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1. IntroductionThis thesis is organized as follows. Chapter 2 introduces theproblem of �nding a maximum weight feasible subsystem of an infeasiblesystem of linear inequalities (the MWFS problem). We review past workon this problem, including the notion of an Irreducible Inconsistent Sub-system, or I IS. We use a constraint generation algorithm combined withbranch and bound to solve the MWFS problem. Our approach is basedon �nding the minimum weight cover over all I ISs, which is equivalent to�nding the minimum weight set of inequalities to remove from the infeasi-ble system in order to restore feasibility. We denote this covering problemas the MWIC problem.Chapter 3 contains new extensions and uni�cations to the theoryof I ISs. Chapter 4 contains new theoretical results obtained in examiningthe facial structure of the MWIC problem. In particular, we demonstratethat all covering constraints, which correspond to the I ISs of the infeasiblesystem, are facets of the MWIC problem. We also examine a generaliza-tion of these results to a category of problems called \polyhedral coveringproblems."Chapter 5 describes an algorithm for solving the MWIC problem,and presents computational results. Also, a comparison is made betweenthe algorithm and a �xed charge integer program formulation of the MWICproblem.



Chapter 6 discusses further applications of the algorithm to thelinear discriminant problem.Chapter 7 summarizes the results and discusses areas still openfor further research.
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2. Finding the Maximum Weight Feasible Subsystem of an In-feasible System of Linear EquationsIn this chapter, we will establish notation and present the prob-lem of �nding a maximum weight feasible subsystem of an infeasible sys-tem of linear equations.2.1 Introduction and NotationLet A be an m � n real matrix and let b be a real m{vector.We then de�ne S = fAx � bg as the system of linear inequalities arisingfrom A and b. LetM = f1; : : : ;mg be the set indexing the rows of A. Wede�ne the following subsystems of S for a subset of the rows of A, I �M .S(I) = fAix � bi for i 2 IgSnS(I) = fAix � bi for i 62 IgSni = SnfAix � bigS= = fAix � bi j Aix = bi for i 2M and for all x satisfying Ax � bgIf there exists an x satisfying all inequalities in S, then S isfeasible, and x is feasible in S. If there is no x satisfying all inequalities ofS, we say that S is infeasible. Similarly, if S(I) is feasible for I �M , thenS(I) is called a feasible subsystem. If S(I) is infeasible for I �M , wecall S(I) an infeasible subsystem. If S(I) is a feasible subsystem andS(I)SfAix � big is infeasible for every i 62 I, then S(I) is a maximal



feasible subsystem. Similarly, if S(I) is an infeasible subsystem andS(I 0) is a feasible subsystem for every I 0 � I, then S(I) is a minimalinfeasible subsystem or an irreducible infeasible subsystem (I IS).If S is feasible, then S= is the set of implicit equalities of S.In the general setting, we will also have non-negativity con-straints on x. We de�ne the set of functional constraints to be the set ofconstraints exclusive of all non-negativity constraints. In some instances,we will wish to distinguish between non-negativity constraints and func-tional constraints when we are identifying I ISs. We introduce the followingde�nition due to Chinneck and Dravnieks [13]: An irreducible incon-sistent set of functional constraints (I ISF) is the complete subset offunctional constraints in an I IS.Suppose that S is infeasible. We de�ne a maximum cardinalityfeasible subsystem of S as S(Imcf) whereImcf = argmaxI�M fj I j j S(I) is a maximal feasible subsystemgThis extends naturally to a maximum weight feasible subsystem of S. Ifwe assign weights wi to each row i of A, we seek to �nd a feasible subsetof rows maximizing the sum of the weights. We denote this as S(Imwf)whereImwf = argmaxI�M fXi2I wi j S(I) is a maximal feasible subsystemgWe also wish to review the following basic polyhedral theory. Werefer to the dual system of S asSd = fyTA = 0; yTb � 0; y � 0g:4



Much of the theory in this paper is based upon theorems of the alternative.In particular, we will make use of the following variant of Farkas' Theoremof the Alternative:Theorem 2.1 (Farkas [35]) Exactly one of the following holds:(1) Ax � b is consistent.(2) There exists y 2 Rm such that yTA = 0, yTb < 0, and y � 0.Note that the alternative system identi�ed in (2) above is equivalent toSd SfyTb < 0g.We will also make reference to the �nal tableau obtained via asimplex algorithm. Given a systemmax Pni=1 cixisubject to Ax � bx � 0where A is an m�n real matrix, we use the following standard LP tableaunotation; xB refers the vector of m basic variables, xN refers to the vectorof the remaining n �m nonbasic variables, B refers to the columns of Acorresponding to the basic variables, and N refers to the columns of Acorresponding to the nonbasic variables. The vector y corresponds to thedual variables (or reduced costs) of the system. We de�ne the rate ofsubstitution of a nonbasic variable xj with respect to a basic variablexi as the rate at which xi must change with respect to a change in xj tomaintain the equations Ax+ s = b with all other nonbasics held �xed at0. This is the negative of the updated tableau entry in column j, in therow where i is basic. Thus, if we speak of a negative rate of substitution5



for nonbasic variable j with respect to basic variable i, we mean that thetableau entry in column j of row i is positive.We also refer to the support of a vector. We de�ne the supportof a vector x as the set of nonzero elements of x.A serious problem in developing or modifying large linear pro-gramming models is the identi�cation of modeling errors and inconsisten-cies. Many researchers have proposed identifying an I IS and using this toassist the modeler in debugging her formulation (see section 2.2). Howeverit is known that an I IS can contain as many as n + 1 inequalities, andthis information is potentially useless because a large system is di�cult tocomprehend. We propose to go a step further, to identify the maximumcardinality feasible subsystem. A more practical version allows the analystto weight the constraints according to importance or 
exibility. Then themaximum weight feasible subsystem is sought. Equivalently, we want toidentify the minimum weight set of inequalities that covers all I ISs, whichwe shall call the minimum weight I IS cover (MWIC). If we knew whatthe I ISs of a system S were, we could formulate the following set coveringproblem, where wi is the weight on the ith constraint.min Pmi=1wizisubject to Pi2J zi � 1 for all I ISs, J:zi binaryUnfortunately, it has been shown (see [9]) that the number of I ISs may beexponential in the size of the original problem, so we do not want to writedown the whole problem at once. Instead, we will generate constraints6



dynamically for the problem and solve it iteratively.2.2 Background on I ISsI ISs, also called minimal infeasible systems and minimal unsolv-able systems, were �rst introduced in the context of linear inequality theoryin the early part of this century [8].In his doctoral dissertation [27], Motzkin provides an excellentreview of the theory of linear inequalities. He extends the previous workby deriving several results pertaining to systems of inequalities, the mostinteresting in this context is a necessary condition for an inconsistent sys-tem to be an I IS.Theorem 2.2 (Motzkin [27]) The coe�cient matrix A of anI IS fAx � bg, where A 2 Rm�n, x 2 Rn, and b 2 Rm, has rank m� 1.Motzkin proves that if an infeasible system is irreducibly infeasible, thenthe rank of the coe�cient matrix of the system is one less than the numberof constraints in the system.Fan [17] again consolidated many of the known results for systemsof inequalities. Additionally, he presented the following strengthening ofMotzkin's characterization of an I IS to provide necessary and su�cientconditions for a system of inequalities to be an I IS:Theorem 2.3 (Fan [17]) The system fAx � bg is an I IS if,and only if, the following conditions hold.1. There exists exactly m� 1 linearly independent rows.2. There exists y 2 Rm such that yA = 0, yb < 0, and y > 0.Fan extends Motzkin's results by noting that a necessary and7



su�cient condition for a system to be infeasible is the existence of a \spe-cial" solution to the alternative system from Farkas' Theorem (see Theo-rem 2.1). In order to guarantee the irreducibility of the infeasible system,the solution to the alternative system must have y > 0, rather than y � 0as in Theorem 2.1.Van Loon [36] was the �rst to identify I ISs with linear program-ming infeasibility analysis. He interprets the result of Fan in light of thesimplex method and proves the result given in Theorem 2.4. Again, weconsider the system Ax + s = b, with s � 0. We will solve the systemin terms of a single slack variable, say s1. Thus, we consider this row theobjective function of a linear program. In the notation below, we refer tothe matrix A1 as the remaining m�1�n submatrix of A after the removalof row 1. We additionally use the following standard LP tableau notation(see section 2.1); xB refers the vector of m � 1 basic variables, xN refersto the vector of the remaining n �m + 1 nonbasic variables, B refers tothe columns of A1 corresponding to the basic variables, and N refers tothe columns of A1 corresponding to the nonbasic variables. The vector ycorresponds to the dual variables of the system.Theorem 2.4 (Van Loon [36]) The system Ax+s = b, s � 0is an I IS if and only if there is a slack variable, say s1, and vector y, suchthat the system can be solved with respect to s1 and a set xB of basicvariables as follows:(1) s1 = yTb=y1 �Pnj=2 yjsi=y1;(2) xB = B�1(b n b1)�B�1NxN �B�1(s n s1)with yTb < 0 and y1; : : : ; ym > 0: 8



