut(x) = min
y

yT (D ¡ W)y
yT Dy

with the conditions y(i ) 2 f 1; ¡ bg and yT D1 = 0; b=
P

x i > 0
di =

P

x i < 0
di .

Noting that the objective function is the Rayleigh quotient, the above minimization problem
can be solved by solving of the following generalizedeigenvalue problem:

(5.5) (D ¡ W)y = ¸D y:

However, the minimization problem (5.4) contains two constraints on y. It is shown, that ¯rst
of them is automatically satis¯ed by the solution of generalizedeigenproblem.The only reason
that it is not necessarilythe solution of the original problem is that the secondconstraint on y
that y(i ) takeson two discretevaluesis not automatically satis¯ed. But relaxing this constraint
makesoptimization problem tractable.

Following the reasonsmentioned above, we can make the conclusion,that the e®ectivenessof
normalizedcuts method strongly dependson the method of solving eigenproblem.

6. Mul tilevel Algorithms f or Par titioning Graphs

First work on using eigenvectors of graphs for partitioning of sparsematrices was [22]. The
amount of the work neededfor executionof the spectral methods canbe reducedif computation
of the Fiedler vector is doneby using a multilevel algorithm [22]. Multilev el graph partitioning
schemesare studied in the several papers,amongthem are [3], [14], [16].

A multilevel graph bisectionalgorithm works asfollows (formally): considera weighted graph
G0 = (V0; E), with weights both on verticesand edges.A multilevel graph bisection algorithm
consistsof the following three phases

(1) Coarsingphase.The graphG0 is transformedinto a sequenceof smallergraphsG1; G2; : : : ; Gm

such that jV0j > jV1j > ¢¢¢> jVm j.
(2) Partitioning phase. A partition Pm of the graph Gm = (Vm ; Em ) is computed that

partitions Vm into two parts, each containing half the verticesof G0.
(3) UncoarseningPhase.The partition Pm of Gm is projected back to G0 by going through

intermediate partitions Pm¡ 1; Pm¡ 2; : : : ; P1; P0:
The Rayleigh quotient iterations (RQI) and SYMMLQ algorithm are used in many works

on the partitioning step.The computational results show that spectral partitioning is one of
the e®ective methods. The computatinal results can be improved if one useslocally optimal
preconditionedconjugategradient method [18] instead of RQI/SYMMLQ.

7. Ho w Good Spectral Par titioning Is?

Besideother results, the paper [16] contains the interesting study of behaviour of spectral
partitioning on the coarsestlevel. The results of this paper show, that there are the methods
(so-calledgreedier methods) which not only work faster than spectral methods but also the
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quality of partitions have much higher. The authors suggestthat this surprising result stems
from the Lanczosalgorithm's failure to converge in its alloted iterations. This indicates that
while spectral methodswork well on largegraphswhosecomplexity may foil greedieralgorithms,
their useon smaller graphsmay be overkill (see,e.g. [5]).

Interesting study of the spectral partitioning is in [25], [26]. As the negative, also positive
results on the behavior of the spectral partitioning are given in thesepapers. Namely, it shown
that recursive bisection, even when an optimal bisection algorithm is assumed,may producea
p-way partition that is very far way from the optimal one. From other side, it is shown that:

(1) for someimportant classesof graphs that occur in practical applications, such as well-
shaped ¯nite-element and ¯nite-di®erencemeshes,recursive spectral bisection"is within
a constant factor of the optimal onealmost always" ([25]);

(2) if the balancecondition is relaxedso that each block in the p-way partition is bounded
by 2n=p, wheren is the number of verticesof the graph, then modi¯ed recursive spec-
tral bisection ¯nds an approximately balancedp-way partition whosecost is within an
O(log p) factor of the cost of the optimal p-way partition.

