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1 Introduction

There are many important physical problems that can be modeled using partial dif-
ferential equations (PDE) with discontinuous coefficients. Drops of the coefficients
may be very large. We consider one class of those problems concerning composites of
essentially different components.

Composites or composite materials are said to be media with a large number of non
homogeneous inclusions with small sizes at least along one direction. Stationary states
of that media is described by elliptic PDE with highly oscillated coefficients. The ho-
mogenization is said to be a process of finding such homogeneous coefficients that a
solution of original PDE can be approximated by the solution of the same PDE, but
with these new homogeneous coefficients instead of old highly oscillated coefficients.
Computation of homogenized coefficients of composites with periodic structure re-
duces to solving a series of periodic boundary value problem for the original PDE in
the domain, called cell, of periodicity.

For composites of essentially different components the coefficients of the PDE in
the domain of periodicity are discontinuous and have big jumps.

Another important source of PDE with jumps of coefficients is Fictitious Domain
Method, e.¢?8 In this method the original boundary value problem for PDE is changed
for a new boundary value problem in a domain that covers the original one. In the new
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fictitious part of the domain the coefficients of PDE are chosen about zero for Neumann
original boundary conditions or very large for Dirichlet original boundary conditions,
such that a solution of the new problem approximates or, even, coincides with the de-
sired solution. Therefore, the fictitious domain methods makes possible to “improve”
the shape of the original boundary, but leads to a PDE with very large jumps of coeffi-
cients.

We consider here a nonstandard variant of the fictitious domain method, namely,
with periodic boundary conditions on the fictitious boundary. For this variant the prob-
lem produced by the fictitious domain method looks exactly like a problem produced
by the homogenization procedure we were talking about, i.e., that is a periodic bound-
ary value problem in a cube for elliptic PDE with discontinuous coefficients that can
achieve, in limit cases, zero or infinitely large values.

There are several different difficulties associated with numerical solution of those
problems. In the present paper we consider only one of them, concerned with the rate
of convergence of preconditioned iterative methods. It is well known, that, typically,
the larger is the jumps of coefficient, the slower is the convergence. Our main goal is to
prove, that with a special initial guess the rate of convergence does not depend on the
value of the jumps. We do not touch here the mesh approximations of our PDE, but we
can expect that for some natural types of approximations all our results still hold and
the rate of convergence does not depend of the mesh size parameter as well.

The central idea of the proof is that with the special initial guess errors of all iter-
ative steps belong to a subspace and in this subspace our problem is well posed inde-
pendently of the jumps of coefficients, tf.

We also consider some related questions, e.g., the dependence of the solution of
small coefficients in a subdomain, tf.

Iterative methods with the same properties were developed earlier for the mixed
formulation of PDELCL

Our investigations base on extension theorems and the Korn ineddafity.

We mention our preliminary publicatiod$1® and further analogous resul:*°

The present paper is based on its variant in Rus$ian.

Finally, we note, that through the text we tried to simplify the formulations, e.g.,
for a factor space we often use an element of a factor class instead of the factor class,
without special comments we write equalities that must be viewed in appropriate func-
tional spaces, not in classical sense, etc. However, unique proper rigorous formulations
are always possible.

11

We consider in the spade®, typically s= 2 or 3, a problem of homogenization of

a composite material with the periodic structure be specified by the unit dube
(0,1)® C RS, the domain of periodicity. The computation of averaged, or effective,
characteristics of a composite material of the periodic structure reduces to the solution
of s periodic boundary value problems with special form of right hand sides:

0 [, O(Ng+E&l)
3 (’*J

% )o,kl,...,s, (1)
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whereg with various indices are independent Cartesian variablB8,if = (£1,...,&s) ",
Aij = Ajj (§) aremx mperiodical matrices of composite coefficients subject to averag-
ing, | is the identity matrix, and thimx m matrix solutionNx = Nk(&) must be periodic
also.

Here and below, summation for the repeated indicaad, or, j from 1 tos s
understood.

The average coefficients are founded by

Ailiz:/ﬁm(i)%;fmd M, iy, i2=1,...,s
J
n

In the present paper we consider two basic equations, the diffusion and the elastic-
ity, simultaneously. For the diffusion equati@é () are scalar functions, as well as
Nk(€), andl is the scalar unity. For the elasticity ca&g(£) ares x s matrix functions,
as well ad\k (&), andl is thes x s unity matrix.

To unite these cases in one we define a natural parameaed will treatAj; (§)
andNg (&) asmx m matrix functions and as them x m matrix unity.

For the diffusion equation we set= 1.

The casen > 1 corresponds to an elliptic system.

We convert an elliptic system witin = s to the elasticity equation by special re-
quirements, that will be formulated in an explicit form every time we need them.

1.2

We denote byA the tensor of the coefficients; = (aﬁ-') and suppose the tensarto
be symmetric, i.e.,

Aij = Alj or al] Ik
For the elasticity case we need the following addltlon conditions,

=l =l =l

The system of equation§)(breaks up intanindependent systems of partial differ-
ential equations for the columns of the matridégsof the form

- (A;aaj i) —o, @)

where the solutiom = u(&) is anmcomponent periodic vector function, and the “right
hand sides” — periodic vector functiofs i = 1,...,s, are described by the following
rule: everyf; is thek -th columnk =1,..., mof the matrixA;;.

We note, however, that we will not use this restriction and consider equaftpns (
under general conditions fdy.
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1.3

We define the toru$, multiplication of s unit circles, by the standard identification of
the opposite sides of the periodicity domairand, further, consider periodic functions
in RS as functions defined on the tor@isi.e., the vectog of independent variables of
Cartesian coordinates is now taken on the torus,

E=(81,...,8) eT. (3)

Itis conventional to consider the following generalized formulation of the problem
2.

Let all elements of the matrice; (§) be elements of the spate(T) and allf; €
L2(T) = {L2(T)}™. We define the Hilbert spat¢ as the factor spade = {W(T)}™/R™

with the scalar product
Ox O
A ) = AT, ’ AT, )
e =((52%))

where(x) denotes the (Lebesgue) integrakobver the torus andx,«) is the natural
scalar product of vectors &™.

The generalized solution of the proble&) on the torusT is said to be such func-
tionv € Hg that

Aa(u,v) = <<fi,g;'i>>, Aa(u,V) d§f<(A”(a):;j, g%’i)>, VEH.  (4)

We note that with (piecewise) smooth coefficieAts and right hand sidef the
solutionu is (piecewise) smooth as well, fulfill) in a classical sense in domains of
smoothness, and the following standard conditions

o[l

on surfaces of discontinuity.
We note also, that an arbitrary generalized solutior2pfulfills (2) in the sense of
distributions of{\W, *(T)}™.

1.4

Usually, the matrix functionsy; (§) = (a}j-' (E)) are subject to the following conditions

. 5 afl (E)nkn!

0<a<
5 nin

<a<w, £eT, for the elasticity casg¥ =n},  (5)

with constant@ andaindependent o.

Here and below, summation for the repeated indicesd, or,| from 1 tom is
understood. We also recall the rule that summation for the repeated indicdsor, j
from 1 tosis understood. We will put the sigrigwhen two independent summations
are acquired in a single term.
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With conditions b) the problem4) is well posed, i.e., there exists a unique solution
ueHand

A(u,u) < const(fi,fi)).

We consider the following iterative method

n+1_ ,n
/\(uTu,v> +/\A(u”,v)—<(fi,§;)> =0,veH,n=01... (6)
|

with an arbitrary initial guess® € H.

Itis easy to see, that with an appropriate 0 iteration approximations” converge
to a solution of the problemd] in H with the rate of a geometric progression whose
convergence factor can be bounded above by a quantity depending alg.on

One has to solve periodic boundary value problems for Poisson equation to imple-
ment the iterative method). Effective numerical methods for such problems are well
known, e.g?

15

If the ratioa/a’is small due to anisotropy of the material, the following generalization
is sometimes justified.

Suppose then x mmatricesEj; = (e{‘]) independent of, satisfy the conditions

el =df, éj'nl‘n', > 0 withn #0; @)
for the elasticity case € =¢;= el — ef, einin} > 0,n#0, nf=ni.

We set o
def % * i
Ae(en) B (B e) 2 & H.
£(x%) << J(E)aijaii»m

This bilinear form is a new scalar product in the sp&tend generates the norm
Ve (*,*) equivalent to the original normy/A(x, ) of the spacéd. One of the two
inequalities of the equivalence is the Korn inequality on tarus

We denote byHg the function spacél with this new scalar product.

We now redefine constardsanda,

5 ald (&) . .
<a< o, £ T, for the elasticity casg; = n, (8)
v ekl Lk

With conditions 8) the problem 4) is also well posed, i.e., there exists a unique
solutionu € Hg and

0<a<

Ag(u,u) < const(fi,fi)).

We consider the iterative method with the new bilinear form,

n+1_ ;n
/\E (u_[u3V>+/\A(unﬂv):<(fi7§;>>7V€H7n:O717"' (9)
|
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with an arbitrary initial guesg® € H.
As in the previous Subsection, one can prove, that with an appropratitera-
tion approximations" converge to a solution of the probled) {n Hg with the rate of
a geometric progression whose convergence factor can be bounded above by a quantity
depending only oa/a.
In particular,

Ne(e",e") < ?'Ne(2,€%), q=1—a/a e"=u"—u, if t=1/a (10)

By choosingE to make the rati@/a as close to one as possible, we can improve
the convergence estimates as compared with the meghod (

Itis also possible to use more complicated and faster methods, e.g., variation meth-
ods, like the conjugate gradient method. We further consider metho@; tyfpe for
simplicity only.