In other words, the system of inequalities is an I IS if and only ifupon solution of a standard Phase 1 LP, we have a slack variable whichis negative, say s1, and all other slack variables have a strictly negativerate of substitution with respect to s1 and all problem variables xi have a0 rate of substitution with respect to s1.We demonstrate this theorem on the following example:1: x2 � 12: x1 � x2 � 03: �x1 � x2 � �4We begin with the all slack basis, and will consider row 3 of ourtableau as the objective:266666666664 x1 x2 s1 s2 s3 RHS0 1 1 0 0 11 �1 0 1 0 0�1 �1 0 0 1 �4 377777777775Upon pivoting x1 and x2 into the basis, we have the followingoptimal tableau: 266666666664 x1 x2 s1 s2 s3 RHS0 1 1 0 0 11 0 1 1 0 10 0 2 1 1 �2 377777777775In this tableau, we have s3 = �2�2s1� s2 = �2 (which satis�es(1) from the theorem), x1 = 1 � s1 � s2 = 1, and x2 = 1 � s1 = 1 (whichsatisfy (2) from the theorem). Note also that y > 0 so all of the conditionsof Theorem 2.4 are satis�ed, and thus the system is an I IS.9



Van Loon strengthens this theorem by observing that at least oneI IS can be obtained from a non-minimally infeasible system Ax+ s = b,s � 0 by examining the �nal Phase 1 tableau. If there exists a slackvariable, say s1, which is negative and all problem variables xi have a 0rate of substitution with respect to s1, then an I IS can be identi�ed withinthis row as follows:Theorem 2.5 (Van Loon [36]) The subsystem, consisting ofthe constraints corresponding to s1 and all slack variables having strictlynegative rate of substitution with respect to s1, is an I IS.Van Loon also notes that by pivoting through other bases of thePhase 1 LP other I ISs can be identi�ed.By using I ISs as a tool in LP infeasibility analysis, Van Loonprovides the foundation of much of the more recent work in the area.Gleeson and Ryan [19] derive a geometric approach to I IS iden-ti�cation that is based upon Farkas' Theorem of the Alternative and basicpolyhedral theory. They identify an alternative system whose extremevertices are in one to one correspondence with the I ISs of the originalinfeasible LP. In the absence of degeneracy of the alternative system, thisimproves upon the work of Van Loon in that every pivot in the alternativesystem identi�es a unique I IS in the original system.Theorem 2.6 (Gleeson-Ryan [19]) Let Ax � b denote aninconsistent set of inequalities. Then the I ISs are in 1-1 correspondencewith the extreme points of the polyhedron P = fy 2 <m j yTA =0; yTb = �1; y � 0g: In particular, the nonzero components of any ex-treme point of P index an I IS. 10



Once a basic feasible solution to the alternative system exists,through solution of a Phase 1 LP of the alternative system for instance,Gleeson and Ryan propose the use of an algorithm due to Dyer [16] to visitall extreme points. This algorithm, in the absence of degeneracy, providesan e�cient means of visiting all extreme points. In this way, all I ISs ofan infeasible system S can be enumerated.Since removal of any constraint from an I IS yields a feasiblesubsystem, �nding the minimum cardinality cover over all I ISs will iden-tify the minimum number of constraints to modify or remove from thesystem to attain feasibility. This minimum set of constraints will providea localization of the modeling error/inconsistency. Thus, this approachprovides a framework with which not only to isolate the infeasibility, butalso to diagnose the infeasibility. To date, this approach had only beenexplored in the theoretical sense.Recently, Chinneck (e.g. [13], [10], [11]) has developed a set ofsoftware tools to bring I IS isolation into practical use in LP infeasibilityanalysis. The goal of these algorithms is to identify a small cardinalityI ISs, the idea being that the smaller the constraint set the infeasibility isisolated to the easier the actual infeasibility analysis will be. These toolsare now implemented in the commercial LP solvers MINOS(I IS), CPLEX,and LINDO.In [13], Chinneck and Dravnieks develop the foundations uponwhich these subroutines are based. The �rst of these routines is a deletion�lter. The deletion �lter works by sequentially removing constraints fromthe LP and testing for feasibility. If the LP is feasible, the last constraint11



deleted is re-inserted. This process is repeated until all constraints havebeen checked. The resulting system is an I IS. This algorithm can becomputationally expensive, and so is used as one of the �nal pieces of theintegrated algorithm.The second �lter is an elastic �lter, which is based upon the ideaof elastic programming. Elastic programming involves the introduction ofarti�cial variables which \stretch" the feasible region (as in Phase 1 LPsolutions). Chinneck and Dravnieks use this approach to generate a seriesof LPs having various constraints relaxed. By looking at which constraintshave nonzero arti�cial variables in each LP, a subsystem containing an I IScan be identi�ed.The �nal �lter is a sensitivity �lter. This �lter is based uponperforming sensitivity analysis upon either a Phase 1 or elastic solution.The set of constraints having nonzero shadow prices in the �nal tableauof a Phase 1 LP contains at least one I IS (see [28]).These three �ltering routines can be combined in a number ofways to create integrated algorithms. Sensitivity analysis is usually used�rst, since most infeasibility is diagnosed upon solution of a Phase 1 LP.Subsequent operations are based upon the objective of the analyst - diag-nosis of single I IS or multiple I ISs. Either a combination of deletion andsensitivity �ltering, or a combination of elastic and sensitivity �ltering isused (or both) along with a �nal deletion �lter to identify the I IS.In [22], [23], [24], [25], and [26], Greenberg explores techniquesfor diagnosing infeasibility in linear programming models. These studies12



provide demonstrations of the utility of I IS identi�cation in infeasibil-ity analysis by exploring the strengths and weaknesses of traditional andI IS isolation techniques on both general and speci�c models. In [21],Greenberg considers theoretical and computational issues in the analysisof consistency, redundancy, and implied equalities in linear programmingmodels. He provides an analysis and extension of necessary and su�cientconditions for infeasible subsystems to be irreducible, and organizes theresults in the following theorem. We denote the alternative system of S(see Theorem 2.1) as SA = fyTA = 0, yTb < 0, and y � 0g.Theorem 2.7 (Greenberg [21]) If the system S is infeasible,then the following are equivalent:(1) S(I) is an I IS.(2) rank[A(I)] = j I j � 1 and there exists a solution y to SA such thatI is the support of y.(3) I is the support of an extreme point of fSASyTb = �1g.(4) I is the support of an extreme ray of SA.In the same paper, Greenberg also explores issues in identifyingmaximal feasible subsystems. We will address these issues as we developour algorithm in Chapter 5.2.3 Hypergraph FrameworkIn [32] and [33], Ryan investigates the structure of the I IS hy-pergraph. A hypergraph is an n-dimensional abstraction of a graph. In agraph, we have a set of vertices and edges which connect pairs of vertices.In a hypergraph, we also have a set of vertices and edges; however, anedge is a subset of the vertices in V . We construct the I IS hypergraph13



H(V;E) as outlined below. Given the inconsistent system S, we let theset V index the constraints of the system, and let the elements of the setE index the the I ISs of S. Thus an edge of H consists of the indices ofthe constraints of S which form an I IS. A transversal of H is a subset ofV which intersects all edges of E. Thus, the problem of �nding a mini-mum cardinality I IS cover is the same as �nding a minimum cardinalitytransversal of H.In [32], Ryan demonstrates an algorithm for identifying minimaltransversals without the explicit enumeration of the edges of H. We notethe following:Lemma 2.8 (Ryan [32]) Let H be an I IS hypergraph arisingfrom the infeasible system S. Then any minimal transversal of H corre-sponds to a minimal set of faces of P that intersect outside of P , and viceversa. The heuristic Ryan presents is based upon using the simplexalgorithm to �nd extreme points of P . Once an initial extreme point isfound, some nonzero basic variable is set to 0 and this variable is includedin the cover. Then, one can continue to re-solve the LP, set basic variablesto 0, and update the cover until P is empty. We demonstrate that the coverobtained upon completion need not be minimal. Consider the followinginfeasible system for S:
14



