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1 Introduction

There are many important physical problems that can be modeled using partial dif-
ferential equations (PDE) with discontinuous coefficients. Drops of the coefficients
may be very large. We consider one class of those problems concerning composites of
essentially different components.

Composites or composite materials are said to be media with a large number of non
homogeneous inclusions with small sizes at least along one direction. Stationary states
of that media is described by elliptic PDE with highly oscillated coefficients. The ho-
mogenization is said to be a process of finding such homogeneous coefficients that a
solution of original PDE can be approximated by the solution of the same PDE, but
with these new homogeneous coefficients instead of old highly oscillated coefficients.
Computation of homogenized coefficients of composites with periodic structure re-
duces to solving a series of periodic boundary value problem for the original PDE in
the domain, called cell, of periodicity.1

For composites of essentially different components the coefficients of the PDE in
the domain of periodicity are discontinuous and have big jumps.

Another important source of PDE with jumps of coefficients is Fictitious Domain
Method, e.g.2−8 In this method the original boundary value problem for PDE is changed
for a new boundary value problem in a domain that covers the original one. In the new
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fictitious part of the domain the coefficients of PDE are chosen about zero for Neumann
original boundary conditions or very large for Dirichlet original boundary conditions,
such that a solution of the new problem approximates or, even, coincides with the de-
sired solution. Therefore, the fictitious domain methods makes possible to “improve”
the shape of the original boundary, but leads to a PDE with very large jumps of coeffi-
cients.

We consider here a nonstandard variant of the fictitious domain method, namely,
with periodic boundary conditions on the fictitious boundary. For this variant the prob-
lem produced by the fictitious domain method looks exactly like a problem produced
by the homogenization procedure we were talking about, i.e., that is a periodic bound-
ary value problem in a cube for elliptic PDE with discontinuous coefficients that can
achieve, in limit cases, zero or infinitely large values.

There are several different difficulties associated with numerical solution of those
problems. In the present paper we consider only one of them, concerned with the rate
of convergence of preconditioned iterative methods. It is well known, that, typically,
the larger is the jumps of coefficient, the slower is the convergence. Our main goal is to
prove, that with a special initial guess the rate of convergence does not depend on the
value of the jumps. We do not touch here the mesh approximations of our PDE, but we
can expect that for some natural types of approximations all our results still hold and
the rate of convergence does not depend of the mesh size parameter as well.

The central idea of the proof is that with the special initial guess errors of all iter-
ative steps belong to a subspace and in this subspace our problem is well posed inde-
pendently of the jumps of coefficients, cf.4

We also consider some related questions, e.g., the dependence of the solution of
small coefficients in a subdomain, cf.9

Iterative methods with the same properties were developed earlier for the mixed
formulation of PDE.10,11

Our investigations base on extension theorems and the Korn inequality.12,13

We mention our preliminary publications,14,15 and further analogous results.16−19

The present paper is based on its variant in Russian.20

Finally, we note, that through the text we tried to simplify the formulations, e.g.,
for a factor space we often use an element of a factor class instead of the factor class,
without special comments we write equalities that must be viewed in appropriate func-
tional spaces, not in classical sense, etc. However, unique proper rigorous formulations
are always possible.

1.1

We consider in the spaceRs, typically s = 2 or 3, a problem of homogenization of
a composite material with the periodic structure be specified by the unit cubeΠ =
(0,1)s ⊂ Rs, the domain of periodicity. The computation of averaged, or effective,
characteristics of a composite material of the periodic structure reduces to the solution
of s periodic boundary value problems with special form of right hand sides:2

∂
∂ξi

(
Ai j

∂(Nk +ξkI)
∂ξ j

)
= 0, k = 1, . . . ,s, (1)
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whereξ with various indices are independent Cartesian variables inRs, ξ =(ξ1, . . . ,ξs)T ,
Ai j = Ai j (ξ) arem×mperiodical matrices of composite coefficients subject to averag-
ing, I is the identity matrix, and them×mmatrix solutionNk = Nk(ξ) must be periodic
also.

Here and below, summation for the repeated indicesi and, or, j from 1 to s is
understood.

The average coefficients are founded by

Âi1i2 =
∫
Π

Ai1 j(ξ)
∂(Ni2(ξ)+ξi2I)

∂ξ j
d Π, i1, i2 = 1, . . . , s.

In the present paper we consider two basic equations, the diffusion and the elastic-
ity, simultaneously. For the diffusion equationAi j (ξ) are scalar functions, as well as
Nk(ξ), andI is the scalar unity. For the elasticity caseAi j (ξ) ares×smatrix functions,
as well asNk(ξ), andI is thes×s unity matrix.

To unite these cases in one we define a natural parameterm and will treatAi j (ξ)
andNk(ξ) asm×m matrix functions andI as them×mmatrix unity.

For the diffusion equation we setm= 1.
The casem> 1 corresponds to an elliptic system.
We convert an elliptic system withm= s to the elasticity equation by special re-

quirements, that will be formulated in an explicit form every time we need them.

1.2

We denote byA the tensor of the coefficientsAi j =
(

akl
i j

)
and suppose the tensorA to

be symmetric, i.e.,
Ai j = AT

i j or akl
i j = alk

ji .

For the elasticity case we need the following addition conditions,

akl
i j = ail

k j = ak j
il = alk

ji .

The system of equations (1) breaks up intom independent systems of partial differ-
ential equations for the columns of the matricesNk of the form

∂
∂ξi

(
Ai j

∂u
∂ξ j

− f i

)
= 0, (2)

where the solutionu = u(ξ) is anmcomponent periodic vector function, and the “right
hand sides” — periodic vector functionsf i , i = 1, . . . ,s, are described by the following
rule: everyf i is thek -th column,k = 1, . . . , m of the matrixAi j .

We note, however, that we will not use this restriction and consider equations (2)
under general conditions forf i .
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1.3

We define the torusT, multiplication ofs unit circles, by the standard identification of
the opposite sides of the periodicity domainΠ and, further, consider periodic functions
in Rs as functions defined on the torusT, i.e., the vectorξ of independent variables of
Cartesian coordinates is now taken on the torus,

ξ = (ξ1, . . . , ξs)T ∈ T. (3)

It is conventional to consider the following generalized formulation of the problem
(2).

Let all elements of the matricesAi j (ξ) be elements of the spaceL∞(T) and allf i ∈
L2(T)= {L2(T)}m. We define the Hilbert spaceH as the factor spaceH = {W1

2 (T)}m/Rm

with the scalar product

Λ(?,?) =
〈(

∂?

∂ξi
,

∂?

∂ξi

)〉
,

where〈?〉 denotes the (Lebesgue) integral of? over the torus and(?,?) is the natural
scalar product of vectors ofRm.

The generalized solution of the problem (2) on the torusT is said to be such func-
tion v ∈ HE that

ΛA(u,v) =
〈(

f i ,
∂v
∂ξi

)〉
, ΛA(u,v)

de f
=

〈(
Ai j (ξ)

∂u
∂ξ j

,
∂v
∂ξi

)〉
, v ∈ H. (4)

We note that with (piecewise) smooth coefficientsAi j and right hand sidesf i the
solutionu is (piecewise) smooth as well, fulfills (2) in a classical sense in domains of
smoothness, and the following standard conditions

[u] =
[(

Ai j
∂u
∂ξ j

− f i

)
n

]
= 0

on surfaces of discontinuity.
We note also, that an arbitrary generalized solution of (2) fulfills (2) in the sense of

distributions of{W−1
2 (T)}m.

1.4

Usually, the matrix functionsAi j (ξ) =
(

akl
i j (ξ)

)
are subject to the following conditions

0 < a≤
∑akl

i j (ξ)ηk
i ηl

j

∑ηk
i ηl

j

≤ ā < ∞, ξ ∈ T, for the elasticity caseηk
i = ηi

k, (5)

with constantsa andā independent ofξ.
Here and below, summation for the repeated indicesk and, or,l from 1 to m is

understood. We also recall the rule that summation for the repeated indicesi and, or, j
from 1 tos is understood. We will put the signs∑ when two independent summations
are acquired in a single term.
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With conditions (5) the problem (4) is well posed, i.e., there exists a unique solution
u ∈ H and

Λ(u,u)≤ const〈(f i , f i)〉.

We consider the following iterative method

Λ
(

un+1−un

τ
,v

)
+ΛA(un,v)−

〈(
f i ,

∂v
∂ξi

)〉
= 0, v ∈ H, n = 0,1, . . . (6)

with an arbitrary initial guessu0 ∈ H.
It is easy to see, that with an appropriateτ > 0 iteration approximationsun converge

to a solution of the problem (4) in H with the rate of a geometric progression whose
convergence factor can be bounded above by a quantity depending only ona/ā.

One has to solve periodic boundary value problems for Poisson equation to imple-
ment the iterative method (6). Effective numerical methods for such problems are well
known, e.g.3

1.5

If the ratioa/ā is small due to anisotropy of the material, the following generalization
is sometimes justified.

Suppose them×m matricesEi j =
(

ekl
i j

)
, independent ofξ, satisfy the conditions

ekl
i j = elk

ji , ekl
i j η

k
i ηl

j > 0 with η 6= 0; (7)

for the elasticity case ekl
i j = eil

k j = ek j
il = elk

ji , ekl
i j η

k
i ηl

j > 0, η 6= 0, ηk
i = ηi

k.

We set

ΛE(?,?)
de f
=

〈(
Ei j (ξ)

∂?

∂ξ j
,

∂?

∂ξi

)〉
in H.

This bilinear form is a new scalar product in the spaceH and generates the norm√
ΛE(?,?) equivalent to the original norm

√
Λ(?,?) of the spaceH. One of the two

inequalities of the equivalence is the Korn inequality on torusT.
We denote byHE the function spaceH with this new scalar product.
We now redefine constantsa andā,

0 < a≤
∑akl

i j (ξ)ηk
i ηl

j

∑ekl
i j ηk

i ηl
j

≤ ā < ∞, ξ ∈ T, for the elasticity caseηk
i = ηi

k (8)

With conditions (8) the problem (4) is also well posed, i.e., there exists a unique
solutionu ∈ HE and

ΛE(u,u)≤ const〈(f i , f i)〉.