At every iteration of §) it is necessary to solve periodic boundary value problems
for elliptic systems of equations, in particular, for diffusion equation, or for the linear
elasticity equations. All the coefficients here are constants and Fourier method can be
applied even in case of anisotropy. We also note that Lame equations on a torus with
constant Lame parameters are equivalent to several Poisson eqdatfons.

1.6

Composite materials are characterized not so much by anisotropy of its components as
by the inhomogeneity occurring in large drops of the coefficiahh(s{) in correspond-

ing parts of the periodicity cell. In that situation the ragita is small for every choice

of E of Subsectiori.5.

We decompose the periodicity cell on parts of the two following types. In the
“main part” we suppose coefﬁcienﬂﬁ'(i) to be of order of one. In the “inclusions”
these coefficient may be very small, e.g., “like a cavity” inclusion, or very large, e.g.,
“almost rigid” inclusion. We also consider limit cases of cavities and rigid inclusions.
Such inclusions are typical for composite materials.

Another important source of problems with these properties is the Fictitious Do-
main Method, e.g:® The cavities correspond to the Neumann type boundary value
problem in the main domain. The rigid inclusions lead to the Dirichlet type boundary
value problem in the main domain. A peculiarity of our approach for the fictitious
domain method is periodic boundary conditions on the fictitious boundary.

1.7

Let D C T be itself a Lipschitz domain, i.e., connected opened set with a Lipschitz
boundary, or let it consists of a finite number of Lipschitz domaipswith noninter-
secting closures.

We setD = T\ D and denote byD; connected components 6f*, if it is not
connected itself.

We take into account that there are a finite number of the subdor%iramd every
of them is a Lipschitz domain.
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1.8

We suppose the following properties of the coeﬁiciaﬁfjt(si) in the main partD of the
torusT,

sal(Ennl

0<ay< <ap <o, €D, (11)

7 yeinin)

with nk = n}, for the elasticity case,, < 1< ap.

We consider the case
Aij(§) = wEj, £ D", 0<w<1 (12)

with w= 0 in Section2, that corresponds to cavities, and with> 0 in Section3.
The multiparameteric case

Aj(E) =wyEij, E€ Dy, 0<wg<1 (13)

is treated in Sectiod.
We do not consider in the present paper the prob&mwith conditions (1) and

Aj (&) = wEjj, E€ D, 1< w< +oo, (14)

that corresponds to rigid inclusions far= +o, see, e.¢%1%-14
We do not cover yet the multiparameteric case

Aj (&) = igEij, £ € Dy, 1< g < +oo, (15)

however, we expect that it is possible.
We also mention the conditions

saf@nin) _

wa,, < <

O<way < 5 &k <wap <o, €D,

with nk = n} for the elasticity case,, < 1< ap, (16)

A (&) =Ej, £ € D,

that become conditiond.{), (12) or (11), (14) after dividing bycw.
We note that our further results still hold for matridgs dependent of as well, if
the condition of §) is fulfilled for Ej; instead of the inequality of7j. However, a prac-

tical implementation of iterative metho#é)(becomes harder, inner iterative procedures

should be involved. We do not consider that possibility in the present paper.

2 Fictitious gradients method. Perforated composites.

2.1
We consider a problendl:

Aa(u,v) = {(fj,0v/05;)), v € H, a7
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in conditions (1), (12) with w=0, i.e.

Kl kp

O<ap< w <ap <o, e D, r]ik = r]ik for the elasticity case, (18)

> eh nin;
Aj(§) =08 D"

Conditions (.8) correspond to porous media with the subdontain constitutes a
set of cavities. Such media can be treated as a perforated composite material.

We prove in the Subsectich3, that the problemi(7) with (18) is the problem of
the Fictitious Domain Method applied to the Neumann boundary value problém in

Our approach to the solution of7) here has much in common with the familiar
method? The main difference is that we suggest periodic boundary conditions on the
fictitious boundary, and the traditional choice is the Dirichlet or Neumann boundary
conditions. This leads to some difficulties of the theory, but leads also to advantages
of a practical implementation, because periodic boundary value problem for elasticity
equations can be solved efficiently.

2.2

We denote the tensor of the coefficieAtss A® by A° to underline thato = 0 in this
Section. Bilinear form\ yo (%, ) has a kernel

ow ov
Ker:{weH:<( -Ojaaj,aai>>:o,veH}.

That consists of vector functions € H, which must obey the equalityw = c;
with a constant vector, in each component of connectedné3s For the elasticity
casew = ¢, +Cpg in Dy with some vectorc, and ans x s matrix Cp = —Cj, both
independent o

We have to comment the use of the funct@yg in Dy If sx smatrixC = —CT #
0 then the functiorCg with & € RS is not periodic. Therefore, when passing from
RS to the torusT this function rearranges to a multiplace function with single-valued
branches differ from each other to constant vectors with integer components. Evidently,
arestrictiorC¢ |5 of the functionCg on an open subsé C T is multi-valued also. We
would like to consider the restrictiog |, as a restriction of a function in the space
H, and only continuous single-value branch of the func@gr, could play that role.

This motivates the next

Definition 2.1 A “continuous restriction” & | is called a continuous single-value
branch of the multiplace function&, in D, if such a branch exists for the given
matrix C and the given open subsetC T.

We note, using this definition, that subsp&e for the elasticity case consists of
vector functionsv € H, which must obey the equality = ¢, + Cp¢ in Dy, with some
vectorcp and ans x s matrixCp = —Cg, both independent df and restrictiorCg |»
must be continuous in each component of connectedgss

The condition of continuity of the restrictid®%, |, is fulfilled for all s x s matrices
Cp= —Cg, independent of, if the domain?, notsurroundsthe torusT .
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Definition 2.2 An open subse® C T is said to not “surround” the torusT, if all
components of connectedness of the image,efhen torusT is periodically extended
on RS, are bounded ifRS.

If Dy surrounds the torus, then the condition of continuity of the restricti@® |,
leads to additional constraints on the majx= —Cg, — it must have a kernel. For
example, ifDp =T or Dy = {§ € T : 0 < & < 1/2}, thenCp = 0 necessarily. In
general case of surrounding the constrains seem to be like this: some linear combina-
tions of columns o€, with integer coefficients equal to zero, and values of the integer
coefficients are defined by directions of surrounding.

Letv € Ker in (17), then

((fi,ov/0&;)) =0, v € Ker, (19)

that is necessary condition on right hand sifiefor existence of a solution of the prob-
lem (17) in the spacéd. We will prove in Theoren®.1that it is a sufficient condition
as well.

If the problem (7) with (18) has a solutioru € H for givenf;, then any function
of the typeu+w, w € Ker is a solution again. We will choose from that solutions the
normalone.

Definition 2.3 The “normal” solution is called a solution with minimal norm g
among all solutions for givefi.

Lemma 2.1 Let the problem7) with (18) has a solution irH for givenf;.
Then the normal solution exists, is unique, and lies in the subspace

Im={weH: Ag(w,v) =0, veKer}.

The proof of Lemma2.1 bases on the decompositibte = Ker @ Im and is a
standard one.

Theorem 2.1 Suppose conditionsl§) and (19) are met. Let matrices;Esatisfy re-
quirements of Subsectian5 and a setD compiles with requirements of Subsection
1.7.

Then the problemil(?) has a unique normal solutiome H and

Age(u,u) < const((f;,f;)). (20)

In the next theorem we state, that the iterative metl®dpddn be applied for effec-
tive solution of the problem1(7) with (18) as well as of the problenm) with (8), but
the special initial guess must be chosen.

Theorem 2.2 Let conditions of Theorerf.1 be satisfied. We consider the iterative
method 9):

n+1_ n
Ag (u_[u,v) Jr/\AO(Un7V)<<fi,g;/_>>7 veH, n=0,1,... (21)
|
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with the initial guessi®, a solution of
Ae(W0,v) = ((gi,0v/0%)), v € H, (22)
whereg; € L,(T) are arbitrary functions such that
((gi,0v/08i)) =0, v € Ker,

cf. with (19), for exampleg; = 0.

For an appropriatet > 0 iteration approximations!" converge to the normal solu-
tion of the problemX7) in Hg with the rate of a geometric progression whose conver-
gence factor can be bounded above by a quantity depending omiggfa..

In particular,

Ne(e"e") < PN (e%€%), q=1—Kap/ap, if T="1/ap. (23)
Herek > 0 is the constant of the following proposition of extensiomin from D to
T:

Proposition 2.1 For any functionv € H there exists a functiow € H such that

ov dv ow ow
Ei—,—— dQ)ZK/<E--,> dT,w—v e Ker.
z[( 3, aa) J 7oty o8,

This proposition plays an important role. The same statement is not true, in general,
if the boundary ofD is not Lipschitz. We will prove the proposition at the last Section.
We now consider a special case of constant coeffici&ntg) in 2.

Theorem 2.3 Let conditions of Theore.2 be satisfied. We suppose in addition that

AJ()=Ej, E€D (24)
and takeg; = f; in (22) to find an initial guess.
Then w1
0 ot —u")
n— P | Bi———2 | C
suppr” =sup 5% (E.J 3, ) C oD, (25)
where

ou"

n__ i N -1 m
"= 2 (A., €, f.) e {W, ()}
are residuals.