? (1)�������������@I(2) @@@@@@@ ��(3) @@@@@@@@@@@@ ��(4)
1: x2 � 12: x1 � x2 � �23: �x1 � x2 � �104: �x1 � x2 � �20x1 and x2 � 0Then P is the system:1: y2 � y3 � y4 � 02: y1 � y2 � y3 � y4 � 03: y1 � 2y2 � 10y3 � 20y4 = �1y � 0We �nd a solution to P of y1 = 0:2, y2 = 0:1, y3 = 0:1, andy4 = 0:0, yielding the I IS f1; 2; 3g. If we set y3 = 0 and re-solve the LP,we �nd the solution y1 = 0:1, y2 = 0:05, y3 = 0, and y4 = 0:05, whichyields the I IS f1; 2; 4g. If we also set y1 = 0 and re-solve the LP, we �ndthat it is now infeasible. Thus, we have identi�ed the I IS cover f1; 3g.This is not minimal, since removal of constraint 1 from S yields a feasiblesystem. 15



If H is a graph then it is 2-uniform, which means that everyI IS of S has 2 elements. In this case, �nding a hypergraph transversal isequivalent to �nding a vertex cover. Since a 2-uniform I IS hypergraph cancontain no cycle of odd length, a 2-uniform I IS hypergraph is a bipartitegraph. We can �nd a minimum vertex cover of any bipartite graph inpolynomial time; however, we can �nd a minimum vertex cover of a 2-uniform I IS hypergraph in linear time using a greedy algorithm.Theorem 2.9 (Ryan [32]) Let H be a 2-uniform I IS hyper-graph. Then the transversal obtained by successively picking the nodehaving maximum degree among the currently uncovered edges is a mini-mum transversal.General I IS hypergraphs do not share this property; however,they do generalize bipartite graphs according to the following:Theorem 2.10 (Pulleyblank [30]) Let S be an infeasible lin-ear system. Then S can be partitioned into two consistent subsystems.A hypergraph is bicolorable if there exists a partition of the nodesinto two sets such that neither set contains an edge (all edges cross thepartition). From the previous theorem, we have that an I IS hypergraphis bicolorable.In [33], Ryan details the relationship between I IS hypergraphsand other hypergraphs generalizing bipartite graphs. Ryan also presentsan algorithm for �nding the minimum transversal of H. This algorithm isbased upon the following result:Theorem 2.11 (Ryan [33]) Let T be any minimal transversalof an I IS hypergraph having corresponding polyhedron P . Then T is16



indexed by the variables of P having positive tableau entries in some rowhaving positive right hand side for some extreme point of P .Ryan then provides an algorithm that in the absence of degen-eracy in P , enumerates all minimal transversals in polynomial time withrespect to the size of H, and so the minimum cardinality transversal canbe found in time polynomial in the size of H. However, we should re-member that the size of H may be exponential in the size of the originalinfeasible system S, since S may yield an exponential number of I ISs.Theorem 2.11 does provide an algorithm for identifying I IS cov-ers (though they need not be minimal).2.4 Techniques in Approximating the MWFSWe may wonder what other techniques are available for identi-fying a maximum cardinality feasible subsystem or a maximum weightfeasible subsystem. This problem has been examined before (e.g. [26]). Astandard technique is to convert the standard Phase 1 LP (note that weare including non-negativity constraints in this formulation):min Pmi=1 s0isubject to Ax+ s� s0 = bx; s; s0 � 0into a �xed charge problem:
17



min Pmi=1 zisubject to Ax+ s� s0 = bs0 �Mz for constant M su�ciently largex; s; s0 � 0z binaryThis �xed charge problem will minimize the number of violatedconstraints, and removal of this set of constraints yields a maximum cardi-nality feasible subsystem (see [26]). This problem is extremely di�cult tosolve, and a comparison with our algorithm is given in Chapter 5. Thereare many di�culties in implementing this formulation. If the constant Mis not large enough, then the problem will still be infeasible. In addition,if the value of M is too large, then a large number of fractional solutionscan be introduced into the LP relaxation. A large value for M can alsocause stability problems as the zi variables can take on values below thesoftware tolerance for integers.We may also look at the standard Phase 1 solution to approx-imate the maximum cardinality feasible subsystem. Using the Phase 1formulation from above, we make the following observation about anyPhase 1 solution:Lemma 2.12 The constraints having arti�cial variable nonzeroat the completion of Phase 1 comprise a set of functional constraints whoseremoval from the infeasible system S = Ax � b yields a feasible system.Further, this set of constraints is an I IS cover.18



Proof: Let the set I consist of the constraints having arti�cial variablenonzero at the completion of Phase 1. For the Phase 1 solution x�, S(I)is the subsystem consisting of those i 2 M with Aix� > bi, which isinfeasible. All other constraints are of the form Aix� � bi 8i 62 I. Thusremoval of these constraints yields a feasible subsystem, and x� is a feasiblesolution. Further, since removal of all constraints in I restores feasibilityin S, all I ISs of S must have an element in I. Thus I also denotes an I IScover. How good a bound on the minimum cardinality I IS cover will thePhase 1 solution be? We can demonstrate that in general, we might noteven obtain a minimal cardinality I IS cover from the Phase 1 solution.To illustrate, we give the following example.Let S be the following system, which is depicted in Figure 2.1:1: x2 � 12: x1 � x2 � �23: �x1 � x2 � �104: �x1 � x2 � �20x1 and x2 � 0We then add the arti�cial variables a2, a3, and a4 to constraints2, 3, and 4, obtaining the following Phase 1 LP:
19
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Figure 2.1. Infeasible system demonstrating Phase 1 solution does notnecessarily provide a minimal I IS cover
20



min a2 + a3 + a41: x2 + � 12: x1 � x2 + a2 = �23: �x1 � x2 + a3 = �104: �x1 � x2 + a4 = �20x1 and x2 � 0An optimal solution to this LP is x1 = 9, x2 = 1, a2 = �10, anda4 = �10. Thus, removal of constraints 2 and 4 yields a feasible subsystemof S. We note that this is not a minimal set of constraints to remove, sinceremoval of constraint 2 yields a subsystem satis�ed by x1 = 19 and x2 = 1.Thus, we cannot guarantee that a Phase 1 LP solution will provide evena minimal I IS cover.Recently, Chinneck [12] has developed a heuristic for identifyingthe MCIC which is based on recognizing this idea. The algorithm usesa greedy approach to build the cover, where the constraint a�ecting thePhase 1 objective the most is removed at a particular step of the algorithm.This process continues until the Phase 1 LP is yields a feasible solutionto the original problem, at which time the set of constraints removedfrom the problem corresponds to an I IS cover. This approach does notguarantee even a minimal cover upon completion. A comparison of thisapproach and an algorithm for solving the MCIC problem exactly is givenin Chapter 5.A Phase 1 LP can be viewed as the introduction of elastic vari-ables to allow the \stretching" of each constraint. The objective is to thenminimize the sum of the \stretching" over each constraint. By introducing21



elastic variables for each constraint, rather than just those with negativeRHS, and for each variable bound, can we then guarantee a minimal I IScover as a solution to the \elastic" LP? Again, by a similar example, theanswer is no:Let S be the following system, depicted in Figure 2.2:1: x2 � 12: x2 � 0:53: x1 � x2 � �24: �x1 � x2 � �105: �x1 � x2 � �20x1 and x2 � 0We then add the elastic variables e1, e2, e3, e4, e5, ex1, and ex2to constraints 1, 2, 3, 4, and 5, and to the non-negativity bounds on x1and x2, obtaining the following elastic LP:min Px21 ei1: x2 � e1 � 12: x2 � e2 � 0:53: x1 � x2 � e3 � �24: �x1 � x2 � e4 � �105: �x1 � x2 � e5 � �206: x1 + ex1 � 07: x2 + ex2 � 0An optimal solution to this LP is x1 = 4:25, x2 = 5:75, e1 = 4:75,e2 = 5:25, e3 = 0:5, and e5 = 10. Thus, removal of constraints 1, 2, 3,22
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Figure 2.2. Infeasible system demonstrating full elastic Phase 1 solutiondoes not necessarily provide a minimal I IS cover
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and 5 yields a feasible subsystem of S. We note that this set is notminimal, since removal of constraints 1 and 2 yields a subsystem satis�edby x1 = 19:5 and x2 = 0:5. Thus, we cannot guarantee that a full elasticLP solution will provide even a minimal I IS cover.So we obtain an I IS cover simply by solving the Phase 1 LP. In[12] Chinneck suggests that solving a full elastic programming LP may �nda smaller cardinality cover. We have answered this question by demon-strating that by modifying our Phase 1 problem formulation to a fullelastic programming LP, we still cannot guarantee a minimal cover; andin general the cover found by either of these techniques will not be of thesame cardinality as the minimum cardinality I IS cover. This is not sur-prising, given the following results. In [9], Chakravarti proves that �ndingthe maximum cardinality feasible subsystem of the infeasible system S isNP-hard.Theorem 2.13 (Chakravarti [9]) The problem of �nding themaximum cardinality feasible subsystem of the infeasible system S is NP-hard. Chakravarti also demonstrates that there can exist an exponen-tial number of I ISs in an infeasible system by exhibiting a system having2n + 1 constraints, in n variables, with 2n I ISs.Theorem 2.14 (Chakravarti II [9]) An infeasible system ofconstraints may possess exponentially many I ISs.Further analysis of the complexity of the problem is provided bySankaran [34]. 24