We consider the iterative method with the new bilinear form,

ΛE

(
un+1−un

τ
,v

)
+ΛA(un,v) =

〈(
f i ,

∂v
∂ξi

)〉
, v ∈ H, n = 0,1, . . . (9)
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with an arbitrary initial guessu0 ∈ H.
As in the previous Subsection, one can prove, that with an appropriateτ > 0 itera-

tion approximationsun converge to a solution of the problem (4) in HE with the rate of
a geometric progression whose convergence factor can be bounded above by a quantity
depending only ona/ā.

In particular,

ΛE(εn,εn)≤ q2nΛE(ε0,ε0), q = 1−a/ā, εn = un−u, if τ = 1/ā. (10)

By choosingE to make the ratioa/ā as close to one as possible, we can improve
the convergence estimates as compared with the method (6).

It is also possible to use more complicated and faster methods, e.g., variation meth-
ods, like the conjugate gradient method. We further consider methods of (9) type for
simplicity only.

At every iteration of (9) it is necessary to solve periodic boundary value problems
for elliptic systems of equations, in particular, for diffusion equation, or for the linear
elasticity equations. All the coefficients here are constants and Fourier method can be
applied even in case of anisotropy. We also note that Lame equations on a torus with
constant Lame parameters are equivalent to several Poisson equations.11,16

1.6

Composite materials are characterized not so much by anisotropy of its components as
by the inhomogeneity occurring in large drops of the coefficientsakl

i j (ξ) in correspond-
ing parts of the periodicity cell. In that situation the ratioa/ā is small for every choice
of E of Subsection1.5.

We decompose the periodicity cell on parts of the two following types. In the
“main part” we suppose coefficientsakl

i j (ξ) to be of order of one. In the “inclusions”
these coefficient may be very small, e.g., “like a cavity” inclusion, or very large, e.g.,
“almost rigid” inclusion. We also consider limit cases of cavities and rigid inclusions.
Such inclusions are typical for composite materials.

Another important source of problems with these properties is the Fictitious Do-
main Method, e.g.2−8 The cavities correspond to the Neumann type boundary value
problem in the main domain. The rigid inclusions lead to the Dirichlet type boundary
value problem in the main domain. A peculiarity of our approach for the fictitious
domain method is periodic boundary conditions on the fictitious boundary.

1.7

Let D ⊂ T be itself a Lipschitz domain, i.e., connected opened set with a Lipschitz
boundary, or let it consists of a finite number of Lipschitz domainsDp with noninter-
secting closures.

We setD⊥ = T \D and denote byD⊥
q connected components ofD⊥, if it is not

connected itself.
We take into account that there are a finite number of the subdomainsD⊥

q and every
of them is a Lipschitz domain.
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1.8

We suppose the following properties of the coefficientsakl
i j (ξ) in the main partD of the

torusT,

0 < aD ≤
∑akl

i j (ξ)ηk
i ηl

j

∑ekl
i j ηk

i ηl
j

≤ āD < ∞, ξ ∈ D, (11)

with ηk
i = ηi

k for the elasticity case,aD ≤ 1≤ āD .

We consider the case

Ai j (ξ) = ωEi j , ξ ∈ D⊥, 0≤ ω ≤ 1 (12)

with ω = 0 in Section2, that corresponds to cavities, and withω > 0 in Section3.
The multiparameteric case

Ai j (ξ) = ωqEi j , ξ ∈ D⊥
q , 0≤ ωq ≤ 1 (13)

is treated in Section4.
We do not consider in the present paper the problem (4) with conditions (11) and

Ai j (ξ) = ωEi j , ξ ∈ D⊥, 1≤ ω ≤+∞, (14)

that corresponds to rigid inclusions forω = +∞, see, e.g.10,11,14

We do not cover yet the multiparameteric case

Ai j (ξ) = ωqEi j , ξ ∈ D⊥
q , 1≤ ωq ≤+∞, (15)

however, we expect that it is possible.
We also mention the conditions

0 < ωaD ≤ ∑akl
i j (ξ)ηk

i ηl
j

∑ekl
i j ηk

i ηl
j
≤ ωāD < ∞, ξ ∈ D,

with ηk
i = ηi

k for the elasticity case,aD ≤ 1≤ āD , (16)

Ai j (ξ) = Ei j , ξ ∈ D⊥,

that become conditions (11), (12) or (11), (14) after dividing byω.
We note that our further results still hold for matricesEi j dependent ofξ as well, if

the condition of (5) is fulfilled for Ei j instead of the inequality of (7). However, a prac-
tical implementation of iterative method (9) becomes harder, inner iterative procedures
should be involved. We do not consider that possibility in the present paper.

2 Fictitious gradients method. Perforated composites.

2.1

We consider a problem (4):

ΛA(u,v) = 〈(f i ,∂v/∂ξi)〉, v ∈ H, (17)
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in conditions (11), (12) with ω = 0, i.e.

0 < aD ≤
∑akl

i j (ξ)ηk
i ηl

j

∑ekl
i j ηk

i ηl
j

≤ āD < ∞, ξ ∈ D, ηk
i = ηi

k for the elasticity case, (18)

Ai j (ξ) = 0, ξ ∈ D⊥.

Conditions (18) correspond to porous media with the subdomainD⊥ constitutes a
set of cavities. Such media can be treated as a perforated composite material.

We prove in the Subsection2.3, that the problem (17) with (18) is the problem of
the Fictitious Domain Method applied to the Neumann boundary value problem inD.

Our approach to the solution of (17) here has much in common with the familiar
method.2 The main difference is that we suggest periodic boundary conditions on the
fictitious boundary, and the traditional choice is the Dirichlet or Neumann boundary
conditions. This leads to some difficulties of the theory, but leads also to advantages
of a practical implementation, because periodic boundary value problem for elasticity
equations can be solved efficiently.

2.2

We denote the tensor of the coefficientsA≡ Aω by A0 to underline thatω = 0 in this
Section. Bilinear formΛA0(?,?) has a kernel

Ker =
{

w ∈ H :

〈(
A0

i j
∂w
∂ξ j

,
∂v
∂ξi

)〉
= 0, v ∈ H

}
.

That consists of vector functionsw ∈ H, which must obey the equalityw = cp

with a constant vectorcp in each component of connectednessDp. For the elasticity
casew = cp +Cpξ in Dp with some vectorcp and ans× s matrix Cp = −CT

p , both
independent ofξ

We have to comment the use of the functionCpξ in Dp. If s×smatrixC =−CT 6=
0 then the functionCξ with ξ ∈ Rs is not periodic. Therefore, when passing from
Rs to the torusT this function rearranges to a multiplace function with single-valued
branches differ from each other to constant vectors with integer components. Evidently,
a restrictionCξ |D of the functionCξ on an open subsetD ⊂T is multi-valued also. We
would like to consider the restrictionCξ |D as a restriction of a function in the space
H, and only continuous single-value branch of the functionCξ |D could play that role.

This motivates the next

Definition 2.1 A “continuous restriction” Cξ |D is called a continuous single-value
branch of the multiplace function Cξ |D in D, if such a branch exists for the given
matrix C and the given open subsetD ⊂ T.

We note, using this definition, that subspaceKer for the elasticity case consists of
vector functionsw ∈ H, which must obey the equalityw = cp +Cpξ in Dp with some
vectorcp and ans× s matrixCp = −CT

p , both independent ofξ and restrictionCξ |D
must be continuous in each component of connectednessDp.

The condition of continuity of the restrictionCξ |D is fulfilled for all s×smatrices
Cp =−CT

p , independent ofξ, if the domainDp notsurroundsthe torusT.
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Definition 2.2 An open subsetD ⊂ T is said to not “surround” the torusT, if all
components of connectedness of the image ofD, when torusT is periodically extended
onRs, are bounded inRs.

If Dp surrounds the torusT, then the condition of continuity of the restrictionCξ |D
leads to additional constraints on the matrixCp = −CT

p , — it must have a kernel. For
example, ifDp = T or Dp = {ξ ∈ T : 0 < ξ1 < 1/2}, thenCp = 0 necessarily. In
general case of surrounding the constrains seem to be like this: some linear combina-
tions of columns ofCp with integer coefficients equal to zero, and values of the integer
coefficients are defined by directions of surrounding.

Let v ∈ Ker in (17), then

〈(f i ,∂v/∂ξi)〉= 0, v ∈ Ker , (19)

that is necessary condition on right hand sidesf i , for existence of a solution of the prob-
lem (17) in the spaceH. We will prove in Theorem2.1 that it is a sufficient condition
as well.

If the problem (17) with (18) has a solutionu ∈ H for given f i , then any function
of the typeu+w, w ∈ Ker is a solution again. We will choose from that solutions the
normalone.

Definition 2.3 The “normal” solution is called a solution with minimal norm inHE

among all solutions for givenf i .

Lemma 2.1 Let the problem (17) with (18) has a solution inH for givenf i .
Then the normal solution exists, is unique, and lies in the subspace

Im = {w ∈ H : ΛE(w,v) = 0, v ∈ Ker}.

The proof of Lemma2.1 bases on the decompositionHE = Ker ⊕ Im and is a
standard one.

Theorem 2.1 Suppose conditions (18) and (19) are met. Let matrices Ei j satisfy re-
quirements of Subsection1.5 and a setD compiles with requirements of Subsection
1.7.

Then the problem (17) has a unique normal solutionu ∈ H and

ΛE(u,u)≤ const〈(f i , f i)〉. (20)

In the next theorem we state, that the iterative method (9) can be applied for effec-
tive solution of the problem (17) with (18) as well as of the problem (4) with (8), but
the special initial guess must be chosen.

Theorem 2.2 Let conditions of Theorem2.1 be satisfied. We consider the iterative
method (9):

ΛE

(
un+1−un

τ
,v

)
+ΛA0(un,v) =

〈(
f i ,

∂v
∂ξi

)〉
, v ∈ H, n = 0,1, . . . (21)
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with the initial guessu0, a solution of

ΛE(u0,v) = 〈(gi ,∂v/∂ξi)〉, v ∈ H, (22)

wheregi ∈ L2(T) are arbitrary functions such that

〈(gi ,∂v/∂ξi)〉= 0, v ∈ Ker ,

cf. with (19), for example,gi ≡ 0.
For an appropriateτ > 0 iteration approximationsun converge to the normal solu-

tion of the problem (17) in HE with the rate of a geometric progression whose conver-
gence factor can be bounded above by a quantity depending only onκaD/āD .