Proofs of all these theorems base on the next key statement.

Lemma 2.2 Let conditions of Theorem. 2 be satisfied.
Then

1. Initial guess of 22) u® € Im.

2. In the subspacém

Aa(V,V)

<
O<Kap= Ae(V,V)

<ap <o, velm. (26)

3. Subspacém is an invariant subspace of the operator H — H defined by
NAe(Lw,v) = Aa(w,Vv), w, v € H. (27)
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2.3

We now check that the probleniq) with (18) can be viewed as a problem of the
fictitious domain method applied to Neumann boundary value problefn ifo make
our consideration more simple we suppose during this Subsection, that all

fi=fi(§)=0,&c D" (28)
Then the probleml(7) takes the following form

Z (Aw (E)g; g;/)dﬂ) /(f"GE )da) veH. (29)

The subsetD C T is either connected by itself, or consists of finite number of
connected component3, whose closures are not intersected with each other, as it was
assumed at Subsectiary.

For the first case,

WS (M)} |p= (W5 (D)}™,
for the second, the spad@)(T)}™ |, is a direct multiplication of spacegs\(Dp) }™
for all different p. Therefore, the probler@9) is a variation formulation of the next
Neumann boundary value problem

o Ou B oOU
aEI (A” 3% |) =0,¢cD, (A”azl |>n

For a nonconnectef this problem falls into several independent analogous prob-
lems in every domairDp.

In other words, the solution of the problerh7f with (18) is, at the same time, a
generalized solution irD of the Neumann boundary value problem(3))( As we
have already noted, an arbitrary functiance Ker can be added to a solution of the
problem (L7) with (18) and the sum also will be a solution. For the elasticity case all
kinds of functionsw € Ker in D, describe all possible shifts and rotationsifin T.

This corresponds to well known fact of linear elasticity theory,é,dhat shifts and
rotations are trivial solutions of the Neumann boundary value problem.

=0. (30)
0D

2.4

We now consider conditions for the right hand siflesore carefully.

The Neumann problenB8(Q) has a solution for arbitrary right hand sidgsexcept
the case of elasticity. For that case the same statement is trifle=ifT. It is also
well known in the elasticity case, e'§. that the necessary and sufficient condition of
solvability of (30) is vanishing of the average moment of applied forces, i.e.,

Fp—Fp =0, (31)

wheres x s matrix Fp is as an average i, of s x smatrix composed of the right hand
sidesf; :

szf(fl . fm) dD,
Dp
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if Dy do not surround the torus.

For our problem 17) with (18) we have stated already in Theor@m, that (L9) is
the desired condition.

We supposeZQ) for simplicity during the rest of this Subsection, and prove that
the condition {9) always holds, except the elasticity case. For that case we discover
a specific analog ofl©) for general domaing, and recognize that it is the same as
(31), if D is connected and not surrounds the tofus

In view of (28) condition (L9) is equivalent to a set of independent conditions

/ <fi, gg) dD, =0, v € Ker. (32)

p

If v € Ker, thenv = ¢, in D, with a constant vectary, except the elasticity case.
Substitutingey instead ofv in (32) we conclude, that conditior8p) is fulfilled.

The elasticity case is more complicated. We substitut8 Bty = ¢, +Cpf in D,
with a vectorc, and ans x smatrixCy, = —C} both independent df. We differentiate
(formally) of &; :

ow  9(Cp)

08 0%
equals to thé-th column of the matrixC,. Therefore, condition32) can be written in
the following equivalent algebraic form

tr(Fy Cp) =0.

Taking into account the equality, = —Cg and properties of the trace operation, we
rewrite
tr({Fp—F3 }Cp) = 0. (33)

HereF, is an average irD, of sx s matrix composed of the right hand sidgss in
(31) andCy, is an arbitrarys x s matrixCp = —Cg independent of and such that the
restrictionCy¢ |5, is continuous, see Definitiah 1.

A collection of conditions §3) with (28) for all different Dy, is the wanted concrete
variant of the solvability condition1@©) for the elasticity case. It is by that a necessary
and a sufficient condition df for (generalized) solvability of Neumann boundary value
problem @0) for the elasticity case.

We illustrate the condition by several examples:

1. Let Dy be not surrounding the torug, see Definition2.2. For example, let
Dp = {&:&&i < 1/4}. ThenCp = —Cj can be arbitrary. We tak®p = Fp — FJ
in (33) and are led to31).

2. An opposite extreme case is whél, surrounds the toru$ every which Carte-
sian direction except, may be, one. For exampleZlgt= {& : 0 < &1 < 1/2}.
ThenCp =0, i.e., the domainD, cannot be rotated iii. The condition §3)
becomes trivially fulfilled for arbitrary.
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3. Let Dy ={&:0<&1,&2 < 1/2}, s> 2. Then in the matrixC, there are only
two nonvanished elements and they have indexes (1,2) and (2.1). FGIBw (
we conclude that

/(flg— f21)dDp = 0.
Dp

We note that for the special right hand sidiesf (3), which come from the homog-
enization process, the equalitigs = fy; are true for the elasticity case. Therefore, the
condition @3) is fulfilled independently of a shape @#,.

2.5

This subsection contains proofs.
Proof of Lemma 2.2.

1. By definition of the subspaden it is sufficient to check the equality
Ae(u®,v) =0, v e Ker.
But it readily apparent from the formula23) for u®.

2. (a) Except the elasticity casé\Ve first prove, that the right inequality o2)
holds even for an arbitrary € H. Taking into account(8) we have

/\Ao(v,v):/(A (E):EV §g>d@<a@/<5,§§vj g;/)da)
b D

By requirements imposed on matridggin Subsectiori.5, the lastintegral
cannot decrease when the domdirof integration is changed 6, which
concludes the proof of the right inequality.

The first step of checking of the left inequality is the same as above:

ov ov

% 3 )eD.ven

Npo(V,V) Zg@/ (EIJ
D
The second (and the last) step is establishing the following
ov ov ov ov
E; dD < /(E )dT velm. (34
1[( ot aa) J 1 0E; 0% (34)

For that we use the Proposition of extension for the functiore., there
is a functionw € H, such that

' ov ov : ow ow
Z(E.Jazl ¥h )da)< T/<E”551 ¥r )dT velm.
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andw — w € Ker. But our functionv belongs tolm that is orthogonal
complement oKer in Hg, therefore

T/(E.,gg g\é\:)dT Ae(w,w) > Ag(v,v), velm.

Inequality 84) and, thus, Z6) have proved.

(b) For the elasticity case.We remind that for the elasticity case indexes
i, j, k, I vary from 1 tos = m, consider componentg of the displace-
ment vectov € H, v = (vi,...,Vs)" and define components

. (6v| L ovj >
ERAVIIN
of the symmetric tensor of deformatioasUsing the symmetry of the ten-

sor A of elastic modulus we obtain well known equalities for components
oy of the stress tensor

V|
=afg; = ‘%Tz,' (35)

From 35) it follows that

AAO(V,V)=£<A1 (E):EVI gg)d@ / lejedD.  (36)

Taking into account conditiond. ) we get

jaq,eusk.
kaJE“Eth)

ap. (37)

TensorE is symmetric as well as tensér, therefore, by analogy witt36)
and 36), the equalities
ov|
eﬁ'ﬁu eh| I

ov ov
D/qkjlajskid@:Z <E|J ()EJ 3%, >d@

hold. The proof is further the same as the previous one for the case except
the elasticity.

3. We shall see, thdtw € Im even for an arbitrary functiow € H. We have to
check the equalitp\e (Lw, V) = 0 for v € Ker. But this equality follows directly
from the definition 27) of the operatot, because the subspaker is a kernel
of the symmetric bilinear form o (x,*).
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n
We note that the operattr: H — H is selfadjoint inHg and inequalitiesd6) are
equivalent to
Kapl <L <aplinlm C Hg. (38)

We conclude that the imaden L of the operatoLt is closed inH andim L =Im and
the subspacKer is a kernel of operatdr.
Proof of Theorem 2.1. \We represent vector € H of (17) as an orthogonal iklg
sum,
V=Vk+V, Vk €Ker, v €Im,

and use the additive property. Terms with all vanish and the problemi.{) takes the
following form
Aa(u,v) = ((fi,0v/08i)), v € Im. (39)

A solutionv here can be found in the subspdoe, as was stated in Lemnial By
LemmaZ2.2 the bilinear formAyo(x,) in the subspacém is Hg bounded andHg
coercivity. The linear functiond|(fi,dv/d%;)), v € H, is He bounded, because

[((fi,0v/08&)) [ < ((fi, fi))A(u,v) < ¢ ((fi,fi))Ag(u,v), v € H,

where for the elasticity cagds a constant of the Korn’s inequality for functions in torus

T, e.g1? Using standard argumentswe conclude, that the probleri9) is correct in

He and the constant ir2(Q) equals to the ratigg—ﬂ.
We now prove the statement once more, taking advantage of an operator language.
Equation (7) can be written in equivalent operator form as

Lu=w,uelm, welm, (40)

wherew is a canonical representationti of the linear bounded functionglfi,ov/0g;)), v €
H. By Lemma2.2the operatot : Im — Im has its bounded ikl g inverse with a norm
less or equal to the ratigég. mn

Proof of Theorem 2.2. We first checku” € Im, n=0, 1,..., using induction.