Theorem 2.15 (Sankaran [34]) The problem of �nding themaximum cardinality feasible subsystem of the infeasible system S is NP-hard even when A is totally unimodular and b is integer.Sankaran proves the existence of a class of infeasible systemsfor which the maximum cardinality feasible subsystem can be found inpolynomial time.Theorem 2.16 (Sankaran [34]) If the augmented matrix [Ajb]is totally unimodular, then the constraints having arti�cial variable non-zero at the completion of Phase 1 comprise a minimum cardinality setof functional constraints whose removal from the infeasible system S =Ax � b yields a feasible system.Thus, the Phase 1 LP solution will yield a maximum cardinalityfeasible subsystem for certain classes of LPs.In the special case when only a single arti�cial or elastic variablehas nonzero value at the conclusion of Phase 1, we note the following:Lemma 2.17 If, at the conclusion of Phase 1, only a single ar-ti�cial variable is nonzero, then the constraint corresponding to that arti-�cial variable is a minimum cardinality I IS cover.Proof: By Lemma 2.12, we have that the constraint corresponding to thenonzero arti�cial variable is an I IS cover. Since the system is infeasible,we have 0 < j minimum I IS cover j � 1, so we have a minimumcardinality I IS cover.Amaldi [1] and Amaldi and Kann [2], [3] also examine the com-plexity and approximability of both �nding the maximum feasible sub-system and �nding the minimum set of constraints to remove to attain25



feasibility. While the two problems are equivalent in terms of complex-ity when solving optimally, they di�er in complexity of approximation.We illustrate this with the following example. Suppose we are given aninfeasible system having 2000 constraints with a MCIC consisting of 20elements. If we �nd a set of 30 constraints whose removal from the systemyields a feasible system, we have approximated the maximum cardinaltiyfeasible subsystem to within (2000 � 30)=2000 = :985; however, we haveapproximated the minimum set of constraints to remove in order to attainfeasibility to within (30 � 20)=20 = :5. Thus, as noted by Amaldi, thesecond problem is more di�cult to approximate due to its scale.In particular, they prove the following (ignoring the trivial so-lution for the homogeneous case). APX denotes the class of problems inNP which can be approximated in polynomial time within some constantfactor. MAX SNP-hard problems are a subclass of the APX class whichare characterized by their approximability. MAX SNP-hard problems canbe approximated in polynomial time within some constant, but there ex-ists some constant c > 1 such that �nding an approximate solution withinc is NP hard. Thus, they can be approximated within some constant, butnot all constants, in polynomial time.Theorem 2.18 (Amaldi and Kann [2]) The problem of �nd-ing the maximum feasible subsystem of an infeasible system S havingeither f= or �g relations is MAX SNP-hard even when restricted tohomogeneous systems with integer coe�cients and no pairs of identicalrelations. 26



In other words, the maximum feasible subsystem can be approx-imated within a constant but not within every constant unless P = NP .Amaldi and Kann further de�ne the approximability of the maximumfeasible subsystem problem for infeasible systems S having equality con-straints: Theorem 2.19 (Amaldi and Kann [2]) UnlessP = NP , there is a constant � > 0 such that the maximum feasiblesubsystem of the infeasible system Ax = b can not be approximatedwithin m�, where m is the number of rows of A.In the case of an infeasible system S having� constraints, Amandiand Kann demonstrate that it is much easier to approximate the maximumfeasible subsystem.Theorem 2.20 (Amaldi and Kann [2]) The maximum fea-sible subsystem of the infeasible system Ax � b can be approximatedin polynomial time within a factor of 2.The proof for this result is constructive, and a polynomial timealgorithm is provided which guarantees a 2-approximation.If we restrict ourselves to identifying the MCIC, Amaldi andKann present the following. DTIME(T (n)) denotes the class of problemswhich can be solved in time T (n), where n is the size of the input.Theorem 2.21 (Amaldi and Kann [3]) The problem of iden-tifying the MCIC of the infeasible linear system Ax � b cannot be ap-proximated within any constant unless P = NP and within c log n forany c < 1=8 unless NP � DTIME(nlog logn), even when restricted tohomogeneous systems with ternary coe�cients in f�1; 0; 1g.27



We know that certain cases can either be solved optimally inpolynomial time, or approximated within a factor of 2 in polynomial time.What other bounds can we determine for the cardinality of the maximumfeasible subsystem? We begin by making the following observations aboutthe infeasible system Ax � b; x � 0.If all bi � 0; for i = 1;m, then the trivial solution xj = 0; for j =1; n satis�es the system. Thus, in forming the Phase 1 LP, we need onlyadd arti�cial variables to those rows having a negative right hand side andwe can make the following observation.Lemma 2.22 The cardinality of the minimum cardinality I IScover will be less than or equal to the number of constraints with negativeright hand side.Proof: If we have k negative bi's, then we need k arti�cial variables forthe Phase 1 LP. At most, all k arti�cial variables will be nonzero at theconclusion of Phase 1. Since removal of the constraints correspondingto these k arti�cial variables yields a feasible subsystem (the 0 solutionsatis�es the remaining constraints), the minimum cardinality I IS coverwill be of cardinality equal to or less than k.
28



3. Extensions and Uni�cations of I IS ResultsIn this chapter, we will look beyond the surface theory at thestrength behind several results and also explore the relationships amongthem.3.1 Examination of Van Loon's MethodSeveral researchers have examined Van Loon's results (see [13],[19], [26]). A number of shortcomings of the method have been pointedout - the chief among these being that non-negativity constraints must beexplicitly included in the formulation in order to obtain I ISs. In this sec-tion, we will examine more closely the implications of Van Loon's result inan e�ort to illuminate a more general base theory which can be extracted.Van Loon's method as described in Theorem 2.4 and Theorem 2.5requires the explicit inclusion of all non-negativity constraints as func-tional constraints in the system Ax � b; however, exclusion of non-negativity constraints leads to the identi�cation of those I ISFs which areI ISs (if any exist); which is only a subset of all I ISs of the system.For example, consider the following infeasible system, displayedin Figure 3.1: 1: x1 + x2 � 22: �x1 � �33: �2x1 � 3x2 � �8x1; x2 � 0
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� (3)Figure 3.1: Infeasible system for example of Van Loon's methodIf only the functional constraints are included in Van Loon's for-mulation (and x1 and x2 free), then we can pivot both x1 and x2 into thebasis yielding the following tableau:x1 x2 s1 s2 s3 RHSx1 1 0 3 0 1 �2s2 0 0 3 1 1 �5x2 0 1 �2 0 �1 40 0 3 1 1 �5Thus, using Theorem 2.5, we obtain the I IS f1; 2; 3g (the no-tation meaning that constraints 1, 2, and 3 form an I IS). Pivoting to allother bases containing x1 and x2 yields no other I ISs. By using Van Loon'stheorem without explicitly including the non-negativity constraints in thefunctional constraints, we have identi�ed all I ISs which are I ISFs. It iseasy to demonstrate that we will �nd all I ISs which are I ISFs in this way;however, we may have to visit all bases in order to guarantee doing so. To30



see why we will �nd all I ISs which are I ISFs, note that an I ISF which isan I IS of Ax � b, x � 0 is still an I IS of the more general system Ax � b,x free. Thus, by Theorem 2.5 we can identify such an I IS. Since we can�nd all I ISs of the more general system by pivoting through its bases, wecan �nd the subset of I ISs which are I ISFs of the original system. It iseasily seen that we have other I ISs in the system which rely on the non-negativity of x1 or x2, for example f1; 3; x1 � 0g and f1; 2; x2 � 0g. Usingthis restricted tableau, we cannot identify these I ISs unless we modifyVan Loon's method. We will look at modifcations for doing this later. Fornow, we concentrate on determining when we can identify I ISs withoutexplicitly including non-negativity constraints in our model formulation.Given an infeasible system Ax � b, x � 0, there exist certainconditions under which we know that a source of the infeasibility will liestrictly within the set of functional constraints. In other words, the systemAx � b has no solutions, let alone a non-negative solution. Murty [28]shows in general that an I IS is contained within the set of variables (prob-lem and slack) having nonzero reduced cost upon completion of Phase 1.Further, at the conclusion of a standard Phase 1, if the reduced costs ofall problem variables are 0 and the arti�cial objective is positive, then thesystem Ax � b is infeasible, and the source of the infeasibility is amongthe constraints corresponding to the slack variables having nonzero re-duced costs in the �nal tableau. Thus, we know that at least one I ISFwhich is itself an I IS lies among these constraints (see [28]).31