In particular,

ΛE(εn,εn)≤ q2nΛE(ε0,ε0), q = 1−κaD/āD , if τ = 1/āD . (23)

Hereκ > 0 is the constant of the following proposition of extension inHE from D to
T :

Proposition 2.1 For any functionv ∈ H there exists a functionw ∈ H such that∫
D

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD ≥ κ

∫
T

(
Ei j

∂w
∂ξ j

,
∂w
∂ξi

)
dT,w−v ∈ Ker .

This proposition plays an important role. The same statement is not true, in general,
if the boundary ofD is not Lipschitz. We will prove the proposition at the last Section.

We now consider a special case of constant coefficientsAi j (ξ) in D.

Theorem 2.3 Let conditions of Theorem2.2be satisfied. We suppose in addition that

A0
i j (ξ) = Ei j , ξ ∈ D (24)

and takegi = f i in (22) to find an initial guess.
Then

supprn = supp
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
⊆ ∂D, (25)

where

rn =
∂

∂ξi

(
Ai j

∂un

∂ξ j
− f i

)
∈ {W−1

2 (T)}m

are residuals.

Proofs of all these theorems base on the next key statement.

Lemma 2.2 Let conditions of Theorem2.2be satisfied.
Then

1. Initial guess of (22) u0 ∈ Im .

2. In the subspaceIm

0 < κaD ≤ ΛA(v,v)
ΛE(v,v)

≤ āD < ∞, v ∈ Im . (26)

3. SubspaceIm is an invariant subspace of the operator L: H → H defined by

ΛE(Lw,v) = ΛA(w,v), w, v ∈ H. (27)
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2.3

We now check that the problem (17) with (18) can be viewed as a problem of the
fictitious domain method applied to Neumann boundary value problem inD. To make
our consideration more simple we suppose during this Subsection, that all

f i = f i(ξ) = 0, ξ ∈ D⊥. (28)

Then the problem (17) takes the following form∫
D

(
A0

i j (ξ)
∂u
∂ξ j

,
∂v
∂ξi

)
dD =

∫
D

(
f i ,

∂v
∂ξi

)
dD, v ∈ H. (29)

The subsetD ⊂ T is either connected by itself, or consists of finite number of
connected componentsDp whose closures are not intersected with each other, as it was
assumed at Subsection1.7.

For the first case,
{W1

2 (T)}m |D= {W1
2 (D)}m,

for the second, the space{W1
2 (T)}m |D is a direct multiplication of spaces{W1

2 (Dp)}m

for all different p. Therefore, the problem (29) is a variation formulation of the next
Neumann boundary value problem

∂
∂ξi

(
A0

i j
∂u
∂ξ j

− f i

)
= 0, ξ ∈ D,

(
A0

i j
∂u
∂ξ j

− f i

)
n

∣∣∣∣
∂D

= 0. (30)

For a nonconnectedD this problem falls into several independent analogous prob-
lems in every domainDp.

In other words, the solution of the problem (17) with (18) is, at the same time, a
generalized solution inD of the Neumann boundary value problem(s) (30). As we
have already noted, an arbitrary functionw ∈ Ker can be added to a solution of the
problem (17) with (18) and the sum also will be a solution. For the elasticity case all
kinds of functionsw ∈ Ker in Dp describe all possible shifts and rotations ofDp in T.
This corresponds to well known fact of linear elasticity theory, e.g.12, that shifts and
rotations are trivial solutions of the Neumann boundary value problem.

2.4

We now consider conditions for the right hand sidesf i more carefully.
The Neumann problem (30) has a solution for arbitrary right hand sidesf i , except

the case of elasticity. For that case the same statement is true, ifD = T. It is also
well known in the elasticity case, e.g.12, that the necessary and sufficient condition of
solvability of (30) is vanishing of the average moment of applied forces, i.e.,

Fp−FT
p = 0, (31)

wheres×smatrixFp is as an average inDp of s×smatrix composed of the right hand
sidesf i :

Fp =
∫

Dp

(f1 . . . fm) dD,
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if Dp do not surround the torusT.
For our problem (17) with (18) we have stated already in Theorem2.1, that (19) is

the desired condition.
We suppose (28) for simplicity during the rest of this Subsection, and prove that

the condition (19) always holds, except the elasticity case. For that case we discover
a specific analog of (19) for general domainsDp and recognize that it is the same as
(31), if D is connected and not surrounds the torusT.

In view of (28) condition (19) is equivalent to a set of independent conditions∫
Dp

(
f i ,

∂v
∂ξi

)
dDp = 0, v ∈ Ker . (32)

If v ∈ Ker , thenv = cp in Dp with a constant vectorcp, except the elasticity case.
Substitutingcp instead ofv in (32) we conclude, that condition (32) is fulfilled.

The elasticity case is more complicated. We substitute at (31) v = cp +Cpξ in Dp

with a vectorcp and ans×smatrixCp =−CT
p both independent ofξ. We differentiate

(formally) of ξi :
∂w
∂ξi

=
∂(Cpξ)

∂ξi

equals to thei-th column of the matrixCp. Therefore, condition (32) can be written in
the following equivalent algebraic form

tr(FT
p Cp) = 0.

Taking into account the equalityCp = −CT
p and properties of the trace operation, we

rewrite
tr({Fp−FT

p }Cp) = 0. (33)

HereFp is an average inDp of s× s matrix composed of the right hand sidesf i as in
(31) andCp is an arbitrarys× s matrixCp = −CT

p independent ofξ and such that the
restrictionCpξ |Dp is continuous, see Definition2.1.

A collection of conditions (33) with (28) for all differentDp is the wanted concrete
variant of the solvability condition (19) for the elasticity case. It is by that a necessary
and a sufficient condition off i for (generalized) solvability of Neumann boundary value
problem (30) for the elasticity case.

We illustrate the condition by several examples:

1. Let Dp be not surrounding the torusT, see Definition2.2. For example, let
Dp = {ξ : ξiξi < 1/4}. ThenCp =−CT

p can be arbitrary. We takeCp = Fp−FT
p

in (33) and are led to (31).

2. An opposite extreme case is whenDp surrounds the torusT every which Carte-
sian direction except, may be, one. For example, letDp = {ξ : 0 < ξ1 < 1/2}.
ThenCp = 0, i.e., the domainDp cannot be rotated inT. The condition (33)
becomes trivially fulfilled for arbitraryf i .
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3. Let Dp = {ξ : 0 < ξ1,ξ2 < 1/2}, s> 2. Then in the matrixCp there are only
two nonvanished elements and they have indexes (1,2) and (2.1). Follow (33),
we conclude that ∫

Dp

( f12− f21)dDp = 0.

We note that for the special right hand sidesf i of (3), which come from the homog-
enization process, the equalitiesfik = fki are true for the elasticity case. Therefore, the
condition (33) is fulfilled independently of a shape ofDp.

2.5

This subsection contains proofs.
Proof of Lemma 2.2.

1. By definition of the subspaceIm it is sufficient to check the equality

ΛE(u0,v) = 0, v ∈ Ker .

But it readily apparent from the formulae (22) for u0.

2. (a) Except the elasticity case.We first prove, that the right inequality of (26)
holds even for an arbitraryv ∈ H. Taking into account (18) we have

ΛA0(v,v) =
∫
D

(
A0

i j (ξ)
∂v
∂ξ j

,
∂v
∂ξi

)
dD ≤ āD

∫
D

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD

By requirements imposed on matricesEi j in Subsection1.5, the last integral
cannot decrease when the domainD of integration is changed toT, which
concludes the proof of the right inequality.

The first step of checking of the left inequality is the same as above:

ΛA0(v,v)≥ aD

∫
D

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD, v ∈ H.

The second (and the last) step is establishing the following∫
D

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD ≤ κ

∫
T

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dT, v ∈ Im . (34)

For that we use the Proposition of extension for the functionv, i.e., there
is a functionw ∈ H, such that∫

D

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD ≤ κ

∫
T

(
Ei j

∂w
∂ξ j

,
∂w
∂ξi

)
dT, v ∈ Im .
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and w−w ∈ Ker . But our functionv belongs toIm that is orthogonal
complement ofKer in HE, therefore∫

T

(
Ei j

∂w
∂ξ j

,
∂w
∂ξi

)
dT = ΛE(w,w)≥ ΛE(v,v), v ∈ Im .

Inequality (34) and, thus, (26) have proved.

(b) For the elasticity case.We remind that for the elasticity case indexes
i, j, k, l vary from 1 tos = m, consider componentsvl of the displace-
ment vectorv ∈ H, v = (v1, . . . ,vs)T and define components

εl j =
1
2

(
∂vl

∂ξ j
+

∂v j

∂ξl

)
of the symmetric tensor of deformationsε. Using the symmetry of the ten-
sorA of elastic modulus we obtain well known equalities for components
σki of the stress tensor

σki = akl
i j εl j = akl

i j
∂vl

∂ξ j
. (35)

From (35) it follows that

ΛA0(v,v) =
∫
D

(
A0

i j (ξ)
∂v
∂ξ j

,
∂v
∂ξi

)
dD =

∫
D

akl
i j εl j εkidD. (36)

Taking into account conditions (18) we get

aD ≤

∫
D

akl
i j εl j εkidD∫

D
ekl

i j εl j εkidD
≤ āD . (37)

TensorE is symmetric as well as tensorA, therefore, by analogy with (35)
and (36), the equalities

ekl
i j εl j = ekl

i j
∂vl

∂ξ j
,

∫
D

ekl
i j εl j εkidD =

∫
D

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD

hold. The proof is further the same as the previous one for the case except
the elasticity.

3. We shall see, thatLw ∈ Im even for an arbitrary functionw ∈ H. We have to
check the equalityΛE(Lw,v) = 0 for v ∈ Ker . But this equality follows directly
from the definition (27) of the operatorL, because the subspaceKer is a kernel
of the symmetric bilinear formΛA0(?,?).
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Π
We note that the operatorL : H → H is selfadjoint inHE and inequalities (26) are

equivalent to
κaD I ≤ L≤ āD I in Im ⊂ HE. (38)

We conclude that the imageIm L of the operatorL is closed inH andIm L = Im and
the subspaceKer is a kernel of operatorL.