We haveu® € Im by Lemma2.2.

Letu" € Im. We setv € Ker in (21) and get

Ag(u™—u"v) =0, v e Ker,

follow definition of Ker and condition {9). This meansi"™* —u" € Im by definition
of Im.

We now define the function of err@” = u" — u of the n - th iteration for our
iterative processl), whereu is the normal solution ofl(7). Lemma2.1 states, that
the normal solutiom € Im, thereforee” € Im as well. It is easy to rewrite the iterative
process 1) for the errors" € Im in the subspackn :

8nJrl_En
NE (T,v> +MAp(e"V)=0,veH, n=0,1,..., e Im. (41)
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We also can convert iteration$) to the following operator form
etl=(1-1L)", n=0,1,..., e Im, (42)

where operatol — tL of iteration step frone" to e is a compression itm C Hg,
ie.,
Il —tL|le <g<1linim

with someg, if T is an appropriate one. For exampler 1 —Ka,,/ap, if T=1/ap. It
follows from (38) directly and completes the prodil
Proof of Theorem 2.3. We first note, that

0 a(un+1 _ un) )
"= — (B ————7 ).
0% ( ! 0%
We now verify that conditionsl@) without (24) implies the following inclusion
0 a(unJrl _ un) ) _
su Ei———— ) CD, 43
PPy ( T, - (43)

and, moreover, an arbitrary functiom € Im can be here instead of the difference
u™?1 —u". That inclusion means

/\E(w,v):/<Eijg\é\;,(;3;/i) dT =0 (44)
T

with a smooth function
veH, suppv C T\ D.

But any of such a function € Ker, and desired44) holds because afl € Im.
It remains to find out that conditior2{) leads to

a(unJrl _ un)

. ) cT\, (45)

0
suppa—_ (Eij
i

If so, then @3) and @5) constitute 25).
We shall prove45) for a more general case in the next Section, see Proof of Theo-
rem3.4. T

3 Composites with inclusions of a soft material

3.1
We consider a problem);

Aa(u,v) = ((fi,0v/05;)), v € H, (46)
in conditions (1), (12) with w > 0, i.e.

kI knl
o<a@gmsa@<w,ze@,a@217 (47)
IR |
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with nk = n| for the elasticity case,
Aj(§) = wEj, E€ D+, 0<w< 1.

For the elasticity case condition$7) with smallw correspond to inclusion® of
a soft material. If the material is anisotropic, then anisotropic axes must have the same
directions in all inclusiong);-.

We note, that forw > 0 conditions {7) lead @), and all the results of Subsection
1.5still hold here. Buta tends to zero withw, therefore there is no convergence of the
iterative method¥) uniformly of w — 0. The uniform ofw — 0 correctness estimate
for the problem 46) with arbitraryf; also is absent. Evidently, a norm of the solution
of (46) can tend to infinity aso — O.

The main goal of this Section is to prove, however, a unifornoef: 0 conver-
gence estimate of the iterative meth@j\yith a special initial guess and a correctness
estimate for the problem with some restrictiond;of

3.2

An analog of Theorer.1for w > 0 is the following

Theorem 3.1 Let

. { an arbitrary function ofL2(D) in D,
l =

fi/Q) in DL. (48)

For the elasticity case the functiogs must satisfy in every domaif, the following
conditions, cf. 81),
tr{(Fp —WGp)Cp} =0, (49)

where F and G, are averages D, of the matrices witlij andg; as columns, and £

is an arbitrary sx s matrix, G = —Cg, such that the restriction g |, is continuous.
We consider the problerd) with conditions 47). Let matrices g satisfy require-

ments of Subsectidh5and a setD compiles with requirements of Subsectioni
Then the problem¥() has a unique solution € H and

Ae(u,u) < const{((fi,fi)) +((g,9))}, (50)
where the constant const does not dependon

We now explain the conditior}) for a domain?, not surrounding the toruk as
an example. For that domain the conditi@g®)is equivalent, see Subsectian, to

Fp— wGp =F,) — Gy, (51)

If Fp = Fy , then one can takg = 0 in D to satisfy 61). If F, # FJ , then the choice
g =fi/win Dis possible to satisfyx1). But, for this choice{(g;,g;)) of (50) tends to
infinity asw tends to zero, if; do not depend ow. This associates with the statement
that for the limit casew = 0 the condition 81), i.e., F, = FpT, is necessary, if the
domain®y is not surround the torug.

Of interest is a solution dependence ab — 0.
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Theorem 3.2 We consider the problemi@) with conditions 47). Let matrices g
satisfy requirements of Subsectib® and a setD compiles with requirements of Sub-
sectionl.7. Let also the function§ be independent o, and, for the elasticity case,
the functiond; satisfy in every domait, the following conditions,

tr{FCp} = O, (52)

where F is an average inDp of the matrix withf; as columns, and Cis an arbitrary
sx s matrix, G = —CJ, such that the restriction g& |, is continuous.
Then
U=w tuk +0(1) in Hg, ®— 0, (53)

whereuk € Ker is a (unique) solution of the problem

duk av) | /< 6v> n
B, — JdDt = | (i, = |dD*, v eKer, 54
/< ij an aEi i aEi ( )
@L @L

and the subspadéer C H were defined in Subsecti@m2.
In the particular casd; = 0in D+ we haveux = 0 and then

u=U +0(w) in He, — 0, (55)

0 . . .
whereu, € Im is the normal inHg solution of the problem

a0, ov av
ou v (. OV
QZ Aige5g | 97 Q[(f.,azi)dﬂ), VEH, (56)

i.e., the problem46) with w= 0in (47), see previous Section.

We note, that the same representation of the solution for ssnalas found for
Dirichlet boundary value problem of the diffusion equatfon.

0
Remark 3.1 Using{W (D) }™ C Ker, we get that the solutionk of the problem%4)
is in D also a (generalized) solution of the next boundary value problem

d aUK n
s (Bi5e—t) -0 )
with the following boundary conditions on every connected compdnehthe bound-
ary 0D+

Uk |r= cr or, for the elasticity case= cr +Cr& |Ir, (58)

where the vectorr and the sx s matrix G = —Cﬁ both independent f. Vectors

¢r and matrices € cannot, in general, be chosen arbitrary. They are defined by the
conditionuk € Ker, i.e., ug in Dy equals tacy, or, for the elasticity case, top +Cpé

with a constant vectar, and a constant s s matrix G, = —C} such that the restriction
Cpé |@p is continuous.
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If the setD is connected, then £ 1 and vectorsr and matrices € must be the
same for all different componenitsof the boundary® = dD*. In that case a differ-
ence between the solutiark of the problem %4) and a solution of the problent{)
with homogeneous Dirichlet boundary conditionsa@ equals simple to a constant,
or a constant plus a rotation for the elasticity case.

In other words, we can consider the proble#®)ywith (47) for smallw as a prob-
lem of Fictitious Domain Method applied to homogeneous Dirichlet boundary value
problem for the equatior() in a simple connected domaih, or in a finite collec-
tion of a simple connected domaimsf. We can find a solution of the problerig]
with(47) on torusT, subtract an appropriate constant vector, or a shift plus a rotation
for the elasticity case, and get @1w) in Hg approximation to a solution of the prob-
lem (G7) with homogeneous Dirichlet boundary conditions. We even can take the limit
casew = 0to obtain an exact solution of the proble&’f with homogeneous Dirichlet
boundary conditions.

In the next theorem we state, that the iterative metl®pddn be applied for effec-
tive solution of the problem4(@) with (47) as well as of the problemd) with (8), but
the special initial guess must be chosen by analogy with previous Section.

Theorem 3.3 Let conditions of Theorerf.1 be satisfied. We consider the iterative
method 9):

n+1_ ,n
Ag u,v +Aa(u",v) = fi,ﬂ ,VEH, n=0,1,... (59)
1 0%;
with the initial guess1°, a solution of
Ae (U0, v) = ((gi,dv/0%))), v € H. (60)

For an appropriater > 0 iteration approximationsi" converge to a solution of the
problem @6) in Hg with the rate of a geometric progression whose convergence factor
can be bounded above by a quantity depending onlyag/a,, wherek > 0 is the
constant of the Propositiod.1 of extension iHg fromDto T.

In particular,

Ne(e",e") < ?"Ne(2,€0), q=1—kKa,/ap, if T=1/ay. (61)
For the initial error u® — u we have
Ag (U —u,u®—u) < const{((fi,f)) + ((gi,9))}, (62)
where the constant const does not dependon
Remark 3.2 Let D be connected and for the elasticity case let also none of the con-

0
nected componem‘BqL of the complemend- surrounds the toru¥. ThenKer = {W

3(D)}™ and statements of the Theorém and Theoren3.3still hold, if even arbitrary
constant vectorsq were added to the functioms of (48) in D;-, e.g., vectors

J fid@ql
Dy
W mesa)qi'

Cq=
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If the right hand side$; are not depended chin D+, then using 48) and adding
these constant vectors ¢p of (48) we obtain, tha; = 0 are possible as well. Hence,
the estimate50) becomes an ordinary inequality of correctness, abi@) (eads to the
trivial initial guessu® = 0.

We now consider the special case of constant coeffici&ntg) in D, like in pre-
vious Section.