8. Isoperimetric Par titioning

Let's denoteby x the binary indicator vector (x i = 1 if the vertex vi 2 S and x i = 0 otherwise),
whereS is somesubsetof the set of the vertices. The boundary of set S, @S is de¯ned as

@S = f eij ji 2 S; j 2 ¹Sg; and j@Sj =
X

eij 2 @S

w(eij )

and the volume as Vol(S) =
P

i di wheresum is taken for all vi 2 S.
For a given set, S, we term the ratio of its boundary to its volume the isoperimetric ratio,

denotedby h(S). The isoperimetric setsfor a graph G are any setsS and ¹S for which

h(S) = hG = inf
S

j@Sj
Vol(S)

;

if the condition Vol(S) · 1
2Vol(V) holds. Then, if L is the Laplacian of given graph, we can

write:

(8.1) j@Sj = xT Lx;

and Vol(S) = xT d, where d is the vector of node degrees. If 1 is the vector of ones, then
Vol(V) = 1T d and we can replacethe above inequality by the constraint

(8.2) xT d =
1
2

r T d:

Thus, the isoperimetric constant of the graph G could be de¯ned as

(8.3) hG = min
x

xT Lx
xT d

;

subject to (8.2).
Using the Lagrangemultiplier method, under additional assumptionsabove constrainedmin-

imization problem can be reducedto solving somelinear systems(see,e.g. [12]).
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9. k-Medians and k-Means Algorithms

Let's formulate the description of the multiw ay partitioning (clustering) problem (see[2]):
given m points f x1; x2; : : : ; xmg in n -dimensionalreal spaceRn , and ¯xed integer k - number
of clusters. Determine k "centers" in Rn , f c1; c2; : : : ; ckg, such that the sum of "distances" of
each point to a nearestcluster center is minimized. The partitioning problem then is:

(9.1) min
c1 ;c2 ;:::;ck

mX

i =1

min
l=1 ;:::;k

kx i ¡ clk;

where the norm k:k is somearbitrary norm on Rn . Note, that objective function in the above
problem is, in general,neither convex nor concave. Hencethis is di±cult minimization problem.

One can reformulate the problem (9.1) as the constrainedminimization problem: ¯nd

(9.2) min
cl ;t il

mX

i =1

kX

l=1

t il ¢kx i ¡ clk

subject to the constraints:
kX

l=1

t il = 1; t il ¸ 0; l = 1; : : : ; k; i = 1; : : : ; m; l = 1; : : : ; k:

Let's consider the question of solving of constrained minimization problem (9.2) with the
1-norm distancefor which (9.2) can be written as the following bilinear problem:

(9.3) min
cl ;t il

mX

i =1

kX

l=1

t il ¢(eT dil )

subject to the constraints:

¡ dil · x i ¡ cl · dil ; i = 1; : : : ; m; l = 1; : : : ; k;

kX

l=1

t il = 1; t il ¸ 0; i = 1; : : : ; m; l = 1; : : : ; k:

We note that constraints are separated(uncoupled) in the variables (c;d) and variable t in
the last problem. Hence the uncoupled bilinear programming algorithm can be used. This
algorithm alternatesbetweensolving a linear program in the variable t and a linear program in
the variables(c;d). This approach leadsto the following algorithm:

9.1. k-median algorithm. Given k cluster centers c1;j ; c2;j ; : : : ; ck;j at iteration j , compute
c1;j +1 ; c2;j +1 ; : : : ; ck;j +1 by the following two steps:

(1) Cluster Assignement: For i = 1; : : : ; m; assignx i to cluster l(i ) such that cl ( i );j is nearest
to x i in the 1-norm;

(2) Cluster Center Update: For l = 1; : : : ; k; set cl ;j +1 to be the medianof all x i assignedto
cl ;j :

Stop when cl ;j = cl ;j +1 ; l = 1; : : : ; k:
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9.2. k-mean algorithm. If we considerthe problem (9.2) with the squared2-norm, we get the
well-known k-meanalgorithm: Given k cluster centers c1;j ; c2;j ; : : : ; ck;j at iteration j , compute
c1;j +1 ; c2;j +1 ; : : : ; ck;j +1 by the following two steps:

(1) Cluster Assignement: For each i = 1; : : : ; m; assignx i to cluster l(i ) such that cl ( i );j is
nearestto x i in the 2-norm;

(2) Cluster Center Update: For l = 1; : : : ; k; set cl ;j +1 to be the mean of all x i assignedto
cl ;j :

Stop when cl ;j = cl ;j +1 ; l = 1; : : : ; k:
If the 2-norm (without squaring) is usedin the objective function, the cluster center update

subproblembecomesthe considerablyharder so-calledWeber problem.
Determining the number of clusters k is a hard problem. In most casesone runs several

clustering sessionswith di®erent valuesfor k and choosesbetter results (see,e.g. [2]).