We again consider the simple example of Figure 3.1.1: x1 + x2 � 22: �x1 � �33: �2x1 � 3x2 � �8x1; x2 � 0At the conclusion of the Phase 1 LP, we have the following tableau:x1 x2 s1 s2 s3 RHSx1 1 1 1 0 0 2s2 0 1 1 1 0 �1s3 0 �1 2 0 1 �40 0 3 1 1 �5The reduced cost for problem variables x1 and x2 is 0, and all 3slack variables have nonzero reduced cost. Thus, we have an I ISF amongthe constraints f1; 2; 3g - in fact, in this case the set corresponds exactlyto an I ISF.Otherwise, if the reduced cost of at least 1 variable is nonzero,then Ax � b could have a solution, but not a non-negative solution. Con-sider the following modi�cation of the previous example:1: x1 + x2 � 22: �x1 � �3x1; x2 � 0We note that x1 = 3 and x2 = �1 is a solution to the system de�ned by(1) and (2) (thus a solution exists, but no non-negative solution exists).32



This system has the following �nal Phase 1 tableau:x1 x2 s1 s2 RHSx1 1 1 1 0 2s2 0 1 1 1 �10 1 1 1 �1FromMurty [28], we see that an I IS exists among the constraints f1; 2; x2 �0g - again in this case, the set gives us an I IS, although it will not in gen-eral. Looking beyond what Van Loon explicitly states in his paper, wesee how to use his ideas in a more general setting. Suppose we are workingwith the infeasible system Ax � b; x � 0, and we choose not to explicitlyinclude non-negativity constraints as functional constraints. Again, let ususe the example of Figure 3.1:1: x1 + x2 � 22: �x1 � �33: �2x1 � 3x2 � �8x1; x2 � 0At the conclusion of the Phase 1 LP, we have the tableau depicted inFigure 3.2.This is an optimal basis in the sense that all reduced costs arenon-negative. Note that we are unable to pivot x2 into the basis withoutpivoting x1 out of the basis. Since we have a 1 in the (s2; x2) positionof the tableau, we cannot use Theorem 2.5 to �nd an I IS in that row.We cannot identify an I IS in row s3 because of the -1 in column x2. We33



x1 x2 s1 s2 s3 RHSx1 1 1 1 0 0 2s2 0 1 1 1 0 �1s3 0 �1 2 0 1 �40 0 3 1 1 �5Figure 3.2. Final Tableau, Not Including Non-negativity in FunctionalConstraintsnow compare this basis with that obtained from the following equivalentsystem: 1: x1 + x2 � 22: �x1 � �33: �2x1 � 3x2 � �84: x1 � 05: x2 � 0x1; x2 freex1 x2 s1 s2 s3 s4 s5 RHSx1 1 1 1 0 0 0 0 2s2 0 1 1 1 0 0 0 �1s3 0 �1 2 0 1 0 0 �4s4 0 1 1 0 0 1 0 2s5 0 �1 0 0 0 0 1 00 0 3 1 1 0 0 �5From the all slack initial basis, we have pivoted in x1 and pivotedout s1 - the same pivot performed to obtain the tableau of Figure 3.2. Asopposed to the tableau of Figure 3.2, we are able to pivot x2 into the basiswithout pivoting out x1. The additional slack variable on the constraintx1 � 0, s4, can be pivoted out of the basis. Our goal is to have a basis34



similar to that in Figure 3.2, so we wish for x2 to be basic with activitylevel 0. We force this to occur by pivoting in s4 and pivoting out s5; x2and s5 must have the same activity level, so if one is not in the basis, theother must be 0 also.x1 x2 s1 s2 s3 s4 s5 RHSx1 1 0 1 0 0 0 1 2s2 0 0 1 1 0 0 1 �1s3 0 0 2 0 1 0 �1 �4x2 0 1 0 0 0 0 �1 0s4 0 0 1 0 0 1 1 20 0 3 1 1 0 0 �5Figure 3.3. Final Tableau, Including Non-negativity in Functional Con-straints From row s2 of the tableau of Figure 3.3, we obtain the I ISfs1; s2; s5g. Looking back at row s2 of the tableau in Figure 3.2, we seethat it is identical, save that we have a 1 in the x2 column rather than a 1in the s5 column (this column does not exist without explicitly includingnon-negativity constraints in the formulation). The key is to recognizethat x2 � s5 = 0 ! x2 = s5 and thus it is irrelevant whether or notwe include x2 � 0 explicitly in the problem formulation. We have thefollowing generalization of Theorem 2.5:Theorem 3.1 (Extension of Van Loon's Theorem) Giventhe infeasible system S = fAx � b; x � 0g, suppose there exists a Phase1 tableau that satis�es the following:(1) a slack variable, si, which is negative, and basic in row i of the currenttableau(2) positive value in the column (or columns) of one (several) xj in row i(3) all xj have 0 reduced cost 35



(4) all other slack variables have non-negative tableau entries in row i.Then, the variables having positive tableau entries in row i index an I ISof S. Proof: We note that if in the tableau row i described above thereare no problem variables having nonzero entries, then the hypothesis holdstrivially by Theorem 2.5. Otherwise, without loss of generality, assumethat some problem variable, say x1 has a positive tableau entry in row i.Since slack variable si is basic in row i and x1 has a nonzero entry in rowi, we know that x1 is nonbasic and so x1 = 0 and further the reduced costfor x1 is also 0. Now consider the system where we include the constraints�xj + sxj = 0 in the formulation. Here sxj represents the slack variableon the non-negativity of xj (so xj = sxj). We can add these constraints tothe current tableau, making each newly added slack variable sxj basic. Wedenote the row added for the non-negativity of xj as row m+j. Since eachxj is non-negative in the current tableau, the modi�ed system will still be\feasible" (in the sense that only slack variables have negative value). Theonly modi�cation to row i during this process is the addition of a 0 in thecolumn for each new slack variable sxj . We wish to pivot x1 into the basis,but leave its value at 0. Thus, we can pivot x1 into the basis, and pivot sxjout of the basis. If we view the tableau columns for x1 (prior to pivotingit into the basis) and sx1 (after pivoting it out of the basis) as being therate at which the basic variables change per unit change in the value ofx1 (resp. sx1), then since x1 = sx1, we must have that the tableau columnof nonbasic variable x1 prior to pivoting it into the basis is identical tothe tableau column of nonbasic variable sx1 upon completion of the pivot.36



In particular, we note that upon pivoting x1 into the basis, there will bea 0 in the x1 column of row i, and a nonzero value in the sx1 column ofrow i. We must only demonstrate that we have modi�ed no other entriesin row i of the tableau by this pivot. Row m + 1 will have a 0 in everycolumn excluding column sx1, which has a 1, and column x1, which has a-1. Because of this, when pivoting x1 into the basis and pivoting sx1 outof the basis, we do not a�ect any columns of row i excepting column x1and the previously discussed column sx1 . We can repeat this argument forany such variable xj having a positive tableau entry in row i.3.2 Van Loon's Method and the Gleeson and Ryan MethodLet us look closer at the method of Gleeson and Ryan [19]. Wenote that the polyhedron P of Theorem 2.6 is a bounded form of the coneof the alternative system (2) from Theorem 2.1. The following form ofTheorem 2.6 is also implied in [19]:Theorem 3.2 (Conical version of Gleeson-Ryan Theorem)Let Ax � b denote an inconsistent set of inequalities. Then the I ISs arein 1-1 correspondence with the extreme rays of the coneP 0 = fy 2 <m j yTA = 0; yTb < 0; y � 0g:In particular, the nonzero components of any extreme ray of P 0 index anI IS. Thus, in the conical version of the Gleeson-Ryan Method, we arelooking for the supports of extreme rays of the alternative system de�nedby Farkas' Theorem. The alternative system is simply the dual of ouroriginal (primal) system with the primal objective function zeroed out.37