Theorem 3.4 Let conditions of Theorer®.3 be satisfied. We consider the following
particular case of the conditiont{)

Aij(§) =Eij, E€ D, (63)
Aj(E) =wEj, £ D 0<w< 1,

and the following particular choice ig)

o fiin D,

&= {fi/ooin DL (64)

to find an initial guess°.

Then W
0 o(u™—u
suppr" =su Ej———~ ) C0D, 65
pp p%«u 3 >_ (65)
where

n_i _,Lun_ ) -1 m
r-= aEI (A'J aE] f') € {WZ (T)}

are residuals.

Proofs of these theorems base on the next important statements.

Lemma 3.1 We consider the problerd) with conditions ¢7). Let matrices | sat-
isfy requirements of Subsectitrband a setD compiles with requirements of Subsec-
tion 1.7.
Then the following decomposed representation exists
AA(W,V) = Aa(Wi, Vi) + WAg (WK, Vk ),
W=w,+Wk €H, v=v,+vk € H, (66)
Wy, V| €1m, wg, Vg € Ker.
Lemma 3.2 Let conditions of Theore® 3 be satisfied. Then

1. The differencal® —u e Im of the initial guess of§0) and the solution of the
problem @6).

2. In the subspacém we have

Aa(v,V)

<
O<Kap= NAe(V,V)

<ap <o, velm. (67)

3. Subspacém is an invariant subspace of the operator H — H defined by the
rule, cf. 26),
NAe(Lw,v) = Aa(w, V), w, v € H. (68)
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3.3

This last subsection contains proofs.
Proof of Lemma 3.1. We set

/\AOWV

e\

ow ov
( 651’05> 4

and note that the bilinear forio (x, ) equals toAa (%, *) with w= 0 and has a kernel
Ker, been described in the previous Section. We have

Aa(w,v) :/\Ao(w,v)+(o/ (E.J gz\j g;) dot. (69)
DL

We insert the orthogonal iIHg representations
W=w +Wg €EH,v=Vv,+VvK €H,

W, V| €1m, wg, vk € Ker

into the right hand side 06Q). The first term
Npo (W, V) = Apo (Wi, V1),

becauseer is a kernel of this bilinear form. For the second term we have to prove

that ow 9
w oV L
/(E”aEJ aa)dﬂ)
’DL

ow, ov n owk vk n
/( i5E, aa.)d@ */(E” 5, aa.)‘“)
@L

The equality above follows from

ow, aVK> n
E;; dD- =0, w, €Ilm, vk € Ker. 70
[( 1] 3¢ aaj aEI | K ( )

Equality (70) in its turn is checked directly,
ow, aVK> n /< ow, aVK)
Eii dDt = Ae(wi,vk) — [ | Ej dD =0.
@/( 38, 0%, )= ) (B g;ag

Here both terms equal to zero, dueHp orthogonality ofw, andvk, andvk € Ker. Il
Proof of Lemma 3.2.

1. By definition of the subspaden we have to verify the equality

Ae(W—u,v) =0, veKer.



A. V. Knyazev, N.S. Bakhvalov. Fictitious domain and homogenization 22

We will use the following immediate consequence of Lentia
Aa(w,v) = WAg(w,v), we H, v eKer. (72)

We put in (71) w = u, the solution of 46), and obtain

NAe(u,v) = (%/\A(u,v) = <(2),§;’|> > ,v e Ker.

Subtracting by parts this equality fror() gives

Ae(W0—u,v) = <(gi —2)73;/_)>,ve Ker.

In according to 48) in right hand sidey, — fi /w= 0 in D+ and integrals

fi .

/ (gi - 0—'), (g;) dDp, v = cp, orcp+CyE for the elasticity case,
Dp

vanish because of conditiod9), see Subsectioh.4.

2. We consider the representatid#d] with w = v. Lower and upper estimates for
the first term in the right hand side 089 were obtained of Lemma.2. By
0 < w< 1< ay,the last term is estimated trivially,

ov ov L= ov ov B
< ey o < i) o .
Oiw/ (E"azj’azi)d@ a@/(E.Jan,aEi)dQ)
DL DL

3. By the definition 68) of the operatot. we have to check the last equality of
NAg(Lw,v) = Aa(w,v) =0, w € Im, v € Ker. (72)
But this is just a particular case of the equalifyt)(for w € Im.

0
We note, like in previous Section, that the operdtoH — H is selfadjoint inHg
and inequalities@?) are equivalent to the following operator inequalitiesdip

Kapl <L <aplinlm C Hg. (73)

Proof of Theorem 3.1. We introduce functiom® as a solution of the problens()
with g; of (48) and consider the differena® — u of this function and the solution of
the original problem46). We write

AA(WC —u,v) :/\A(uo,v)—<<fi,§;>>7ve H (74)

and present vectar € H here as an orthogonal g sum,

V=Vk+V, Vg € Ker, v €Im.
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We shell now see that all terms witlx of (74) vanish.
For the left hand side\a(u® —u,v) = 0 because off2), asu® —u € Im by Lemma
3.2andvk € Ker. For the right hand side our checking becomes more complicated.
In according to 71) we rewrite the first term withr = vy,
ov
[

Aa(UO,vi) = g (U0, vk ) = 00< (gi’ai> > ,Vk € Ker,

using the definition§0) of u® for the last equality. Making that substitution we obtain
the right hand side of74) in the form ((wg; —fi,dvk /0&;)), and this value is zero
owing to the condition49).

Thus, we have just prove that is sufficient to put Im in (74). Lemma3.2 states
thatu® —u € Im and the symmetric bilinear forma(*,*) is He bounded andHg
coercivity in the subspaden uniformly of w > 0.

We now estimate uniformly ofb the He horm of the linear functional of the right
hand side of {4). We will not even us& € Im here.

For the first term,

IAA(UO, V)2 < AA(UC UO)AA(V, V) < 82 AE (U, UO)AE(V,V),

where
Ae(u®,u°) < ((9i,9)) (75)

with a constantonstindependent ofo.
For the second one,

[((f;,0v/0&;)) |2 < const (i, fi))Ag(V,V), vE H,

with a constantonstindependent ofo as well.
We now combine these estimates,

SOR(E)

Therefore, the problenv{) is well posed in the subspat®m of Hg uniformly of
W,

2
< consf((fi,fi)) + (i, Gi)) e (V,V).

A (u® —u,u® —u) < const{((fi, fi)) + ((9i,01)) } (76)

with a constantonstindependent ofo.

By triangle inequality we conclude fronT§) using (75), that the desired estimate
(50) holds.I

Proof of Theorem 3.2. There is a special representati@®) of the bilinear form
Aa(*,%). We write the same representation for the linear functional of the right hand

T ey

v=Ker,+vy, vi €lm, vk € Ker.
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Then the original problem falls into two following independent problems

/\A(UI7VI):<<fi,g\£>>aUI7VI€|ma (78)
/\A(UKva) = <<fiaaa\g_(>>vu|(7 VK € Kera (79)

and the solutiom of (46) is anHg orthogonal sum,
Uk
= — 80
u=u -+, (80)

whereu; anduk are solutions of {8) and (79).

We first consider%3). We will prove that the problem7Q) is equivalent to %4)
with conditions 62), has a unique solution, and that the tasrof (80) is bounded in
He uniformly of w. These statements lead t&8].

The equivalence of7Q) and 64) is verified directly. The conditiorbQ) is involved
for the elasticity case in the last of the following equalities,

/ <f" ) dD = Z/ (f" ) dDp =0, v=0Cp+Cpg

where a vectoc, and ars x smatrixCp = —Cg, both independent &, and restriction
C¢ |p is continuous in each component of connectedrmgssee Subsection.4.

The problem 79) is evidently well posed, the unique solution exists and equal to
the He orthoprojection to the subspa&er of the canonical representation lite of
the linear bounded functlonél(f., v >7 Vk € Hg.

To obtain a uniform ofw estlmate forHg norm of the functionu; we consider
the problem 78). As we have noted in the Proof of Theoréhi, by Lemma3.2 the
symmetric bilinear formi\a (%, ) is He bounded andig coercivity in the subspaden
with constantsy, andka,, i.e., uniformly ofw > 0. Therefore

Ae(up,up) < const{(fj,fi)), (81)

whereconstandf; are independent @b, and 63) is completely proved.
We now consider the particular cae= 0 in D, whenuk = 0, and will verify
that the term in the series of powerscwfor u;, that corresponds to the zero power, is

.0 . .
the functionu, of (56). This statement constitutes the second part of the theorem.
It was discovered in Theoreth1 that the problem56) under the conditionss@)

is well posed in the subspat@ C Hg, has a unique by Lemn&lsolution& elm,
and is possible to chooses Im in (56) instead ofv € H. With f; = 0 in D we obtain

from (56) and (78) the following equation for the differenaoﬁ —u €lm:

Aa( —uy,v /(E.,‘;;J' az)dDL velm. 82)
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In the right hand side of8Q) there is a linear functional boundedlity by O(w).
However, we have mentioned several times already, that an equation with the bilinear

form Aa(,*) is well posed in the subspatre C Hg uniformly of w. Hence,& =
O(w), cf. (65). N

Proof of Theorem 3.3. It coincides very closely with Proof of Theoretn2. The
estimate §2) was already arrived a3 @) of Proof of Theoren8.1. N

Proof of Theorem 3.4. We first note, that

n+1_ ,n
Trn:i (Eij a(u u ))
0¢; 0%
exactly like in Proof of Theorem2.3. Also, it was found there, using the inclusion
0
{W 3(D+)}™ C Ker, that
o
0E

In according to Lemma&.2u®—u € Im, and fromu" —u € Im it follows U™ —u e Im.
Thereforep™™ —u" € Im, and then the differenag! —u" can be put in the inclusion
above instead of € Im, i.e.,

suppai (Eij > CD,velm.
|

n+1_ ,n o
suppyg (£, 5 ) <. ©3)
i i

We have now to verify

9 aun—k—liun _
supp(ﬁ (E”6§j> CDL=T\D. (84)

Let Kert c H be a subspace, consists of vector functions equatg,tor, for
the elasticity case, toq+Cq€ in every Dy, where a vectocy and ans x s matrix

Cq = —Cg, are both independent & € Dy and restrictionCyZ |5 is continuous in
each component of connectednés of D-.