Proof of Theorem 2.1. We represent vectorv ∈ H of (17) as an orthogonal inHE

sum,
v = vK +vI , vK ∈ Ker , vI ∈ Im ,

and use the additive property. Terms withvK all vanish and the problem (17) takes the
following form

ΛA(u,v) = 〈(f i ,∂v/∂ξi)〉, v ∈ Im . (39)

A solutionv here can be found in the subspaceIm , as was stated in Lemma2.1. By
Lemma2.2 the bilinear formΛA0(?,?) in the subspaceIm is HE bounded andHE

coercivity. The linear functional〈(f i ,∂v/∂ξi)〉, v ∈ H, is HE bounded, because

|〈(f i ,∂v/∂ξi)〉|2 ≤ 〈(f i , f i)〉Λ(u,v)≤ c 〈(f i , f i)〉ΛE(u,v), v ∈ H,

where for the elasticity casec is a constant of the Korn’s inequality for functions in torus
T, e.g.12 Using standard arguments,21 we conclude, that the problem (39) is correct in
HE and the constant in (20) equals to the ratio c

κaD
.

We now prove the statement once more, taking advantage of an operator language.
Equation (17) can be written in equivalent operator form as

Lu = w, u ∈ Im , w ∈ Im , (40)

wherew is a canonical representation inHE of the linear bounded functional〈(f i ,∂v/∂ξi)〉, v∈
H. By Lemma2.2the operatorL : Im → Im has its bounded inHE inverse with a norm
less or equal to the ratio1

κaD
. Π

Proof of Theorem 2.2. We first checkun ∈ Im , n = 0, 1, . . . , using induction.
We haveu0 ∈ Im by Lemma2.2.
Let un ∈ Im . We setv ∈ Ker in (21) and get

ΛE(un+1−un,v) = 0, v ∈ Ker ,

follow definition of Ker and condition (19). This meansun+1−un ∈ Im by definition
of Im .

We now define the function of errorεn = un− u of the n - th iteration for our
iterative process (21), whereu is the normal solution of (17). Lemma2.1 states, that
the normal solutionu ∈ Im , thereforeεn ∈ Im as well. It is easy to rewrite the iterative
process (21) for the errorsεn ∈ Im in the subspaceIm :

ΛE

(
εn+1− εn

τ
,v

)
+ΛA0(εn,v) = 0, v ∈ H, n = 0,1, . . . , ε0 ∈ Im . (41)
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We also can convert iterations (41) to the following operator form

εn+1 = (I − τL)εn, n = 0, 1, . . . , ε0 ∈ Im , (42)

where operatorI − τL of iteration step fromεn to εn+1 is a compression inIm ⊂ HE,
i.e.,

‖I − τL‖E ≤ q < 1 in Im

with someq, if τ is an appropriate one. For example,q = 1−κaD/āD , if τ = 1/āD . It
follows from (38) directly and completes the proof.Π

Proof of Theorem 2.3. We first note, that

τrn =
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
.

We now verify that conditions (18) without (24) implies the following inclusion

supp
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
⊆ D, (43)

and, moreover, an arbitrary functionw ∈ Im can be here instead of the difference
un+1−un. That inclusion means

ΛE(w,v) =
∫
T

(
Ei j

∂w
∂ξ j

,
∂v
∂ξi

)
dT = 0 (44)

with a smooth function
v ∈ H, suppv⊆ T \D.

But any of such a functionv ∈ Ker , and desired (44) holds because ofw ∈ Im .
It remains to find out that condition (24) leads to

supp
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
⊆ T \D, (45)

If so, then (43) and (45) constitute (25).
We shall prove (45) for a more general case in the next Section, see Proof of Theo-

rem3.4. Π

3 Composites with inclusions of a soft material

3.1

We consider a problem (4):

ΛA(u,v) = 〈(f i ,∂v/∂ξi)〉, v ∈ H, (46)

in conditions (11), (12) with ω > 0, i.e.

0 < aD ≤
∑akl

i j (ξ)ηk
i ηl

j

∑ekl
i j ηk

i ηl
j

≤ āD < ∞, ξ ∈ D, āD ≥ 1, (47)
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with ηk
i = ηi

k for the elasticity case,

Ai j (ξ) = ωEi j , ξ ∈ D⊥, 0 < ω ≤ 1.

For the elasticity case conditions (47) with smallω correspond to inclusionsD⊥ of
a soft material. If the material is anisotropic, then anisotropic axes must have the same
directions in all inclusionsD⊥

q .
We note, that forω > 0 conditions (47) lead (8), and all the results of Subsection

1.5still hold here. Buta tends to zero withω, therefore there is no convergence of the
iterative method (9) uniformly of ω → 0. The uniform ofω → 0 correctness estimate
for the problem (46) with arbitraryf i also is absent. Evidently, a norm of the solution
of (46) can tend to infinity asω → 0.

The main goal of this Section is to prove, however, a uniform ofω → 0 conver-
gence estimate of the iterative method (9) with a special initial guess and a correctness
estimate for the problem with some restrictions off i .

3.2

An analog of Theorem2.1for ω > 0 is the following

Theorem 3.1 Let

gi =
{

an arbitrary function ofL2(D) in D,

f i/ω in D⊥.
(48)

For the elasticity case the functionsgi must satisfy in every domainDp the following
conditions, cf. (31),

tr{(Fp−wGp)Cp}= 0, (49)

where Fp and Gp are averages inDp of the matrices withf i andgi as columns, and Cp
is an arbitrary s×s matrix, Cp =−CT

p , such that the restriction Cpε |Dp is continuous.
We consider the problem (46) with conditions (47). Let matrices Ei j satisfy require-

ments of Subsection1.5and a setD compiles with requirements of Subsection1.7.
Then the problem (46) has a unique solutionu ∈ H and

ΛE(u,u)≤ const{〈(f i , f i)〉+ 〈(gi ,gi)〉}, (50)

where the constant const does not depend onω.

We now explain the condition (49) for a domainDp not surrounding the torusT as
an example. For that domain the condition (49) is equivalent, see Subsection2.4, to

Fp−ωGp = FT
p −ωGT

p . (51)

If Fp = FT
p , then one can takegi ≡ 0 in D to satisfy (51). If Fp 6= FT

p , then the choice
gi = f i/ω in D is possible to satisfy (51). But, for this choice,〈(gi ,gi)〉 of (50) tends to
infinity asω tends to zero, iff i do not depend onω. This associates with the statement
that for the limit caseω = 0 the condition (31), i.e., Fp = FT

p , is necessary, if the
domainDp is not surround the torusT.

Of interest is a solutionu dependence ofω → 0.
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Theorem 3.2 We consider the problem (46) with conditions (47). Let matrices Ei j
satisfy requirements of Subsection1.5and a setD compiles with requirements of Sub-
section1.7. Let also the functionsf i be independent onω, and, for the elasticity case,
the functionsf i satisfy in every domainDp the following conditions,

tr{FpCp}= 0, (52)

where Fp is an average inDp of the matrix withf i as columns, and Cp is an arbitrary
s×s matrix, Cp =−CT

p , such that the restriction Cpξ |Dp is continuous.
Then

u = ω−1uK +O(1) in HE, ω → 0, (53)

whereuK ∈ Ker is a (unique) solution of the problem∫
D⊥

(
Ei j

∂uK

∂ξ j
,

∂v
∂ξi

)
dD⊥ =

∫
D⊥

(
f i ,

∂v
∂ξi

)
dD⊥, v ∈ Ker , (54)

and the subspaceKer ⊂ H were defined in Subsection2.2.
In the particular casef i ≡ 0 in D⊥ we haveuK ≡ 0 and then

u =
0
uI +O(ω) in HE, ω → 0, (55)

where
0
uI∈ Im is the normal inHE solution of the problem

∫
D

Ai j
∂

0
uI

∂ξ j
,

∂v
∂ξi

dD =
∫
D

(
f i ,

∂v
∂ξi

)
dD, v ∈ H, (56)

i.e., the problem (46) with ω = 0 in (47), see previous Section.

We note, that the same representation of the solution for smallω was found for
Dirichlet boundary value problem of the diffusion equation.9

Remark 3.1 Using{
0

W 1
2(D)}m⊆Ker , we get that the solutionuK of the problem (54)

is in D⊥ also a (generalized) solution of the next boundary value problem

∂
∂ξi

(
Ei j

∂uK

∂ξ j
− f i

)
= 0, ξ ∈ D⊥ (57)

with the following boundary conditions on every connected componentΓ of the bound-
ary ∂D⊥

uK |Γ= cΓ or, for the elasticity case,= cΓ +CΓξ |Γ, (58)

where the vectorcΓ and the s× s matrix CΓ = −CT
Γ both independent ofξ. Vectors

cΓ and matrices CΓ cannot, in general, be chosen arbitrary. They are defined by the
conditionuK ∈ Ker , i.e., uK in Dp equals tocp, or, for the elasticity case, tocp +Cpξ
with a constant vectorcp and a constant s×s matrix Cp =−CT

p such that the restriction
Cpξ |Dp is continuous.
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If the setD is connected, then p= 1 and vectorscΓ and matrices CΓ must be the
same for all different componentsΓ of the boundary∂D = ∂D⊥. In that case a differ-
ence between the solutionuK of the problem (54) and a solution of the problem (57)
with homogeneous Dirichlet boundary conditions on∂D⊥ equals simple to a constant,
or a constant plus a rotation for the elasticity case.

In other words, we can consider the problem (46) with (47) for smallω as a prob-
lem of Fictitious Domain Method applied to homogeneous Dirichlet boundary value
problem for the equation (57) in a simple connected domainD⊥, or in a finite collec-
tion of a simple connected domainsD⊥

q . We can find a solution of the problem (46)
with(47) on torusT, subtract an appropriate constant vector, or a shift plus a rotation
for the elasticity case, and get anO(ω) in HE approximation to a solution of the prob-
lem (57) with homogeneous Dirichlet boundary conditions. We even can take the limit
caseω = 0 to obtain an exact solution of the problem (57) with homogeneous Dirichlet
boundary conditions.

In the next theorem we state, that the iterative method (9) can be applied for effec-
tive solution of the problem (46) with (47) as well as of the problem (4) with (8), but
the special initial guess must be chosen by analogy with previous Section.

Theorem 3.3 Let conditions of Theorem3.1 be satisfied. We consider the iterative
method (9):

ΛE

(
un+1−un

τ
,v

)
+ΛA(un,v) =

〈(
f i ,

∂v
∂ξi

)〉
, v ∈ H, n = 0,1, . . . (59)

with the initial guessu0, a solution of

ΛE(u0,v) = 〈(gi ,∂v/∂ξi)〉, v ∈ H. (60)

For an appropriateτ > 0 iteration approximationsun converge to a solution of the
problem (46) in HE with the rate of a geometric progression whose convergence factor
can be bounded above by a quantity depending only onκaD/āD , whereκ > 0 is the
constant of the Proposition2.1of extension inHE from D to T.