10. Spatiotemporal Gr ouping Using Nystr Äom Appr oximation

The purposeof method (see,e.g. [10]) is to reducethe computational requirements of grouping
algorithms basedon spectral partitioning. In short, the approach exploits the fact that the
number of coherent groups in an image sequenceis considerablysmaller than the number of
voxels. The algorithm is basedon multiple eigenvector version of Normalized Cuts and on a
technique for numerical solution of eigenproblemknown as the NystrÄom method.

The NystrÄom method is a technique for ¯nding numerical approximations to eigenfunctions
of the following problem:

bZ

a

K (x; y)Á(y)dy = ¸Á (x):

Using somequadrature rule at the set of evenly spacedon [a;b] (without loss of generality,
a = 0; b= 1) points »1; »2; : : : ; »n onegets the approximation to this equation

(10.1)
(b¡ a)

n

nX

j =1

K (x; »j )Á̂(»j ) = ¸ Á̂(x)

where Á̂(x) is an approximation to true Á(x). Substituting in this equation x = »i one gets
the matrix eigenvalue problem K ©̂ = n©̂¤ with Gram matrix K = [K ij ]; K ij = K (yi ; yj ) and
matrix containing as a columns the approximate eigenvectors with corresponding eigenvalues
¸ 1; ¸ 2; : : : ; ¸ n .

The main step of the NystrÄom method is substituting back to the equation (10.1) these
approximate eigenpairsand getting NystrÄom extensionof eigenvectors

(10.2) Á̂i (x) =
1

n¸ i

nX

j =1

K (x; »j )Á̂i (»j )

The preceedinganalysissuggeststhat it should be possibleto ¯nd approximate eigenvectors
of a largeGram matrix by solvinga much smallereigenproblemusingonly a subsetof the entries
and employing NystrÄom extensionto ¯ll in the rest.

Newertheless,the method requiresO(n3) operations, wheren is the number of samplesem-
ployed in approximation. Thereforehere is the opportunit y to reducethe computational work



8 C. JAMESON ¤ , A. JUJUUNASHVILI ¤ AND A. KNY AZEV ¤

using locally optimal block preconditionedconjugate gradient method [18] for calculating the
eigenvectors.

11. Used Images, Codes and Methods

The resultspresented in this paper are related to the picture from EuropeanSouthernObser-
vatory (ESO) web-site"www.eso.org"and comeswith permissionfor reproduction provided the
ESO is credited. The photograph is of the "Very Large Telescope at Paranal" in the Atacama
desert region in Chile. The sizeof the initial image is 2746£ 3000£ 3, that is presented in a
MATLABcode as 197712000double array. That is, we usedthe picture with 8,238,000pixels.

The original code is madeby Leo Grady and its locations are
http://eslab.bu.edu/soft ware/graphanalysis/graphanalysis.html and
http://eslab.bu.edu/soft ware/graphanalysis/graphanalysisDEMOS.html. We modi¯ed several
.m-¯les to run the code for the sequenceof the imagesof required sizes.

In order to study the behavior of several spectral characteristics of the matrices related to
the graphsof imagesthe partitioning was executedfor di®erent sizesof imagesby 2 methods -
spectral (Fiedler) partitioning and NCuts partitioning. For both of givenmethodsareconsidered
also two di®erent cases- one of them de¯nes the graph geometry by the 4-point pattern, and
secondone - by the 8-point pattern. The imagesof di®erent sizeswere obtained by resizingof
the original imageusing the MATLABcommandimresize , namely by dividing of the X and Y
sizesof original imageby the sequenceof somenumbers. Thesesequencesmay be obtained in
di®erent ways, that depend on our purposes. In this paper the caseis considered,when this
sequenceis power sequence(the geometricprogression).The ¯rst term nBegin, last term nLast
and the number of imagesnPictures , we needto partition, are de¯ned by ourself. By these
initial data commonquotient of the progressionresizemult is de¯ned.

12. Comput ational Resul ts

The computational experienceshowed, that for the nBegin = 4 (the sizeof laplacian matrix
is 514500£ 514500) MATLABcode working on GODZILLA computer makes the spectral and
NCuts segmentation for 4-point connectionusing 1.9GB and 2.05GB of memory respectively.
For 8-point connection spectral partitioning also works (using the memory 2.43GB) but the
NCuts goesout of memory.