This definition differs from the definition dker no more then the domair®qL
play the role of the domain®,.
LetIm~ be an orthogonal complementi§ér in Hg.

0
Following the Proof of Theorer.3and using{W (2)}™ C Ker* we find, that

o
3%,

By conditions of the theorem#j(§) = Ej; andg; = fj in an every domairD,.
By analogy with arguments of Lemn®a2 we can state, that® —u € Im+, and from
u"—u e Im* itfollows u™! —u e Im*. Thereforeuy™! —u" e Im+, and @4) holds.

We note, that in this proof of8¢) the condition4;; (§) = wE;j in D+ with w >0
was not involved. We conclude, th&4) is true forw = 0 as well, cf. ¢5). N

suppaa—_ (Eij ) CDL=T\D,velm'.
1
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4 Composites with inclusions of soft materials and with
cavities

4.1
We consider a problem):
Aa(u,v) = ((f;,0v/08)), ve H, (85)
in conditions (1), (13), i.e.
_ sai@nfn;

3 &

with nk = n} for the elasticity case,
Aj(&) = qEij, £€ Dy, 0< g < 1.
For the elasticity case condition86) with smallwy, correspond to inclusion®-+
of soft materials. The materials must be of the same type, i.e., their tensors of elas-
tic modulus may differ by constant multiplicands,. If the inclusion materials are
anisotropic, then anisotropic axes must have the same directions in all incI@ons
Possibility ofwy = 0 corresponds to a cavitZin, like in Section2.
We have studied the case al}; = w in the previous Section. Here we consider
peculiarities of the multi-parameter probleg6). There will be specially mentioned
situations, when we suppose for simplicity, that

wo =0, Wy, # Wy, 01 7 Q2. (87)

4.2

In this Subsection we define "Condition of representation of constants or, for the elas-
ticity case, shifts and rotations i C T,” which will play an important role for proving

the statements of this Section. We constructed an example showing, that the condition
is necessary for Theorerh1 and for the estimate9¢) of Theorem4.2. We expect,
however, that Theorer.2, except 6), and Theorem.3 can be proved without that
condition, as well as Lemm& 1 But it is beyond the scope of our present paper.

Suppose7) holds.

For evernyqL C T we denoteKerq C H, a subspace of vector functions indepen-
dent ofg&, or, for the elasticity case, equal to a shift plus a rotation in every connected
component of the sék \ Dg. If D+ is connected, the = Dy andKer = Keryg,
see Sectior for the definition ofker.

In this Section we consider the case when is not connected. Therefore, there
are different subspacéer  for different connected component of D-.

Definition 4.1 Condition of representation of constants or, for the elasticity case, shifts
and rotations inD C T is the following

Ker = z Kerg. (88)
q
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If (87) is not hold, i.e., several aby are the same, then the corresponded domains
Dy must be united into a single s} and, further, definition oKerq and condition
(88) are still the same. For example, if all; are the same, we unite aIPqL into one
Dy - However, thenDy = D* and @8) holds trivially.

Another simple possibility to satisfy the conditiod8g] is a connected domaith
except the elasticity case. For the elasticity case both the dofaind its image of
the canonical expansion @finto RS must be connected to provég) simply.

In a general (except the elasticity) case it is only easy to proof

Ker D z Kerg, (89)
q

but for the elasticity case we did not che@g).
A simple example, that conditio®®) is not always true, has been kindly presented
by S.P. Novikov. Les=2, m=1, and

1 1 3
@_{EGT.O<21<4U2<21<4},

i.e., D consists of two connected domains, both of them surround the Toaleng
the direction o, axis, andD* has the same structure. Function&ef may achieve
two different constant values i, and 2,, however, functions oKer; andKer,
therefore, and their sum can only achieve the same constant valfigsaimd 7.

4.3
A multi-parameter analog of Theorednl is the following

Theorem 4.1 Let
an arbitrary function ofL»(9D) in D,
gi = ¢ 0in Dy, wherewy =0, (90)
fi /oy in Dy, wherewy > 0.

For the elasticity case the functiofisandg; must satisfy in every domaif, and Q)qL
the following conditions, cf.31),

trFC = 0, trGC = 0, (91)

where s< s matrices F and G are averages in a given domagor Q)qL of the matrices
with fj andg; as columns, and C is an arbitrary>ss matrix, G = —Cg, such that the
restriction Ce on a given domairD, or Dy is continuous.

We consider the problen8%) with conditions 86). We supposesg) is true. Let
matrices 5 satisfy requirements of Subsectibid and a setD compiles with require-
ments of Subsectidn7.

Let also allf; = 0in the domainquL with wy = 0.

Then the problem8() has a unique normal it g solutionu € Hg and

A (u,u) < const{((fi,fi)) + (¢, 6))}, (92)
with the constant const independent of the collecfiag}.



A. V. Knyazev, N.S. Bakhvalov. Fictitious domain and homogenization 28

We did not try to generalize Theore®n2 on a solution dependence @f— 0, but
we are sure that is possible.
All other statements are extended with few modifications.

Theorem 4.2 Let conditions of Theorem.1 be satisfied. We consider the iterative
method 9):

n+1_ ,n
Ae (u_l_u,V) +Aa(U" V) = <(fi,§;/')>7 veH,n=0,1,... (93)
i

with the initial guesai°, a solution of
Ae(u®,v) = ((gi,dv/0%)), v € H. (94)

For an appropriatet > 0 iteration approximationsi” converge to a solution of the
problem 85) in He with the rate of a geometric progression whose convergence factor
can be bounded above by a quantity depending onlyag/a,, wherek > 0 is the
constant of the Propositio.1 of extension iHg fromDto T.

In particular,

Ne(e",e") < ?"Ae(2,€0), q=1—kKay/ap, if T=1/ay. (95)
For the initial error u® — u we have the estimate
A (u®—u,u® —u) < const{{(fi.fi)) + ((gi.9))}, (96)
where the constant const does not dependwqy.

Remark 4.1 Let D be connected and for the elasticity case let also none of the con-

0
nected componemféqL of the complemend+ surrounds the toru3. ThenKer = {W

3(D)}™and statements of the Theorém and Theorerd. 2still hold, if even arbitrary
constant vectorsq were added to the functiomg of (90) in Dy, e.g., vectors

J fid@d'
)

= reenl
wWq mesDy

If the right hand side$ are not depended chin D+, then using 90) and adding
these constant vectors tp of (90) we obtain, thag; = 0 are possible as well. Hence,
the estimate§9) becomes an ordinary well posed inequality, afd)(leads to the
trivial initial guessu® = 0.

Theorem 4.3 Let conditions of Theorem.2 be satisfied. We consider the following
particular case of the conditior8e)

Aij(§) = wpEij, £ € Dp, ap < wp <ap > 1,
Aij(8) = wgEij, E€ Dy, 0<ay <1, (97)
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with sets of constant8w,}, {wp} and the following particular choice irg()

gi = { 0in Dy with oy =0, (98)
fi /oy in D+ with wg > 0
to find an initial guessi® of (94).
Then W
0 ou+—u
suppr" =su Ei————2 ) C0D, 99
where

n__ 0 ,_LUn_ i -1 m
r _aEI(A” aa] f')E{WZ (T)}

are residuals.
Proofs base on the next important statements.

Lemma 4.1 Let conditions of Theorer 2be satisfied and the subspdoe be defined
as in Sectiorp.
Then

1. The differencal® —u € Im of the initial guess of4) and the solution of the
problem g85).

2. In the subspacém we have

Aa(v,v)  _

0 an < <a Im. 100
<K*@*/\E(v,v)* p <o, VE (100)

3. Subspacém is an invariant subspace of the operator H — H defined by the
rule, cf. 26),
NAe(Lw,v) = Aa(w,v), w, v e H. (101)

4.4

This last subsection contains proofs as usual.
Proof of Lemma 4.1.
For every subspadger defined of Subsection.2 let Imy be theHg orthogonal
complement ter 4. By (88) Ker = ¥ Kerg, therefore
q

Im =(")Imq. (102)
q

By analogy with {1) we have

AA(W,V) = Wg\e(W,V), W€ H, v € Keryg, (103)
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that can be checked immediately,

M) —aheton) = [ (1A -y 5 5 ) =0
T\Df

1. By definition of the subspadenq we have to verify the equality
Ae(u®—u,v) =0, v e Kergq
to prove that® — u € Imq. The collection of that equalities for aler in ac-
cording to (L02) leads to the desired statement.

We first consider a domaif;- with wq > 0.
We put in (LO3) w = u, the solution of 85), and obtain

Ae(u,v) = (jq/\A(u,v) = <(:qu’§;/|>>’ v € Kerg.