Thus, by ignoring the objective function, the Phase 1 solution of S can beused to identify an extreme ray of the unbounded dual system, or an I ISof the original system. In other words, we can identify one (or more) I ISswith no more work than solving Phase 1 of our original system. In essence,this generalizes the result of Van Loon [36]. Assume that we are workingwith an infeasible system Ax � b, where any non{negativity constraintsare considered for this discussion to be included. Equivalently, we havethe infeasible system Ax + s = b, where s is a vector of slack variables.Consider the following LP:max cTxsubject to Ax+ s = bs � 0Suppose that at the termination of Phase 1 for the infeasible system wehave a basic slack variable, say s1, which is strictly less than 0. Addition-ally, if the Phase 1 tableau entries for all nonbasic variables xj are 0 and forall nonbasic slack variables si are non{negative in the row correspondingto s1, then in Theorem 2.5 Van Loon proves that the basic slack variables1 and all slack variables having negative rate of substitution with respectto s1 form an I IS.Now, from Theorem 3.2, we have that this same set of constraintswhich forms an I IS of P must be the supports of an extreme ray of thealternative cone P 0. In other words, Van Loon's algorithm, without explic-itly identifying it as such, �nds extreme rays of the alternative system bypivoting through bases of the original infeasible system looking for tableau38



rows satisfying the above.This relationship should not be surprising, given the form of asolution row in Van Loon's method. We have a row with the followingform: [+ + : : :+ 00 : : : 0j�] :Since all reduced costs are 0 or positive, there exist no pivot which willchange the sign of the RHS - if we increase any nonbasic variable from 0,we decrease the value of the RHS in this row. If we think in terms of adual pivot, if we try to pivot this row out of the basis, there is no enteringvariable - we can increase unblocked and so we have an extreme ray.
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4. Facial Structure of the I IS Cover PolyhedronIn this chapter, we derive some facets for the I IS covering prob-lem. We will begin by introducing some preliminary concepts and previousresults.4.1 Dimension of the Min Weight I IS Covering PolytopeA few preliminaries will be presented �rst. We say that thecardinality of an I IS is the number of constraints and bounds containedin the I IS. In some instances, we will wish to speak of the row-cardinalityof an I IS. This refers to the number of functional constraints containedin the I IS. For the remainder of this chapter, we assume, without lossof generality, that the infeasible system Ax � b has no row i of A withaij = 0 for all j and bi < 0. If such a row exists, it can be preprocessedout of the system and dealt with separately. We immediately make thefollowing observation which provides a lower bound on the size of an I ISfrom a system containing no trivial inequalities.Observation 4.1 Given an infeasible system Ax � b, every I ISof this system will be of cardinality � 2.Recall that an inequality Aix � bi is an implicit equality inthe system Ax � b if Aix = bi for all x satisfying Ax � b. We can thuspartition the constraints of Ax � b into the following:(1) A=x � b= is the system of implicit equalities in Ax � b.(2) A<x � b< is the system of all other inequalities in Ax � b.



We also make use of the following well-known theorem (see [35]for example):Theorem 4.2 ([35]) The dimension of the non-empty polyhe-dron Q = fx 2 <n j Ax � bg is equal to n� rank(A=).Using these results, as well as the fact that each I IS has cardi-nality at least 2, we can derive the dimensionality of the I IS coveringpolytope.Theorem 4.3 Given an infeasible system S and the polytopeC = fz 2 Bn j Dz � 1g constructed such that each row i of D is thesupport vector of an I IS of S, then the dimension of C (dim(C)) is n.Proof: Since a valid solution can be an overcovering, we can set all zi'sto be 1. From Observation 4.1, we have that every I IS has at least 2elements, which implies that each row i of D has at least 2 nonzero dij 's.This implies that no constraint in our problem is implicit for all solutions,and so the rank of D= is 0. Thus the dimension of C is n.A matrix A is called a clutter if the support of every row is notproperly contained in the support of any other row. Since the support ofeach row of the 0� 1 coe�cient matrix of the MWIC problem consists ofthe indices of an I IS of S, and since each I IS is minimal by de�nition, wehave that the coe�cient matrix of the MWIC problem is a clutter.We now examine known results on facets of general set coveringpolytopes.
41



4.2 Known Properties of the General Set Covering PolytopeWithin this section, we will discuss the general set covering poly-tope de�ned as: GSCP (D) = convfx 2 Bn j Dx � 1gAmong the basic facts known about the polyhedron GSCP (D)are the following theorems (see [4] for example).Theorem 4.4 (GSCP Dimensionality [4]) The polyhedronGSCP (D) is full dimensional if and only if D is a clutter and each row ofD has 2 or more nonzero values.As we have seen from Theorem 4.3, the MWIC polyhedron meetsthe conditions for full dimensionality. The remaining results in this sec-tion depend upon the dimensionality of the general set covering polytope.Thus, for the remainder of this section, we shall assume that the poly-hedron GSCP (D) is full dimensional. In general, this need not be true,however; if a row of D has only a single nonzero element or if a row of Dis properly contained in another row of D, we can preprocess the coveringproblem to yield a subproblem which is full dimensional. In particular,the I IS covering problem is full dimensional.Theorem 4.5 ([4]) All inequalities of the form xj � 1 de�nefacets of the polyhedron GSCP (D)Thus, the variable upper bounds for the MWIC polyhedron arefacet de�ning.Theorem 4.6 ([4]) The inequality xj � 0 de�nes a facet of thepolyhedron GSCP (D) if and only if the number of nonzero elements inrow i not including the jth element is at least 2 for all rows i of D.42



Balas and Ng [4] provide necessary and su�cient conditions fora standard covering constraint to be a facet de�ning inequality of thegeneral set covering polytope. We use the following notation. N i is theset of nonzero coe�cients in row i of D, and M is the row index set.Theorem 4.7 (Balas-Ng [4]) The inequalityP(xj j j 2 N i) � 1 de�nes a facet of GSCP (D) if and only if(1) there exists no k 2M with Nk � N i; and(2) for each k 2 N nN i, there exists j(k) 2 N i such that dhj(k) = 1 forall h 2M0(k), where M0(k) = fh 2M j dhk = 1 and dhj = 0, for allj 2 N nN i SfkggThey prove that a covering inequality i is a facet of the general set coveringpolytope if and only if it is not properly contained in another row and forevery 0 element k in row i there exists a column j(k) having a 1 in row iand a 1 in every row that has a 1 in column k and a 0 in all other columnsthat row i has a 0 in.We examine the implications of this result on a general set cov-ering instance. Below, we have the coe�cient matrix D of a general setcovering problem: x1 x2 x3 x4 x5 x6(1) 1 1 0 0 1 1(2) 0 1 1 0 0 1(3) 0 1 1 0 1 0(4) 1 0 1 1 1 1We observe that row (1) of this problem is a facet. We �rst notethat row (1) is not properly contained in any other row of D, and thus row43



(1) satis�es condition (1) of Theorem 4.7. We consider all columns whererow (1) has 0's to show that condition (2) is satis�ed. First, we considercolumn x3. Rows (2) and (3) have a 1 in column x3 and 0's in all othercolumns where row (1) has a 0 (column x4 is the only other column row (1)has a 0). These two rows de�ne the set M0(x3). We have that rows (1),(2), and (3) all have a 1 in column x2, thus j(x3) = x2 and condition (2)is satis�ed for column x3. This condition is satis�ed trivially for columnx4 since there are no rows having a 1 in column x4 and a zero in columnx3 (so M0(x4) is empty). Thus, row (1) forms a facet de�ning constraintof the general set covering problem Dx � 1. Similarly, we see that rows(2) and (3) are also facet de�ning; however, row (4) is not. Condition (1)of Theorem 4.7 holds for this row, but condition (2) fails. The set M0(x2)contains rows (1), (2), and (3). However, we are unable to �nd a columnj(x2) having 1's in all four rows and so condition (2) fails.4.3 Properties of the Min Weight I IS Covering PolytopeWe can interpret the meaning of Theorem 4.7 within the con-text of our infeasible system. Let the original infeasible system of linearinequalities be denoted by S. Let P be the polyhedron de�ned by thefeasible alternative system given in Theorem 2.6,P = fy 2 <m j yTA = 0; yTb = �1; y � 0gand let C denote the MWIC polyhedronC = fz 2 Bm j Xi2Ij zi � 1 for all jg;where Ij = jth I IS. 44



Note that we have the following correspondence between C andP : covering constraints of C correspond to the supports of the extremepoints of P , and variables of C correspond to faces of P .We will begin by proving the following general lemma.Lemma 4.8 The support of an extreme point p of any polyhe-dron Ax � b, x � 0 consists of those faces of the polyhedron on which pdoes not lie.Proof: The support of an extreme point p is the set of nonzero variablesin an optimal basis for p. If xi 6= 0, then the constraint xi � 0 is not tight;and so p does not lie on the face xi = 0. Similarly, if xi = 0, then theconstraint xi � 0 is tight; and so p lies on the face xi = 0. An identicalargument for slack variables concludes the proof.The following corollary is a translation of Theorem 4.7 using therelationship between C and P de�ned above.Corollary 4.9 The support of an extreme point p of P is a facetde�ning inequality of C if and only if for every face k of P having extremepoint p on it and having non-empty set of extreme points Lk of P which arenot on face k but on all other faces that extreme point p is on, there existsanother face j(k) of P not containing extreme point p or any extremepoint in Lk.Proof: The support of an extreme point p of P forms a covering con-straint Pxj � 1, for j 2 Np in C. Since the covering constraints of Cform a clutter, we satisfy condition (1) of Theorem 4.7. We note thatthe statement of this corollary is a direct translation of condition (2) ofTheorem 4.7 in light of Lemma 4.8. This completes the proof.45