In particular,

ΛE(εn,εn)≤ q2nΛE(ε0,ε0), q = 1−κaD/āD , if τ = 1/āD . (61)

For the initial error u0−u we have

ΛE(u0−u,u0−u)≤ const{〈(f i , f i)〉+ 〈(gi ,gi)〉}, (62)

where the constant const does not depend onω.

Remark 3.2 Let D be connected and for the elasticity case let also none of the con-

nected componentsD⊥
q of the complementD⊥ surrounds the torusT. ThenKer = {

0
W

1
2(D)}m and statements of the Theorem3.1and Theorem3.3still hold, if even arbitrary
constant vectorscq were added to the functionsgi of (48) in D⊥

q , e.g., vectors

cq =−

∫
D⊥

q

f idD⊥
q

ω mesD⊥
q

.
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If the right hand sidesf i are not depended onξ in D⊥, then using (48) and adding
these constant vectors togi of (48) we obtain, thatgi ≡ 0 are possible as well. Hence,
the estimate (50) becomes an ordinary inequality of correctness, and (60) leads to the
trivial initial guessu0 ≡ 0.

We now consider the special case of constant coefficientsAi j (ξ) in D, like in pre-
vious Section.

Theorem 3.4 Let conditions of Theorem3.3 be satisfied. We consider the following
particular case of the condition (47)

Ai j (ξ) = Ei j , ξ ∈ D, (63)

Ai j (ξ) = ωEi j , ξ ∈ D⊥, 0 < ω ≤ 1,

and the following particular choice in (48)

gi =
{

f i in D,

f i/ω in D⊥ (64)

to find an initial guessu0.
Then

supprn = supp
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
⊆ ∂D, (65)

where

rn =
∂

∂ξi

(
Ai j

∂un

∂ξ j
− f i

)
∈ {W−1

2 (T)}m

are residuals.

Proofs of these theorems base on the next important statements.

Lemma 3.1 We consider the problem (46) with conditions (47). Let matrices Ei j sat-
isfy requirements of Subsection1.5and a setD compiles with requirements of Subsec-
tion 1.7.

Then the following decomposed representation exists

ΛA(w,v) = ΛA(wI ,vI )+ωΛE(wK ,vK),
w = wI +wK ∈ H, v = vI +vK ∈ H, (66)

wI , vI ∈ Im , wK , vK ∈ Ker .

Lemma 3.2 Let conditions of Theorem3.3be satisfied. Then

1. The differenceu0− u ∈ Im of the initial guess of (60) and the solution of the
problem (46).

2. In the subspaceIm we have

0 < κaD ≤ ΛA(v,v)
ΛE(v,v)

≤ āD < ∞, v ∈ Im . (67)

3. SubspaceIm is an invariant subspace of the operator L: H → H defined by the
rule, cf. (26),

ΛE(Lw,v) = ΛA(w,v), w, v ∈ H. (68)
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3.3

This last subsection contains proofs.
Proof of Lemma 3.1. We set

ΛA0(w,v) =
∫
D

(
Ai j

∂w
∂ξ j

,
∂v
∂ξi

)
dD

and note that the bilinear formΛA0(?,?) equals toΛA(?,?) with ω = 0 and has a kernel
Ker , been described in the previous Section. We have

ΛA(w,v) = ΛA0(w,v)+ω
∫

D⊥

(
Ei j

∂w
∂ξ j

,
∂v
∂ξi

)
dD⊥. (69)

We insert the orthogonal inHE representations

w = wI +wK ∈ H, v = vI +vK ∈ H,

wI , vI ∈ Im , wK , vK ∈ Ker

into the right hand side of (69). The first term

ΛA0(w,v) = ΛA0(wI ,vI ),

becauseKer is a kernel of this bilinear form. For the second term we have to prove
that ∫

D⊥

(
Ei j

∂w
∂ξ j

,
∂v
∂ξi

)
dD⊥ =

∫
D⊥

(
Ei j

∂wI

∂ξ j
,

∂vI

∂ξi

)
dD⊥+

∫
D⊥

(
Ei j

∂wK

∂ξ j
,

∂vK

∂ξi

)
dD⊥.

The equality above follows from∫
D⊥

(
Ei j

∂wI

∂ξ j
,

∂vK

∂ξi

)
dD⊥ = 0, wI ∈ Im , vK ∈ Ker . (70)

Equality (70) in its turn is checked directly,∫
D⊥

(
Ei j

∂wI

∂ξ j
,

∂vK

∂ξi

)
dD⊥ = ΛE(wI ,vK)−

∫
D

(
Ei j

∂wI

∂ξ j
,

∂vK

∂ξi

)
dD = 0.

Here both terms equal to zero, due toHE orthogonality ofwI andvK , andvK ∈ Ker . Π
Proof of Lemma 3.2.

1. By definition of the subspaceIm we have to verify the equality

ΛE(u0−u,v) = 0, v ∈ Ker .
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We will use the following immediate consequence of Lemma3.1,

ΛA(w,v) = ωΛE(w,v), w ∈ H, v ∈ Ker . (71)

We put in (71) w = u, the solution of (46), and obtain

ΛE(u,v) =
1
ω

ΛA(u,v) =
〈(

f i

ω
,

∂v
∂ξi

)〉
,v ∈ Ker .

Subtracting by parts this equality from (60) gives

ΛE(u0−u,v) =
〈(

gi −
f i

ω
,

∂v
∂ξi

)〉
,v ∈ Ker .

In according to (48) in right hand sidegi − f i/ω ≡ 0 in D⊥ and integrals∫
Dp

(
gi −

f i

ω
,

∂v
∂ξi

)
dDp, v = cp, or cp +Cpξ for the elasticity case,

vanish because of condition (49), see Subsection2.4.

2. We consider the representation (69) with w = v. Lower and upper estimates for
the first term in the right hand side of (69) were obtained of Lemma2.2. By
0 < ω ≤ 1≤ āD , the last term is estimated trivially,

0≤ ω
∫

D⊥

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD⊥ ≤ āD

∫
D⊥

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD⊥.

3. By the definition (68) of the operatorL we have to check the last equality of

ΛE(Lw,v) = ΛA(w,v) = 0, w ∈ Im , v ∈ Ker . (72)

But this is just a particular case of the equality (71) for w ∈ Im .

Π
We note, like in previous Section, that the operatorL : H → H is selfadjoint inHE

and inequalities (67) are equivalent to the following operator inequalities inHE

κaD I ≤ L≤ āD I in Im ⊂ HE. (73)

Proof of Theorem 3.1. We introduce functionu0 as a solution of the problem (60)
with gi of (48) and consider the differenceu0−u of this function and the solutionu of
the original problem (46). We write

ΛA(u0−u,v) = ΛA(u0,v)−
〈(

f i ,
∂v
∂ξi

)〉
,v ∈ H (74)

and present vectorv ∈ H here as an orthogonal inHE sum,

v = vK +vI , vK ∈ Ker , vI ∈ Im .
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We shell now see that all terms withvK of (74) vanish.
For the left hand side,ΛA(u0−u,v) = 0 because of (72), asu0−u∈ Im by Lemma

3.2andvK ∈ Ker . For the right hand side our checking becomes more complicated.
In according to (71) we rewrite the first term withv = vK ,

ΛA(u0,vK) = ωΛE(u0,vK) = ω
〈(

gi ,
∂v
∂ξi

)〉
,vK ∈ Ker ,

using the definition (60) of u0 for the last equality. Making that substitution we obtain
the right hand side of (74) in the form 〈(ωgi − f i ,∂vK/∂ξi)〉 , and this value is zero
owing to the condition (49).

Thus, we have just prove that is sufficient to putv ∈ Im in (74). Lemma3.2states
that u0− u ∈ Im and the symmetric bilinear formΛA(?,?) is HE bounded andHE

coercivity in the subspaceIm uniformly of ω > 0.
We now estimate uniformly ofω theHE norm of the linear functional of the right

hand side of (74). We will not even usev ∈ Im here.
For the first term,

|ΛA(u0,v)|2 ≤ ΛA(u0,u0)ΛA(v,v)≤ ā2
DΛE(u0,u0)ΛE(v,v),

where
ΛE(u0,u0)≤ 〈(gi ,gi)〉 (75)

with a constantconstindependent ofω.
For the second one,

|〈(f i ,∂v/∂ξi)〉|2 ≤ const〈(f i , f i)〉ΛE(v,v), v ∈ H,

with a constantconstindependent ofω as well.
We now combine these estimates,∣∣∣∣ΛA(u0,v)−

〈(
f i ,

∂v
∂ξi

)〉∣∣∣∣2 ≤ const{〈(f i , f i)〉+ 〈(gi ,gi)〉}ΛE(v,v).

Therefore, the problem (74) is well posed in the subspaceIm of HE uniformly of
ω,

ΛE(u0−u,u0−u)≤ const{〈(f i , f i)〉+ 〈(gi ,gi)〉} (76)

with a constantconstindependent ofω.
By triangle inequality we conclude from (76) using (75), that the desired estimate

(50) holds.Π
Proof of Theorem 3.2. There is a special representation (66) of the bilinear form

ΛA(?,?). We write the same representation for the linear functional of the right hand
side, 〈(

f i ,
∂v
∂ξi

)〉
=

〈(
f i ,

∂vI

∂ξi

)〉
+

〈(
f i ,

∂vK

∂ξi

)〉
, (77)

v = Ker I +vI , vI ∈ Im , vK ∈ Ker .
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Then the original problem falls into two following independent problems

ΛA(uI ,vI ) =
〈(

f i ,
∂vI

∂ξi

)〉
,uI , vI ∈ Im , (78)

ΛA(uK ,vK) =
〈(

f i ,
∂vK

∂ξi

)〉
,uK , vK ∈ Ker , (79)

and the solutionu of (46) is anHE orthogonal sum,

u = uI +
uK

ω
, (80)

whereuI anduK are solutions of (78) and (79).
We first consider (53). We will prove that the problem (79) is equivalent to (54)

with conditions (52), has a unique solution, and that the termuI of (80) is bounded in
HE uniformly of ω. These statements lead to (53).