The results of using the computer memory for somesizesof matrices are given in Table 1.
For nBegin = 5, nLast = 512, nPictures = 50, the code works about 75 minutes and

calculatesall the neededquantities.
The pictures given in this paper are related to the casewhen nBegin = 8, nLast = 128,

nPictures = 20. This choice gives the matrices of sizesfrom 483£ 483 to 128625£ 128625.
This problem tooks about 15 minutes of the CPU time on GODZILLA. Other results, that is
the dependencesof the condition numbers in subspaces,of the time for smallest eigenvalues,
of few small eigenvalues on the sizesof matrices, are obtained for the following initial data:
nBegin = 5, nLast = 128,nPictures = 50.

We studied the behavior of the condition numbers of the laplacian and normalized laplacian
(NCuts) matrices L and L2 respectively for the initial valuesscaleIso = scaleNcuts = 100.
Condition number in our casemeansthe ratio of the largest and smallestpositive eigenvalues
(the condition number in the subspaces,orthogonal to ¯rst eigenvector), becausethe smallest
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Nr. Sizeof Matrix Spectral-4 NCUT-4 Spectral-8 NCUT-8
1 25,232 100MB 180MB 145MB 150MB
2 48,530 170MB 255MB 217MB 240MB
3 101,565 360MB 420MB 453MB 480MB
4 128,625 450MB 520MB 560MB 605MB
5 329,400 1.17GB 1.28GB 1.5 GB 1.6 GB
6 514,500 1.9 GB 2.05GB 2.43GB Out of Memory

Table 1. Computer Memory Usage

eigenvaluesof both matricesarezero. The eigenvalueswerecalculatedusingthe MATLABfunction
eigs . The related results in the graphical view are given below (seeFigure 1).

We studied alsothe CPU time neededfor calculation of the smallestand largesteigenvaluesof
matricesconsideredin the project. The graphicsshowing the dependenceof the mentioned time
on the sizesof the matricesare given below. Thesetimes werecalculatedby two di®erent ways
- using tic , toc and cputime functions. The resultsgiven below (seeFigure 2) are obtained by
the function cputime.

Figure 3 and Figure 4 show the distribution of 10 small eigenvaluesof the matricesL and L2,
and the results of bisectionsare given on the Figures5-10.
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Figure 1. Condition Numbers,4-Point - left, 8-Point - right
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Figure 2. Time for SmallestEigenvalues,4-Point - left, 8-Point - right
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Figure 3. 10 Small Eigenvaluesof L, 4-Point - left, 8-Point - right
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Figure 4. 10 Small Eigenvaluesof L2, 4-Point - left, 8-Point - right
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Figure 5. The Results of Partitioning for 4-Point Pattern, Pictures 1-7.
Original Image - Spectral Partit. - NCUT Partit.- Spectral Line - NCUT Line
Sizesof images(pixels): 483,648,868,1188,1599,2112,2856
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Figure 6. The Results of Partitioning for 4-Point Pattern, Pictures 8-14.
Original Image - Spectral Partit. - NCUT Partit.- Spectral Line - NCUT Line.
Sizesof images(pixels): 3835,5100,6873,9200,12296,16605,22152
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Figure 7. The Results of Partitioning for 4-Point Pattern, Pictures 15-20.
Original Image - Spectral Partit. - NCUT Partit.- Spectral Line - NCUT Line.
Sizesof images(pixels): 29700,39919,53482,71680,95904,128625
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Figure 8. The Results of Partitioning for 8-Point Pattern, Pictures 1-7.
Original Image - Spectral Partit. - NCUT Partit.- Spectral Line - NCUT Line.
Sizesof images(pixels): 483,648,868,1188,1599,2112,2856
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Figure 9. The Results of Partitioning for 8-Point Pattern, Pictures 8-14.
Original Image - Spectral Partit. - NCUT Partit.- Spectral Line - NCUT Line.
Sizesof images(pixels): 3835,5100,6873,9200,12296,16605,22152
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Figure 10. The Results of Partitioning for 8-Point Pattern, Pictures 15-20.
Original Image - Spectral Partit. - NCUT Partit.- Spectral Line - NCUT Line.
Sizesof images(pixels): 29700,39919,53482,71680,95904,128625