Let us now examine the facial structure of the MWIC polyhedron.From Theorem 4.5 and the full dimensionality of the MWIC polyhedron,we have that constraints of the form zi � 1 are facet de�ning for theMWIC polyhedron. Theorem 4.6 states necessary and su�cient conditionsfor constraints of the form zi � 0 to be facet de�ning. We see that in thefollowing instances, non-negativity constraints are facets of the MWICpolyhedron.Corollary 4.10 If there exists a constraint j of S which is con-tained in no I IS, then zj � 0 is a facet de�ning constraint of C.Proof: If constraint j of S is contained in no I IS, then there are nocovering constraints of C having coe�cient 1 for variable zj. Since thereare at least 2 nonzero coe�cients in each covering constraint of C, neitherof which is the coe�cient of zj, we satisfy the conditions of Theorem 4.6and the conclusion holds.Of couse, we note that if a such a constraint j of S exists, thenwe can delete variable zj from the covering problem C. A non-negativityconstraint will be a facet if one of two conditions are met:Corollary 4.11 A non-negativity constraint zj � 0 is a facetde�ning constraint of C if and only if one of the following holds:(1) Constraint j of S appears in no I ISs of S.(2) Every I IS of S containing constraint j of S is of cardinality 3 orgreater.Proof: To prove the \only if" direction, we note from Theorem 4.6 that inorder for the non-negativity constraint zj � 0 to be facet de�ning, removalof the jth column of the coe�cient matrix of C must yield a system still46



having at least two nonzero coe�cients in each row. Assume that zj � 0is a facet de�ning constraint of C. Now either constraint j of S appearsin an I IS of S or it doesn't.Case 1 Assume constraint j of S appears in at least one I IS of S. By theargument above, each I IS that constraint j appears in must have atleast 3 elements, since upon removal of j we must still have at least2. Thus condition (2) holds.Case 2 Assume constraint j of S appears in no I ISs of S. Then condition(1) holds.To prove the \if" direction, we look at the two conditions speci-�ed in the hypothesis.Case 1 Assume constraint j of S appears in no I ISs of S. Then byCorollary 4.10, the non-negativity constraint zj � 0 is facet inducingin C.Case 2 Assume constraint j of S appears in at least one I IS of S, andthat the cardinality of every I IS j appears in is at least 3. Thenupon removal of variable j from C, every row of C will contain atleast 2 nonzero coe�cients. Thus by Theorem 4.6 the non-negativityconstraint zj � 0 is facet inducing in C.We have all non-negativity constraints as facet de�ning for theMWIC polyhedron under the following special condition:Corollary 4.12 All non-negativity constraints z � 0 are facetde�ning for the MWIC polyhedron if and only if each I IS is of cardinality3 or larger. 47



Proof: This is an immediate extension of Corollary 4.11.We now examine a special instance of the MWIC problem.Corollary 4.13 If the cardinality of the minimum weight I IScover is 1, then all covering constraints are facet de�ning for the polyhe-dron C.Proof: Since the cardinality of the MWIC is 1, there exists a column jof the MWIC coe�cient matrix which is 1. This implies that we have aface j of P which has no extreme points of P on it. By Corollary 4.9 theconclusion holds.What more can be said about the covering constraints being facetde�ning for the MWIC polyhdron? First, let us look at the set Lk (de�nedin Corollary 4.9) more closely. Given an extreme point p of P which iscontained on face k, Lk consists of those extreme points of P which arenot on face k, but are on all other faces that extreme point p of P is on. Inother words, Lk consists of those extreme points of P which can be visitedfrom extreme point p when we move o� of face k. We �rst note that thenonzero elements of the support of extreme point p will correspond to thesubset of basic variables which are nonzero in all bases of extreme pointp. In the case where p is nondegenerate, there will be only a single basisand the nonzero elements of the support of p will correspond exactly tothe basic variables. We wish to characterize the extreme points in Lk;in particular, we will do this by determining if the extreme points in Lkare adjacent to p. In terms of the simplex algorithm, this is equivalent todetermining if each extreme point in Lk is one pivot away from some basisof p. This is straightforward for p not degenerate since there is only a48



single feasible basis corresponding to p. In the case where p is degenerate,we have many bases corresponding to the same extreme point. In thiscase, we view adjacency as meaning that there exists a single pivot froma basis of p which will take us to the particular extreme point of Lk.Lemma 4.14 Each extreme point Ljk of the set Lk for extremepoint p is adjacent to p.Proof: We will demonstrate the existence of a face of dimension 1 whichcontains both extreme points p and Ljk, thus implying the adjacency ofthe extreme points. Let the dimension of the alternative polyhedron P bed. Since an extreme point is a face of dimension 0, we know that extremepoint p is determined by the intersection of at least d faces, say e � dfaces. We can pick a subset of size d of these e intersecting faces, alwaysincluding face k, which is su�cient to de�ne p. Now Ljk shares exactlyd � 1 of the intersecting faces in this subset, since it does not lie on facek. Thus there exists a face of dimension d � (d � 1) = 1 containing bothp and Ljk. This implies that p and Ljk are adjacent.Given this result, how large can the set Lk be? By noting theuniqueness of the extreme point we move to in a simplex pivot, we obtainthe following result.Lemma 4.15 The cardinality of the set Lk for extreme point pof P is at most 1.Proof: From Lemma 4.14, we have that the extreme points of Lk are asubset of those adjacent to extreme point p. By the simplex algorithm,when we pivot in a speci�c nonbasic variable, say the kth, at a nonzerovalue there is a unique extreme point which we pivot to. Thus, the set Lk49



can have at most a single element.Now, we can prove the following result on the covering constraintsof the MWIC polyhedron.Theorem 4.16 (Covering Constraint Facet Theorem) Allcovering constraints of the MWIC polyhedron C are facet de�ning.Proof: Choose an arbitrary extreme point p of P . Look at all faces of Pthat extreme point p is on. By Lemma 4.14, if we wish to pivot o� of facek, then we can visit those elements of Lk in 1 pivot. By Lemma 4.15, Lkhas at most 1 element. If Lk is empty, the hypothesis holds trivially viaCorollary 4.9. Otherwise, Lk is not empty. Extreme point p is de�ned bythe intersection of e faces (note e is not necessarily the dimension of P ).The extreme point in Lk, call it L1k, is de�ned by the intersection of f � efaces, of which e � 1 also help de�ne p. We note that their de�nitionswill di�er in at least 2 faces. L1k is not on face k, and must be on a facethat p is not (otherwise, the support of p is a proper subset of the supportof L1k which is not possible). Since each I IS of S must have at least 2constraints, each extreme point of P must have 2 nonzero variables in itssupport. Since L1k is on f faces, there must be at least f + 2 faces in P .Now L1k is on f faces, p is on e faces, and they share e � 1 faces, so wehave f+e� (e�1) faces which contain either L1k or p or both. This leavesat least f + 2� (f + e� (e� 1)) = 2 � 1 = 1 face which de�nes neitherp nor L1k. Thus there exists a face of P containing neither p nor L1k; and,by Corollary 4.9 we have the hypothesis.Thus, all covering constraints of the MWIC problem are facetde�ning. If all facets of the MWIC problem are of this form, then the50



integer hull of the MWIC polyhedron would be completely described, andthe solution to the linear programming relaxation would give us the op-timal cover. As the following example (from [32]) demonstrates, we havenot de�ned all facets of this problem.1: x1 � 22: �x1 + x2 � �103: �2x1 � 3x2 � �494: 2x1 � 3x2 � �215: x1 + x2 � 6x1; x2 free
? (1)������@R (2)QQQQQQQQQQQ 