The equivalence of (79) and (54) is verified directly. The condition (52) is involved
for the elasticity case in the last of the following equalities,∫

D

(
f i ,

∂v
∂ξi

)
dD = ∑

p

∫
Dp

(
f i ,

∂v
∂ξi

)
dDp = 0, v = cp +Cpξ

where a vectorcp and ans×smatrixCp =−CT
p , both independent ofξ, and restriction

Cξ |D is continuous in each component of connectednessDp, see Subsection2.4.
The problem (79) is evidently well posed, the unique solution exists and equal to

the HE orthoprojection to the subspaceKer of the canonical representation inHE of

the linear bounded functional
〈(

f i ,
∂vK
∂ξi

)〉
, vK ∈ HE.

To obtain a uniform ofω estimate forHE norm of the functionuI we consider
the problem (78). As we have noted in the Proof of Theorem3.1, by Lemma3.2 the
symmetric bilinear formΛA(?,?) is HE bounded andHE coercivity in the subspaceIm
with constants ¯aD andκaD , i.e., uniformly ofω > 0. Therefore

ΛE(uI ,uI )≤ const〈(f i , f i)〉 , (81)

whereconstandf i are independent ofω, and (53) is completely proved.
We now consider the particular casef i ≡ 0 in D⊥, whenuK ≡ 0, and will verify

that the term in the series of powers ofω for uI , that corresponds to the zero power, is

the function
0
uI of (56). This statement constitutes the second part of the theorem.

It was discovered in Theorem2.1 that the problem (56) under the conditions (52)

is well posed in the subspaceIm ⊂ HE, has a unique by Lemma2.1solution
0
uI∈ Im ,

and is possible to choosev ∈ Im in (56) instead ofv ∈H. With f i ≡ 0 in D⊥ we obtain

from (56) and (78) the following equation for the difference
0
uI −uI ∈ Im :

ΛA(
0
uI −uI ,v) = ω

∫
D⊥

Ei j
∂

0
uI

∂ξ j
,

∂v
∂ξi

dD⊥, v ∈ Im . (82)
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In the right hand side of (82) there is a linear functional bounded inHE by O(ω).
However, we have mentioned several times already, that an equation with the bilinear

form ΛA(?,?) is well posed in the subspaceIm ⊂HE uniformly of ω. Hence,
0
uI −uI =

O(ω), cf. (55). Π
Proof of Theorem 3.3. It coincides very closely with Proof of Theorem2.2. The

estimate (62) was already arrived as (76) of Proof of Theorem3.1. Π
Proof of Theorem 3.4. We first note, that

τrn =
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
exactly like in Proof of Theorem2.3. Also, it was found there, using the inclusion

{
0

W 1
2(D⊥)}m⊆ Ker , that

supp
∂

∂ξi

(
Ei j

∂v
∂ξ j

)
⊆ D, v ∈ Im .

In according to Lemma3.2u0−u∈ Im , and fromun−u∈ Im it follows un+1−u∈ Im .
Therefore,un+1−un∈ Im , and then the differenceun+1−un can be put in the inclusion
above instead ofw ∈ Im , i.e.,

supp
∂

∂ξi

(
Ei j

∂un+1−un

∂ξ j

)
⊆ D. (83)

We have now to verify

supp
∂

∂ξi

(
Ei j

∂un+1−un

∂ξ j

)
⊆ D⊥ = T \D. (84)

Let Ker⊥ ⊂ H be a subspace, consists of vector functions equals tocq, or, for
the elasticity case, tocq +Cqξ in every D⊥

q , where a vectorcq and ans× s matrix
Cq = −CT

q , are both independent ofξ ∈ D⊥
q and restrictionCqξ |D is continuous in

each component of connectednessD⊥
q of D⊥.

This definition differs from the definition ofKer no more then the domainsD⊥
q

play the role of the domainsDp.

Let Im⊥ be an orthogonal complement ofKer⊥ in HE.

Following the Proof of Theorem2.3and using{
0

W 1
2(D)}m⊆ Ker⊥ we find, that

supp
∂

∂ξi

(
Ei j

∂v
∂ξ j

)
⊆ D⊥ = T \D, v ∈ Im⊥.

By conditions of the theorem,Ai j (ξ) = Ei j and gi = f i in an every domainDp.

By analogy with arguments of Lemma3.2 we can state, thatu0−u ∈ Im⊥, and from
un−u ∈ Im⊥ it follows un+1−u ∈ Im⊥. Therefore,un+1−un ∈ Im⊥, and (84) holds.

We note, that in this proof of (84) the conditionAi j (ξ) = ωEi j in D⊥ with ω > 0
was not involved. We conclude, that (84) is true forω = 0 as well, cf. (45). Π
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4 Composites with inclusions of soft materials and with
cavities

4.1

We consider a problem (4):

ΛA(u,v) = 〈(f i ,∂v/∂ξi)〉, v ∈ H, (85)

in conditions (11), (13), i.e.

0 < aD ≤
∑akl

i j (ξ)ηk
i ηl

j

∑ekl
i j ηk

i ηl
j

≤ āD < ∞, ξ ∈ D, āD ≥ 1, (86)

with ηk
i = ηi

k for the elasticity case,

Ai j (ξ) = ωqEi j , ξ ∈ D⊥
q , 0≤ ωq ≤ 1.

For the elasticity case conditions (86) with smallωq correspond to inclusionsD⊥

of soft materials. The materials must be of the same type, i.e., their tensors of elas-
tic modulus may differ by constant multiplicandsωq. If the inclusion materials are
anisotropic, then anisotropic axes must have the same directions in all inclusionsD⊥

q .

Possibility ofωq = 0 corresponds to a cavityD⊥
q , like in Section2.

We have studied the case allωq = ω in the previous Section. Here we consider
peculiarities of the multi-parameter problem (86). There will be specially mentioned
situations, when we suppose for simplicity, that

ω0 = 0, ωq1 6= ωq2, q1 6= q2. (87)

4.2

In this Subsection we define ”Condition of representation of constants or, for the elas-
ticity case, shifts and rotations inD ⊂T,” which will play an important role for proving
the statements of this Section. We constructed an example showing, that the condition
is necessary for Theorem4.1 and for the estimate (96) of Theorem4.2. We expect,
however, that Theorem4.2, except (96), and Theorem4.3 can be proved without that
condition, as well as Lemma4.1. But it is beyond the scope of our present paper.

Suppose (87) holds.
For everyD⊥

q ⊂ T we denoteKerq ⊂ H, a subspace of vector functions indepen-
dent ofξ, or, for the elasticity case, equal to a shift plus a rotation in every connected
component of the setT \D⊥

q . If D⊥ is connected, thenD⊥ = D⊥
q andKer = Kerq,

see Section2 for the definition ofKer .
In this Section we consider the case whenD⊥ is not connected. Therefore, there

are different subspacesKerq for different connected componentsD⊥
q of D⊥.

Definition 4.1 Condition of representation of constants or, for the elasticity case, shifts
and rotations inD ⊂ T is the following

Ker = ∑
q

Kerq. (88)
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If (87) is not hold, i.e., several ofωq are the same, then the corresponded domains
D⊥

q must be united into a single setD⊥
q and, further, definition ofKerq and condition

(88) are still the same. For example, if allωq are the same, we unite allD⊥
q into one

D⊥
q . However, thenD⊥

q = D⊥ and (88) holds trivially.
Another simple possibility to satisfy the condition (88) is a connected domainD

except the elasticity case. For the elasticity case both the domainD and its image of
the canonical expansion ofT into Rs must be connected to prove (88) simply.

In a general (except the elasticity) case it is only easy to proof

Ker ⊇∑
q

Kerq, (89)

but for the elasticity case we did not check (89).
A simple example, that condition (88) is not always true, has been kindly presented

by S.P. Novikov. Lets= 2, m= 1, and

D =
{

ξ ∈ T : 0 < ξ1 <
1
4
∪ 1

2
< ξ1 <

3
4

}
,

i.e., D consists of two connected domains, both of them surround the torusT along
the direction ofξ2 axis, andD⊥ has the same structure. Functions ofKer may achieve
two different constant values inD1 and D2, however, functions ofKer1 and Ker2,
therefore, and their sum can only achieve the same constant values inD1 andD2.

4.3

A multi-parameter analog of Theorem3.1 is the following

Theorem 4.1 Let

gi =


an arbitrary function ofL2(D) in D,
0 in D⊥

q , whereωq = 0,

f i/ωq in D⊥
q , whereωq > 0.

(90)

For the elasticity case the functionsf i andgi must satisfy in every domainDp andD⊥
q

the following conditions, cf. (31),

trFC = 0, trGC = 0, (91)

where s×s matrices F and G are averages in a given domainDp or D⊥
q of the matrices

with f i andgi as columns, and C is an arbitrary s×s matrix, Cp =−CT
p , such that the

restriction Cε on a given domainDp or D⊥
q is continuous.

We consider the problem (85) with conditions (86). We suppose (88) is true. Let
matrices Ei j satisfy requirements of Subsection1.5and a setD compiles with require-
ments of Subsection1.7.

Let also allf i ≡ 0 in the domainsD⊥
q with ωq = 0.

Then the problem (85) has a unique normal inHE solutionu ∈ HE and

ΛE(u,u)≤ const{〈(f i , f i)〉+ 〈(gi ,gi)〉}, (92)

with the constant const independent of the collection{ωq}.
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We did not try to generalize Theorem3.2on a solution dependence ofω → 0, but
we are sure that is possible.

All other statements are extended with few modifications.

Theorem 4.2 Let conditions of Theorem4.1 be satisfied. We consider the iterative
method (9):

ΛE

(
un+1−un

τ
,v

)
+ΛA(un,v) =

〈(
f i ,

∂v
∂ξi

)〉
, v ∈ H, n = 0,1, . . . (93)

with the initial guessu0, a solution of

ΛE(u0,v) = 〈(gi ,∂v/∂ξi)〉, v ∈ H. (94)

For an appropriateτ > 0 iteration approximationsun converge to a solution of the
problem (85) in HE with the rate of a geometric progression whose convergence factor
can be bounded above by a quantity depending only onκaD/āD , whereκ > 0 is the
constant of the Proposition2.1of extension inHE from D to T.

In particular,

ΛE(εn,εn)≤ q2nΛE(ε0,ε0), q = 1−κaD/āD , if τ = 1/āD . (95)

For the initial error u0−u we have the estimate

ΛE(u0−u,u0−u)≤ const{〈(f i , f i)〉+ 〈(gi ,gi)〉}, (96)

where the constant const does not depend on{ωq}.