Subtracting by parts this equality from the equati®d) for the initial guessi®

gives
fi ov
Ae(u®—u,v :<< -—',)>,veKer )
E( ) g| u)q aEI q

In according to the definitior@Q) of g; in right hand sideg; —fi/wy =0 in Q)qL
and we should only check, that

fi 5 .
/ (gi - cTI)’ 2’) dD, v = cp, orcp+CyE for the elasticity case,
J i

whereD is every connected component of the $&tD;-, ands x smatrix C is
independent o and such, that the restricticZe |, is continuous. Except the
elasticity case it is trivial. For the elasticity case it follows from the condition
(91). Namely,D consists of one or several domativg and, orﬂ)ql of the orig-
inal decomposition of the toruk. The restrictiorCe | ; is continuous, then the
restrictions on subdomains d# are continuous as well, and in all these subdo-
mains the conditionq1) is valid with this matrixC. That completes the proof

with ay > 0.

Let nowwy = 0. Thenu € Imq as anHg normal solution, see Lemnial We
verify, thatu® € Imy,

/\E(uO,V):<(gi7g;/i>>: / (gi,ggli)dézaveKerq.

|
T\ D4

We invoke here the definitiordg) of u®, the conditiong; = 0 in Q)qi of (90) and
(9D).
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2. We denote by\ o (*, ) the bilinear formAa(x,*) with all wq = 0 and consider
the representation, cf69),

Aa(v,V) :/\Ao(v,v)+2u)q/ (Eij aaglj,g;/> d@qL.
q I
Dy

Lower and upper bounds for the first term in the right hand side were obtained of
Lemma2.2for v e Im. By 0 < wq < 1 < ap, the last term is estimated trivially,
asin Lemmat7.

3. By the definition (01) of the operatot, the subspactmy is its invariant sub-
space iff
Ne(Lw,v) = Aa(w,v) =0, w e Img, v € Kerg. (104)

But this is just a particular case of the equality®) for w € Imq. Therefore,
all subspacebnq are invariant of the operatdr, hence, their intersectiom =
NIimyg is an invariant subspace bfas well.

O

Proof of Theorem 4.1. We invoke functioru®, a solution of the problen®@) with
gi of (90) and consider the differena€ — u of this function and the solution of the
original problem 85). As in Proof of Theoren3.1, we have

AW —u,v) :AA(u°7v)—<<fi,§;)>, vVEH (105)

and present vectar € H here as an orthogonal g sum,
V=VK+V|, Vk € Ker, v eIm.

We shell now see that all terms witiy of (105) vanish. Due to&8) every function
vk € Ker can be written as a sum of functionge Ker 4. We use the additive property
and find that all terms witkig vanish.

For the left hand side\a(u® — u,vq) = 0 because 0fi(04), asu® —u € Im C Imq
by Lemmad4.1, (102 andvq € Kerq. In the right hand side both terms are vanished
independently byq1). We have to rewrite the first term in according 109,

AA(U0,Vg) = wy/e (U0, V) = wy < (gi, ?;é?) > =0, vq € Kerg.

Therefore, we have just prove that is sufficient to takelm in (105).

Much of what follows is the same as of Proof of Theorér Il

Proofs of Theoremé.2 and4.3 are very similar to the Proofs of TheoresrBand
Theorem3.4and are not shown here.



A. V. Knyazev, N.S. Bakhvalov. Fictitious domain and homogenization 32

5 On a function extension on a torus
5.1

We consider here a possibility of function extension from the73et T on the whole
torusT. We suppose that the conditions of Subsectioffor D are fulfilled, i.e., D is
itself a Lipschitz domain, or consists of a finite number of Lipschitz dom@ipsvith
nonintersecting closures.

We start from the following classical theorem of extensibhs.

Theorem 5.1 LetQ C R® be a bounded Lipschitz domain.
Then there is a constan{ @) > 0 such that for a function & W (Q) there exists
a function we W4 (RS) with finite support such that wv = 0in Q and

ow ow ov ov
R/s (mﬁaziaai) 6& < cy(Q) Q/ <V2+aziaai) dE. (106)

This theorem leads, in particular, to the equaity(Q) = W, (RS) |q . Therefore,
we can change € W (Q) for v e Wi (RS) in the formulation of the theorem.

Corollary 5.1 LetQ C R® be a bounded Lipschitz domain.
Then there is a constan{ @) > 0 such that for a function & W, (R®) with a finite
support there exists a functiona\szl(RS) with a finite support such thatwv=0in

Q and . v o
W oW VvV oV
l(‘”’z+a&azi> dE<cl(Q)Q/(v2+aEiaEi> dE.

We note that in the corollary there is a possibility to try the cheice v, because
both functions now are of the same functional space, but it is not evident at all that such
a choice effects a constanitindependent oiv.

The next example shows that the statement of the corollary can be break down if
the boundary of2 is not Lipschitz.

Example 5.1 LetQ = QU Q1 C R?, whereQg andQ; are unit squares and they have
one common vertex only. We consider the functional spgt@¥gy x Wi (Q1), with
WE(Qp) = WS (R?) la,,» P=0,1. This space is complete, because its multiplicands are
complete, as well known. We havg {R?) |oC WS (Qo) x Wi (Q1). Let

U= 0in Qo,
| 1lin Qq '
Then
ue Wi (Qo) x WA(Q1), but ug W4 (R?) |q .

We now consider any sequer@®} ¢ W (R?) of functions with finite support such
that U |o— u in W& (Qo) x W5 (Q1). We suppose that the sequence is fundamental in
the space W/(R?), then it must converge in $YR?) to a function of W(R?), whose
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restriction onQ have to coincide with;lbut, that is impossible. Therefore, the sequence
is not fundamental in the spaceg/(R?), i.e., there exist a sequenge'} : V' = uln —uln
with in, jn — o as n— o, that does not tend to zero in the spacg(R?).

On the other hand, the sequenfd® |} is fundamental in the spaceMQo) x
W(Q) as a converged sequence and, hence, the seqyefice} must tend to zero
in the space W(Qo) x W5 (Q1).

This contradicts to the statement of the Corollary for the givenQ with an irreg-
ular boundary. This means also, that the sgt(R?) |q is not closed in the subspace
W5 (Qo) x W3 (Qu).

By analogy with Theorer.1and Corollarys.1it is possible to prove the following
theorem on extension of functions on torus.

Theorem 5.2 LetQ andQ’ be bounded Lipschitz domains on tor@sC Q' C T.
Then there is a constank(@, Q') > 0 such that for a function & W (T) there
exists a function v& W (T) with support inQ’ such that w-v=0in Q and

ow ow , ov av
T/<W2+6£i6£i> dT < c(Q, Q)!<V2+a£iazi> dQ. (107)

We have to change here t%' norm to theW;- seminorm and to consider the case
of a nonconnecte®d to obtain the next simplest variant of the extension theorem that
we use for the diffusion equation.

Theorem 5.3 Let D C T be itself a Lipschitz domain, or consists of a finite number of
Lipschitz domain®, C T with nonintersecting closures.

Then there is a constang() > 0 such that for a function & Wi (T) there exists
a function we Wi (T) such that gradw- gradv= 0in D and

ow ow ov ov

Proof of Theorenb.3. As fpm@q =0, p# q, there exists the same number of
Lipschitz domaingD}, such that

Dp C Dy, DN Dy=0, p#0a.
For the functiorv € W (T) given let
" vdDp

J mesDy
Dp

in Dy.

Evidently, [ vpdD, = 0; then, by Poincare inequality,
Dp

ovp 0V
V2dD, < cp | =2 —LdDp,
/F’ P="P) ot og P
Dp D

p
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therefore

0Vp 0V, " OV OV
Va+ =2 =P ) dDy < (1 —L—Ld,.
[ (% 55 Jamos v | G Gtan,
Dp Dp
In according to Theorer.2 there exist a constaeh(Dp, D) > 0 and there is a
functionw, € W3- (T) with support inDj, such thatv, — v, = 0 in D, and

Owp OWp ,
[ (54 55 ) omhs

p

Cz(@p, @é)/ (v%+ 6vpavp) d@p <

0&; 0¢;
Dp

Dp

We setw = S wp. In every domainD, we have
P

grad w=grad w, = grad v, = grad v
We conclude thatl(09) leads to {08) with

c3(D) = méax|(1+ Cp)C2(Dp, Dp)|-

O

We first note that it is possible to add an arbitrary constants to the functiand
win T, i.e., Theoren®.3 holds for the factor spad#s(T)/R instead of the ordinary
Sobolev spac#/; (T) as well.

Second, Theorerf.3 can be easy generalize for vector function by using the com-
ponent by component extension.

Taking into account an equivalence of tHeandHg norms we conclude, except
the elasticity case, that Corollabyl on extension holds in the next form

Theorem 5.4 Let D C T be itself a Lipschitz domain, or consists of a finite number
of Lipschitz domaing, C T with nonintersecting closures. Let matriceg flfil the
conditions of Subsectioh5 except the elasticity case.

There is a constark(D) > 0 such that for a functior € {W2(T)}™ there exists a
functionw € {W;(T)}™ such that

ow ow ov ov
KT/ <Eijazi,azi> dTg!(Ei,-aEi,az) 4D (110)

6Vk 0Wk . .
— ——=0inD,i=1,...,s k=1,...,
08 0%

and
m. (111)
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As in the previous scalar functions case, we note again, that it is possible to add an
arbitrary independent & vectors to the functionsandv in T, i.e., Theorenb.4holds
for the factor spackl = {W.(T)}™/R™instead of the vector Sobolev spat (T)}™
also.