Remark 4.1 Let D be connected and for the elasticity case let also none of the con-

nected componentsD⊥
q of the complementD⊥ surrounds the torusT. ThenKer = {

0
W

1
2(D)}m and statements of the Theorem4.1and Theorem4.2still hold, if even arbitrary
constant vectorscq were added to the functionsgi of (90) in D⊥

q , e.g., vectors

cq =−

∫
D⊥

q

f idD⊥
q

ωq mesD⊥
q

.

If the right hand sidesf i are not depended onξ in D⊥, then using (90) and adding
these constant vectors togi of (90) we obtain, thatgi ≡ 0 are possible as well. Hence,
the estimate (89) becomes an ordinary well posed inequality, and (99) leads to the
trivial initial guessu0 ≡ 0.

Theorem 4.3 Let conditions of Theorem4.2 be satisfied. We consider the following
particular case of the condition (86)

Ai j (ξ) = ωpEi j , ξ ∈ Dp, aD ≤ ωp ≤ āD ≥ 1,

Ai j (ξ) = ωqEi j , ξ ∈ D⊥
q , 0≤ ωq ≤ 1, (97)
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with sets of constants{ωp}, {ωp} and the following particular choice in (87)

gi =


f i/ωp in Dp,
0 in D⊥

q with ωq = 0,

f i/ωq in D⊥ with ωq > 0
(98)

to find an initial guessu0 of (94).
Then

supprn = supp
∂

∂ξi

(
Ei j

∂(un+1−un)
∂ξ j

)
⊆ ∂D, (99)

where

rn =
∂

∂ξi

(
Ai j

∂un

∂ξ j
− f i

)
∈ {W−1

2 (T)}m

are residuals.

Proofs base on the next important statements.

Lemma 4.1 Let conditions of Theorem4.2be satisfied and the subspaceIm be defined
as in Section2.

Then

1. The differenceu0− u ∈ Im of the initial guess of (94) and the solution of the
problem (85).

2. In the subspaceIm we have

0 < κaD ≤ ΛA(v,v)
ΛE(v,v)

≤ āD < ∞, v ∈ Im . (100)

3. SubspaceIm is an invariant subspace of the operator L: H → H defined by the
rule, cf. (26),

ΛE(Lw,v) = ΛA(w,v), w, v ∈ H. (101)

4.4

This last subsection contains proofs as usual.
Proof of Lemma 4.1.
For every subspaceKerq defined of Subsection4.2 let Imq be theHE orthogonal

complement toKerq. By (88) Ker = ∑
q

Kerq, therefore

Im =
⋂
q

Imq. (102)

By analogy with (71) we have

ΛA(w,v) = ωqΛE(w,v), w ∈ H, v ∈ Kerq, (103)
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that can be checked immediately,

ΛA(w,v)−ωqΛE(w,v) =
∫

T\D⊥
q

(
[Ai j −ωqEi j ]

∂w
∂ξ j

,
∂v
∂ξi

)
dξ = 0.

1. By definition of the subspaceImq we have to verify the equality

ΛE(u0−u,v) = 0, v ∈ Kerq

to prove thatu0−u ∈ Imq. The collection of that equalities for allKerq in ac-
cording to (102) leads to the desired statement.

We first consider a domainD⊥
q with ωq > 0.

We put in (103) w = u, the solution of (85), and obtain

ΛE(u,v) =
1

ωq
ΛA(u,v) =

〈(
f i

ωq
,

∂v
∂ξi

)〉
, v ∈ Kerq.

Subtracting by parts this equality from the equation (94) for the initial guessu0

gives

ΛE(u0−u,v) =
〈(

gi −
f i

ωq
,

∂v
∂ξi

)〉
, v ∈ Kerq.

In according to the definition (90) of gi in right hand sidegi − f i/ωq ≡ 0 in D⊥
q

and we should only check, that∫
D̂

(
gi −

f i

ω
,

∂v
∂ξi

)
dD̂, v = cp, or cp +Cpξ for the elasticity case,

whereD̂ is every connected component of the setT \D⊥
q , ands×s matrixC is

independent ofξ and such, that the restrictionCε |D̂ is continuous. Except the
elasticity case it is trivial. For the elasticity case it follows from the condition
(91). Namely,D̂ consists of one or several domainsDp and, orD⊥

q of the orig-
inal decomposition of the torusT. The restrictionCε |D̂ is continuous, then the

restrictions on subdomains ofD̂ are continuous as well, and in all these subdo-
mains the condition (91) is valid with this matrixC. That completes the proof
with ωq > 0.

Let nowωq = 0. Thenu ∈ Imq as anHE normal solution, see Lemma2.1. We
verify, thatu0 ∈ Imq,

ΛE(u0,v) =
〈(

gi ,
∂v
∂ξi

)〉
=

∫
T\D⊥

q

(
gi ,

∂v
∂ξi

)
dξ = 0, v ∈ Kerq.

We invoke here the definition (94) of u0, the conditiongi ≡ 0 in D⊥
q of (90) and

(91).
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2. We denote byΛA0(?,?) the bilinear formΛA(?,?) with all ωq = 0 and consider
the representation, cf. (69),

ΛA(v,v) = ΛA0(v,v)+∑
q

ωq

∫
D⊥

q

(
Ei j

∂v
∂ξ j

,
∂v
∂ξi

)
dD⊥

q .

Lower and upper bounds for the first term in the right hand side were obtained of
Lemma2.2for v ∈ Im . By 0 < ωq ≤ 1≤ āD , the last term is estimated trivially,
as in Lemma47.

3. By the definition (101) of the operatorL, the subspaceImq is its invariant sub-
space iff

ΛE(Lw,v) = ΛA(w,v) = 0, w ∈ Imq, v ∈ Kerq. (104)

But this is just a particular case of the equality (103) for w ∈ Imq. Therefore,
all subspacesImq are invariant of the operatorL, hence, their intersectionIm =
∩Imq is an invariant subspace ofL as well.

Π
Proof of Theorem 4.1. We invoke functionu0, a solution of the problem (94) with

gi of (90) and consider the differenceu0−u of this function and the solutionu of the
original problem (85). As in Proof of Theorem3.1, we have

ΛA(u0−u,v) = ΛA(u0,v)−
〈(

f i ,
∂v
∂ξi

)〉
, v ∈ H (105)

and present vectorv ∈ H here as an orthogonal inHE sum,

v = vK +vI , vK ∈ Ker , vI ∈ Im .

We shell now see that all terms withvK of (105) vanish. Due to (88) every function
vK ∈ Ker can be written as a sum of functionsvq ∈ Kerq. We use the additive property
and find that all terms withvq vanish.

For the left hand side,ΛA(u0−u,vq) = 0 because of (104), asu0−u ∈ Im ⊆ Imq

by Lemma4.1, (102) andvq ∈ Kerq. In the right hand side both terms are vanished
independently by (91). We have to rewrite the first term in according to (103),

ΛA(u0,vq) = ωqΛE(u0,vq) = ωq

〈(
gi ,

∂vq

∂ξi

)〉
= 0, vq ∈ Kerq.

Therefore, we have just prove that is sufficient to takev ∈ Im in (105).
Much of what follows is the same as of Proof of Theorem3.1. Π
Proofs of Theorems4.2and4.3are very similar to the Proofs of Theorem3.3and

Theorem3.4and are not shown here.
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5 On a function extension on a torus

5.1

We consider here a possibility of function extension from the setD ⊂ T on the whole
torusT. We suppose that the conditions of Subsection1.7for D are fulfilled, i.e., D is
itself a Lipschitz domain, or consists of a finite number of Lipschitz domainsDp with
nonintersecting closures.

We start from the following classical theorem of extensions.13

Theorem 5.1 Let Ω ⊂ Rs be a bounded Lipschitz domain.
Then there is a constant c1(Ω) > 0 such that for a function v∈W1

2 (Ω) there exists
a function w∈W1

2 (Rs) with finite support such that w−v≡ 0 in Ω and∫
Rs

(
w2 +

∂w
∂ξi

∂w
∂ξi

)
dξ ≤ c1(Ω)

∫
Ω

(
v2 +

∂v
∂ξi

∂v
∂ξi

)
dξ. (106)

This theorem leads, in particular, to the equalityW1
2 (Ω) = W1

2 (Rs) |Ω . Therefore,
we can changev∈W1

2 (Ω) for v∈W1
2 (Rs) in the formulation of the theorem.

Corollary 5.1 Let Ω ⊂ Rs be a bounded Lipschitz domain.
Then there is a constant c1(Ω) > 0 such that for a function v∈W1

2 (Rs) with a finite
support there exists a function w∈W1

2 (Rs) with a finite support such that w−v≡ 0 in
Ω and ∫

Rs

(
w2 +

∂w
∂ξi

∂w
∂ξi

)
dξ ≤ c1(Ω)

∫
Ω

(
v2 +

∂v
∂ξi

∂v
∂ξi

)
dξ.

We note that in the corollary there is a possibility to try the choicew≡ v, because
both functions now are of the same functional space, but it is not evident at all that such
a choice effects a constantc1 independent ofw.

The next example shows that the statement of the corollary can be break down if
the boundary ofΩ is not Lipschitz.

Example 5.1 LetΩ = Ω0∪Ω1⊂R2, whereΩ0 andΩ1 are unit squares and they have
one common vertex only. We consider the functional space W1

2 (Ω0)×W1
2 (Ω1), with

W1
2 (Ωp) =W1

2 (R2) |Ωp, p= 0,1. This space is complete, because its multiplicands are
complete, as well known. We have W1

2 (R2) |Ω⊂W1
2 (Ω0)×W1

2 (Ω1). Let

u≡
{

0 in Ω0,

1 in Ω1
.

Then
u∈W1

2 (Ω0)×W1
2 (Ω1), but u /∈W1

2 (R2) |Ω .

We now consider any sequence{un}⊂W1
2 (R2) of functions with finite support such

that un |Ω→ u in W1
2 (Ω0)×W1

2 (Ω1). We suppose that the sequence is fundamental in
the space W1

2 (R2), then it must converge in W12 (R2) to a function of W1
2 (R2), whose
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restriction onΩ have to coincide with u; but, that is impossible. Therefore, the sequence
is not fundamental in the space W12 (R2), i.e., there exist a sequence{vn} : vn = uin−u jn

with in, jn → ∞ as n→ ∞, that does not tend to zero in the space W1
2 (R2).