This comment is still valid for the next theorem, that we state for the elasticity case.

Theorem 5.5 Let D C T be itself a Lipschitz domain, or consists of a finite number
of Lipschitz domaing, C T with nonintersecting closures. Let matriceg fulfil the
conditions of Subsectioh5for the elasticity case.

There is a constark(D) > 0 such that for a functior € {W2(T)}™ there exists a
functionw € {W;(T)}™ such that

ow ow ov ov
KT/ <Eijazi,azi> dTg!(EijaEi,aEi> 4D (112)

aVi aVk a\N| aWk ) i
—t === +==1InD,i,k=1,....s 113
o " og ~ e o o
We note that110) and (L12) are exactly the same.
Our proof of this theorem bases on the next particular case of the known more
general statemeAt.

and

Theorem 5.6 Let Q C RS be a bounded Lipschitz domain, aNd, ¢ {W,(Q)}S is
such a subspace, that conditions
defl /0v;  Ov . .
Vo, & = - |z—+=-)=0inQ,i,k=1....s
VE Vg, &ik(V) 2<6Ek+aéi> inQ, i, ;oS
lead tov=0in Q.
Then there is a constan;(@) > 0 such that

b/ [(v,v) + (g%’l g;’lﬂ dQ < c4(Q)b/'sik(v)eik(v)dQ, veVia.  (114)

Using the same arguments as in the proof of Thedsef? it is easy to prove the
next analogous statement for the toflumstead ofR®.

Corollary 5.2 LetQ C T be a Lipschitz domain, andg C {W;(Q)}S is such a sub-
space, that conditions

1/0v; ov
VEVQ, Eik(V)dEf< ! K

= —+==]=0inQ,i,k=1...,s
2 \ 08k OEi)

lead tov=0in Q.
Then there is a constani() > 0 such that

! [(v,v) + <§;. gg’lﬂ dQ < m(Q)!sik(v)sik(v)dQ, VEVle.  (115)
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We now are ready to prove Theorénbd.
Proof of Theoren®.5. We first note, that the condition
def1 /Qvi 0w . .
€ik(V) 2<0€k+65i>0m@’|’k 1....5s (116)
with v € H coincides with the definition of the subspager of Subsectior?.2, i.e.,
this condition defines ifd vector functionswv € H, that must obey the equality =
Cp +Cpé in Dy with a vectorc, and ansx s matrixCp = —Cg, both independent of
€ and restrictiorCp€ |, must be continuous in each component of connectedhgss
of . The original condition{16) for functionsv € {W;(T)}* involves also functions
v=ceR%iNT.

LetV C {WZ(T)}® be, for example{WJ(T)}* orthogonal complement to the sub-
space of all functions € {W;(T)}® described by the conditiorL{6), that has been
mentioned above. Then every functior {W;(T)}® has a unique representation

V=V +Vk, W €V, vk =Cp+Cpé in Dy,

with vectorscp ands x s matricesCp = —Cg for every D, all independent of and
restrictionsCp€ |5, must be continuous in each component of connectedngss .
Then
Eik(V) = €ik(vy) in D.
We apply Theorens.6with Q = Dy andVg =V \@p for the functionv, = vy \@pe
{(W2(Dp)}S, and get

/ [(vp,vp) + (2\2:’7 ?g’)] dDy < ca(Dp) / €ik(Vp)€ik(Vp)dDp. (117)

p p

Further, we use the vector variant of Theorérfito extend the functiowp from
Dpto T by a functionwp, € {W2(T)}® such that

Wp—Vp =0in Dy, suppw, C Dy, and

/ [(wp,wp)+ (%‘2’:’,2’;:’)] A, (118)

Do

ovy, ov
< a0y 7)) [ o)+ (5. 52) | ap
Dp 1 1
Finally, we set
w= Y wpe (WH(T)}
P

Then
€ik(W) = €ik(Vp) = €ik(Vp) = &ik(V),
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as in (L13. The inequalitiesX17) and (18 lead to (10) for the particular case of
isotropic media. General anisotropic case follows directly from the isotropiclone.

The last step of this proof leads to a strong dependence of the coefficigint
matricesE;j. And K tends to zero when tens@& becomes degenerate or has large
coefficients. One practically interest example of large coefficients is the case of almost
incompressible media. Using a new approach we proved that it is possible to generalize
TheoremS5.5 and other results to such a ca8ale treated even the limit case of the
Stokes’ equations for incompressible media as well.

References

1. Bakhvalov, N. S., Panasenko, G.lgmogenization: averaging of processes in
periodic mediaKluwer, 1989.

2. Astrakhantsev, G. P., Fictitious domain methods for elliptic equations of second
order with natural boundary conditiondSSR Comput. Math. and Math. Phys3,
118, 1978.

3. D'yakonov, E. G.Minimization of computational work. Asymptotically optimal
algorithms for elliptic problemsNauka, Moscow, 1989. (In Russian).

4. Kuznetsov, Yu. A., Numerical methods in subspace§€amp. Processes Sys-
tems No. 3Marchuk G.1., Ed., Nauka, Moscow, 1985, 265. (In Russian).

5. Marchuk, G. I.Methods of numerical mathemati&pringer-Verlag, New York,
1975.

6. Marchuk, G. I., Kuznetsov, Yu. A., Matsokin, A. M., Fictitious domain and
domain decomposition methodSgv. J. Num. Anal. Math. Modellind, No. 1, 1,
1986.

7. Rivkind, V. Ya., Approximative method of solving the Dirichlet problem and on
convergence estimates of solutions of finite-difference equations to solutions of elliptic
equations with discontinious coefficientgstnik LGU No. 13, 37, 1982.

8. Saul’ev, V. K., On solving boundary value problems with high performance
computers by a fictitious domain meth@lberian Math. J.4, No. 4, 912, 1963.

9. Lions, J. L.,Perturbetions singuiresdans les probmes aus limites et en cont-
role optimal Lect. Notes Math No. 323, Springer-Verlag, 1973.

10. Bakhvalov, N. S., Kobelkov, G. M., Chizhonkov, E. X1 iterative method for
solving elliptic problems with a rate of convergence that does not depend on the range
of the coefficientsPreprint No. 190, Dept. Numer. Math. USSR Ac. Sci., Moscow,
1988. (In Russian).

11. Kobelkov, G. M.,0n solving elliptic equations with big jumps of coefficeints
Preprint No. 145, Dept. Numer. Math. USSR Ac. Sci., Moscow, 1987. (In Russian).

12. Litvinov, V. G.,Optimization for elliptic boundary value problems with appli-
cations in mechanigNauka, Moscow, 1987. (In Russian).

13. Besov, O. V,, II'in, V. P., Nikol'skii, S. M.|ntegral representations of functions
and imbedding theoremsols. 1, 2, Wiley, New York, 1979.

14. Bakhvalov, N. S., Knyazev, A. V., A new iterative algorithm for solving prob-
lems of the fictitious flow method for elliptic equatiorSpviet Math. Doklady41,



A. V. Knyazev, N.S. Bakhvalov. Fictitious domain and homogenization 38

No.3, 481, 1990.

15. Bakhvalov, N. S., Knyazev, A. V., Efficient computation of averaged charac-
teristics of composites of a periodic structure of essentially different mateSialset
Math. Doklady 42, No. 1, 57, 1991.

16. Bakhvalov, N. S., Knyazev, A. V., An efficient iterative method for solving the
Lame equations for almost incompressible media and Stokes’ equédioviet Math.
Doklady, 44, N 1, 4, 1992.

17. Bakhvalov, N. S., Knyazev, A. V., Kobel'kov, G. M., Iterative methods for
solving equations with highly varying coefficients, froc. IV Int. Symp. Domain
Decomposition Methods for Partial Differential Equations, 1980AM, Philadelphia,
1991, 197.

18. Knyazev, A. V., lterative solution of PDE with strongly varying coefficients:
algebraic version, iterative methods in linear algebra, Proc. IMACS Symp. Itera-
tive methods in linear algebra, Brussels, 198kauwens, R. and de Groen, P., Eds.,
Elsevier, Amsterdam, 1992, 85.

19. Bogachey, K. Yu., Iterative methods of solving quasilinear elliptic problems in
domains of complicated shapgggviet Math. Dok|.45, No. 1, 152, 1992.

20. Bakhvalov, N. S., Knyazev, A. V., Methods of effective computation of ho-
mogenized properties for the composites with a periodic structure which consist of
essentially different components, @omp. Processes Systems NoMarchuk G.I.,
Ed., Nauka, Moscow, 1991, 52. (In Russian).

21. Kato, T.,Perturbation theory for linear operator$pringer-Verlag, New York,
1976.



	1 Introduction
	1.1  
	1.2  
	1.3  
	1.4  
	1.5  
	1.6  
	1.7  
	1.8  

	2 Fictitious gradients method. Perforated composites.
	2.1  
	2.2  
	2.3  
	2.4  
	2.5  

	3 Composites with inclusions of a soft material
	3.1  
	3.2  
	3.3  

	4 Composites with inclusions of soft materials and with cavities
	4.1  
	4.2  
	4.3  
	4.4  

	5 On a function extension on a torus
	5.1  