On the other hand, the sequence{un |Ω} is fundamental in the space W12 (Ω0)×
W1

2 (Ω1) as a converged sequence and, hence, the sequence{vn |Ω} must tend to zero
in the space W1

2 (Ω0)×W1
2 (Ω1).

This contradicts to the statement of the Corollary5.1for the givenΩ with an irreg-
ular boundary. This means also, that the set W1

2 (R2) |Ω is not closed in the subspace
W1

2 (Ω0)×W1
2 (Ω1).

By analogy with Theorem5.1and Corollary5.1it is possible to prove the following
theorem on extension of functions on torus.

Theorem 5.2 Let Ω andΩ′ be bounded Lipschitz domains on torus,Ω ⊂Ω′ ⊆ T.
Then there is a constant c2(Ω, Ω′) > 0 such that for a function v∈W1

2 (T) there
exists a function w∈W1

2 (T) with support inΩ′ such that w−v≡ 0 in Ω and∫
T

(
w2 +

∂w
∂ξi

∂w
∂ξi

)
dT ≤ c2(Ω, Ω′)

∫
Ω

(
v2 +

∂v
∂ξi

∂v
∂ξi

)
dΩ. (107)

We have to change here theW1
2 norm to theW1

2 seminorm and to consider the case
of a nonconnectedD to obtain the next simplest variant of the extension theorem that
we use for the diffusion equation.

Theorem 5.3 Let D ⊂ T be itself a Lipschitz domain, or consists of a finite number of
Lipschitz domainsDp ⊂ T with nonintersecting closures.

Then there is a constant c3(D) > 0 such that for a function v∈W1
2 (T) there exists

a function w∈W1
2 (T) such that gradw−gradv≡ 0 in D and∫

T

∂w
∂ξi

∂w
∂ξi

dT ≤ c3(D)
∫
D

∂v
∂ξi

∂v
∂ξi

dD. (108)

Proof of Theorem5.3. As Dp∩Dq = /0, p 6= q, there exists the same number of
Lipschitz domainsD ′

p such that

Dp ⊂ D ′
p, D ′

p∩D ′
q = /0, p 6= q.

For the functionv∈W1
2 (T) given let

vp = v−
∫

Dp

vdDp

mesDp
in Dp.

Evidently,
∫

Dp

vpdDp = 0; then, by Poincare inequality,

∫
Dp

v2
pdDp ≤ cp

∫
Dp

∂vp

∂ξi

∂vp

∂ξi
dDp,
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therefore ∫
Dp

(
v2

p +
∂vp

∂ξi

∂vp

∂ξi

)
dDp ≤ (1+cp)

∫
Dp

∂vp

∂ξi

∂vp

∂ξi
dDp.

In according to Theorem5.2 there exist a constantc2(Dp, D ′
p) > 0 and there is a

functionwp ∈W1
2 (T) with support inD ′

p such thatwp−vp ≡ 0 in Dp and

∫
D ′

p

(
w2

p +
∂wp

∂ξi

∂wp

∂ξi

)
dD ′

p ≤

c2(Dp, D ′
p)

∫
Dp

(
v2

p +
∂vp

∂ξi

∂vp

∂ξi

)
dDp ≤

(1+cp)c2(Dp, D ′
p)

∫
Dp

∂vp

∂ξi

∂vp

∂ξi
dDp. (109)

We setw = ∑
p

wp. In every domainDp we have

grad w= grad wp = grad vp = grad v.

We conclude that (109) leads to (108) with

c3(D) = max
p
|(1+cp)c2(Dp, D ′

p)|.

Π
We first note that it is possible to add an arbitrary constants to the functionsv and

w in T, i.e., Theorem5.3 holds for the factor spaceW1
2 (T)/R instead of the ordinary

Sobolev spaceW1
2 (T) as well.

Second, Theorem5.3can be easy generalize for vector function by using the com-
ponent by component extension.

Taking into account an equivalence of theH andHE norms we conclude, except
the elasticity case, that Corollary5.1on extension holds in the next form

Theorem 5.4 Let D ⊂ T be itself a Lipschitz domain, or consists of a finite number
of Lipschitz domainsDp ⊂ T with nonintersecting closures. Let matrices Ei j fulfil the
conditions of Subsection1.5except the elasticity case.

There is a constantκ(D) > 0 such that for a functionv ∈ {W1
2 (T)}m there exists a

functionw ∈ {W1
2 (T)}m such that

κ
∫
T

(
Ei j

∂w
∂ξi

,
∂w
∂ξi

)
dT ≤

∫
D

(
Ei j

∂v
∂ξi

,
∂v
∂ξi

)
dD (110)

and
∂vk

∂ξi
− ∂wk

∂ξi
≡ 0 in D, i = 1, . . . ,s, k = 1, . . . ,m. (111)
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As in the previous scalar functions case, we note again, that it is possible to add an
arbitrary independent ofξ vectors to the functionsv andv in T, i.e., Theorem5.4holds
for the factor spaceH = {W1

2 (T)}m/Rm instead of the vector Sobolev space{W1
2 (T)}m

also.
This comment is still valid for the next theorem, that we state for the elasticity case.

Theorem 5.5 Let D ⊂ T be itself a Lipschitz domain, or consists of a finite number
of Lipschitz domainsDp ⊂ T with nonintersecting closures. Let matrices Ei j fulfil the
conditions of Subsection1.5for the elasticity case.

There is a constantκ(D) > 0 such that for a functionv ∈ {W1
2 (T)}m there exists a

functionw ∈ {W1
2 (T)}m such that

κ
∫
T

(
Ei j

∂w
∂ξi

,
∂w
∂ξi

)
dT ≤

∫
D

(
Ei j

∂v
∂ξi

,
∂v
∂ξi

)
dD (112)

and
∂vi

∂ξk
+

∂vk

∂ξi
=

∂wi

∂ξk
+

∂wk

∂ξi
in D, i, k = 1, . . . ,s. (113)

We note that (110) and (112) are exactly the same.
Our proof of this theorem bases on the next particular case of the known more

general statement.12

Theorem 5.6 Let Ω ⊂ Rs be a bounded Lipschitz domain, andVΩ ⊂ {W1
2 (Ω)}s is

such a subspace, that conditions

v ∈ VΩ, εik(v)
de f
=

1
2

(
∂vi

∂ξk
+

∂vk

∂ξi

)
≡ 0 in Ω, i, k = 1, . . . ,s.

lead tov≡ 0 in Ω.
Then there is a constant c4(Ω) > 0 such that∫

Ω

[
(v,v)+

(
∂v
∂ξi

,
∂v
∂ξi

)]
dΩ ≤ c4(Ω)

∫
Ω

εik(v)εik(v)dΩ, v ∈ V |Ω . (114)

Using the same arguments as in the proof of Theorem5.6,12 it is easy to prove the
next analogous statement for the torusT instead ofRs.

Corollary 5.2 Let Ω ⊂ T be a Lipschitz domain, andVΩ ⊂ {W1
2 (Ω)}s is such a sub-

space, that conditions

v ∈ VΩ, εik(v)
de f
=

1
2

(
∂vi

∂ξk
+

∂vk

∂ξi

)
≡ 0 in Ω, i, k = 1, . . . ,s.

lead tov≡ 0 in Ω.
Then there is a constant c4(Ω) > 0 such that∫

Ω

[
(v,v)+

(
∂v
∂ξi

,
∂v
∂ξi

)]
dΩ ≤ c4(Ω)

∫
Ω

εik(v)εik(v)dΩ, v ∈ V |Ω . (115)
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We now are ready to prove Theorem5.5.
Proof of Theorem5.5. We first note, that the condition

εik(v)
de f
=

1
2

(
∂vi

∂ξk
+

∂vk

∂ξi

)
≡ 0 in D, i, k = 1, . . . ,s, (116)

with v ∈ H coincides with the definition of the subspaceKer of Subsection2.2, i.e.,
this condition defines inH vector functionsw ∈ H, that must obey the equalityw =
cp +Cpξ in Dp with a vectorcp and ans× s matrix Cp = −CT

p , both independent of
ξ and restrictionCpξ |Dp must be continuous in each component of connectednessDp

of D. The original condition (116) for functionsv ∈ {W1
2 (T)}s involves also functions

v≡ c∈ Rs in T.
Let V ⊂ {W1

2 (T)}s be, for example,{W1
2 (T)}s orthogonal complement to the sub-

space of all functionsv ∈ {W1
2 (T)}s described by the condition (116), that has been

mentioned above. Then every functionv ∈ {W1
2 (T)}s has a unique representation

v = vV +vK , vV ∈ V, vK = cp +Cpξ in Dp,

with vectorscp ands× s matricesCp = −CT
p for everyDp, all independent ofξ and

restrictionsCpξ |Dp must be continuous in each component of connectednessDp of D.
Then

εik(v) = εik(vV) in D.

We apply Theorem5.6with Ω = Dp andVΩ = V |Dp for the functionvp = vV |Dp∈
{W1

2 (Dp)}s, and get∫
Dp

[
(vp,vp)+

(
∂vp

∂ξi
,

∂vp

∂ξi

)]
dDp ≤ c4(Dp)

∫
Dp

εik(vp)εik(vp)dDp. (117)

Further, we use the vector variant of Theorem5.2 to extend the functionvp from
Dp to T by a functionwp ∈ {W1

2 (T)}s such that

wp−vp ≡ 0 in Dp, suppwp ⊂ D ′
p, and

∫
D ′

p

[
(wp,wp)+

(
∂wp

∂ξi
,

∂wp

∂ξi

)]
dD ′

p (118)

≤ c2(Dp, D ′
p)

∫
Dp

[
(vp,vp)+

(
∂vp

∂ξi
,

∂vp

∂ξi

)]
dD ′

p.

Finally, we set
w = ∑

p
wp ∈ {W1

2 (T)}s.

Then
εik(w) = εik(vp) = εik(vp) = εik(v),
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as in (113). The inequalities (117) and (118) lead to (110) for the particular case of
isotropic media. General anisotropic case follows directly from the isotropic one.Π

The last step of this proof leads to a strong dependence of the coefficientκ of
matricesEi j . And κ tends to zero when tensorE becomes degenerate or has large
coefficients. One practically interest example of large coefficients is the case of almost
incompressible media. Using a new approach we proved that it is possible to generalize
Theorem5.5 and other results to such a case.16 We treated even the limit case of the
Stokes’ equations for incompressible media as well.
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