� (3)���������� JJ] (4)@@@@@@�	(5) The I ISs of this system are: f2; 4; 5g, f1; 3; 4g, f2; 3; 5g, f1; 2; 4g,and f1; 3; 5g. Thus, the MWIC has cardinality 2; there are several opti-mal solutions including f3; 4g. However, the optimal solution to the LPrelaxation of the MWIC problem is to let each variable take the value 1=3,and thus the LP relaxation solution is 5=3.This solution can be cut o� using the family of facets derived byBalas and Ng in [4]. In this paper, all facets with coe�cients in f0; 1; 2g areidenti�ed for the general set covering problem. We have explored the facialstructure of the MWIC polyhedron further but found no simpli�cation of51



the necessary and su�cient conditions for these constraints to be facets inthe MWIC problem.4.4 GeneralizationsIn this section we present an abstraction of the theorems in theprevious sections to a new family of covering problems, called PolyhedralCovering Problems.We �rst recognize that the MWIC problem is exactly one ofidentifying the minimum weight set of faces of P which cover all extremepoints of the polyhedron P (or the minimum weight set of faces whichintersect outside of P - see [32]). The special structure of the MWICproblem is a direct consequence of the polyhedral nature of the coveringproblem. In our case, the supports of the extreme points of P correspondto I ISs of S. However, the only conditions we used in proving the resultsof Chapter 4 were the minimality of each I IS (thus having a clutter), thateach I IS has at least 2 elements, and the extreme point relationship.Suppose we are given the more general problem of identifying theminimum weight extreme point cover of the polyhedron GP - we denotethis as the MWEPC problem. Let EP be the array whose rows are thesupport vectors of the extreme points of GP , so EPv � 1 forms thecovering constraints of MWEPC. By the minimality of an extreme point,we have that the rows of EP form a clutter.We are not guaranteed that each extreme point of GP will have atleast 2 nonzero elements in its support. Consider the following polyhedron:52



r r rr�����HHHHH @@@@@ �����ep2 ep3 ep4ep1a b c (back)dSince ep1 is de�ned by the intersection of faces a, b, and c, thesupport of extreme point ep1 is f0001g. We will call such polyhedra\pyradmidal." If GP is unbounded, then we can have extreme pointswhose supports have no nonzero elements. Consider the trivial case1: x1 � 02: x2 � 0x1; x2 freeThis system has only a single extreme point x1 = 0; x2 = 0, whose supportvector is f00g.If we wish to cover the extreme points of a polyhedron, these2 cases can be trivially preprocessed out of the covering problem. If thesupport of an extreme point has a single element nonzero, say the jth, thenwe simply remove this row and all other rows having a 1 in column j fromEP and set the jth covering variable to 1. If we have any extreme pointshaving no nonzero elements in their supports, then there is no solution tothe covering problem (there exists no faces intersecting outside of P ).53



With this type of preprocessing, all properties of the MWIC prob-lem generalize to the MWEPC problem. In particular, all covering con-straints of the MWEPC problem will be facet de�ning (this is analagousto Theorem 4.16).

54



5. Algorithm Description and Computational Results5.1 IntroductionIn this chapter we develop an algorithm for obtaining the MWICbased upon the I IS identi�cation method of Gleeson and Ryan discussedpreviously. If we knew what the I ISs of a system S were, we could formu-late the following set covering problem, where wi is the weight on the ithconstraint. min Pmi=1wizisubject to Pi2J zi � 1 for all I ISs J:zi binaryUnfortunately, as previously discussed, the number of I ISs may be expo-nential in the size of the original problem, so we do not want to writedown the whole problem at once. Instead, we will generate constraintsdynamically for the problem and solve it iteratively as outlined below:(1) Identify an initial set of I ISs K. (K may be empty.)(2) Solve the covering problemmin Pmi=1 wizisubject to Pi2J zi � 1 for all I ISs J 2 K:zi binaryLet T index the elements in the optimal cover.



(3) Look for an I IS of S not covered by T . If there is none, STOP, Tis an optimal cover of all I ISs. Otherwise, add the new I IS to Kand go to 2.To identify I ISs, we will make use of Theorem 2.6 due to Gleesonand Ryan [19]. We examine the utility of this theorem in terms of ouralgorithm presented above.Let T denote the index set of a subset of the variables de�ningP . Then T will also denote a subsystem of the system S. Let yT = 0 meanthat all the variables in T have been set to 0. If we search for an extremepoint of P with yT = 0, there are two possibilities. The �rst is that we�nd an extreme point whose nonzero components index an I IS that doesnot intersect T . The second is that there is no such extreme point of P .In this case, the system fS n Tg is feasible.We can now modify step 3 of our algorithm (outlined above):(1) Identify an initial set of I ISs K. (K may be empty.)(2) Solve the covering problemmin Pmi=1 wizisubject to Pi2J zi � 1 for all I ISs J 2 K:zi binaryLet T index the elements in the optimal cover.(3) Look for an extreme point of P having yT = 0. If there is none,STOP, T is an optimal cover of all I ISs. Otherwise, add the I IScorresponding to this extreme point to K and go to 2.56



This implementation is generalized in Section 5.3 to operate onan infeasible linear programming problem given in a more general format.Later sections discuss enhancements including the selection of the initialK in Step 1, and the choice of extreme point in Step 3. We also discussthe e�cacy of using a heuristic to solve the covering problem in Step 2when possible. Now, we demonstrate the utility of the I IS cover isolation.5.2 Min I IS Cover Isolation in PracticeFinding a minimum weight I IS cover will take more time thanidentifying a single I IS and attempting infeasibility diagnosis. Is the extrainformation obtained worth the extra time expense? We address this bylooking at several examples, and making a number of simple observations.Observe that if there exists a constraint which is contained in every I IS, itis a minimum I IS cover. So, in the best case, infeasibility can be isolatedto a single constraint.This is illustrated by the following example from [36]: Considerthe infeasible system, which is depicted in Figure 5.1:1: x1 � x2 � 02: 2x2 � 13: �x1 � x2 � �24: � x2 � �25: �2x1 � x2 � �4An I IS of this system is f1,2,3g. Based upon this information alone, outof the context of the entire system, a modeler would have a di�cult timedetermining the source of the infeasibility. The unique min I IS coveris f2g, which indicates that every I IS in the system contains the second57
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Figure 5.1: Infeasible system from Van Loon
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constraint.It is easily demonstrated, however, that the modeling error is notalways isolated by a particular minimum I IS cover. Any infeasible systemhaving only a single I IS will have a minimum I IS cover consisting of anyelement of the I IS. By weighting the objective function of the coveringproblem, alternative minima can be identi�ed to aid in isolation. Thiscan be done by setting the objective function coe�cients for variablescontained in the original cover to a suitably large integer, say n which isthe number of variables in the covering problem. We then re-solve thecovering subproblem one time with the current I IS set. In summary, theminimum I IS cover itself will not always provide a perfect isolation to themodeling error; however, the isolation information in using this techniqueto �nd the minimum I IS cover is always at least as useful as that obtainedfrom a single I IS. Using our algorithm to �nd the min I IS cover alwaysidenti�es at least one I IS. This combination of min I IS cover and I ISsis available to the user in her debugging analysis. Additionally, the I IScover will always give the modeler the means of eliminating infeasibilityfrom the model. A single I IS does not provide this level of isolation ingeneral. We now examine the isolation power of this method on a largerproblem. We look at a real industry example of using the minimum weightI IS cover to isolate infeasibility. This LP is a SONET network model hav-ing 845 rows, 1792 columns, and 8448 nonzero entries. The SONET modelarises from a new family of problems in the telecommunications industry59



{ it is a multidimensional packing problem with many complicating con-straints. Speci�cally, there are a large number of capacity and demandconstraints and a large number of side constraints. These side constraintsare generated by a number of di�erent software codes depending upon theexact model being analyzed. An instance of the model was found to beinfeasible, and was analyzed using our algorithm. The min cardinality I IScover isolated the infeasibility to a single demand constraint. Since thisportion of the model was known to be valid, weights were assigned to rowsof the infeasible problem and the min weight I IS cover was found. A weightof 1 was assigned to all software generated constraints, which accountedfor 32% of all rows, and a weight of 5 was assigned to all capacity anddemand constraints. These weights become the objective function valuein the covering problem for each covering variable. The covering variablescorrespond to constraints of the original infeasible system. Re-solving, wewere able to isolate the infeasibility to an incorrectly generated constraint.Looking at the code used to generate this constraint led to the discoveryof a family of 5 other improperly generated constraints and correction ofa section of code. Using OSL, it initially took 3.26 seconds on the RS6000to determine that the problem was infeasible. Using our algorithm builtaround the OSL library, the iterative procedure of identifying I ISs andsolving the minimum cardinality I IS cover to optimality took 7.28 sec-onds. Once we decided to re-solve the minimum weight I IS cover, ourprocedure took 7.21 seconds to conclude the iterative process of I IS andoptimal cover identi�cation. In order to compare our solution timelinesswith state of the art I IS identi�cation routines, we performed another60



test to identify a single I IS. Again using the RS6000, we used the built-inCPLEX I IS identi�cation routines (based upon the work of Chinneck) toidentify a single I IS. This diagnosis took 86 seconds (after infeasibilitywas diagnosed), and yielded an I IS having 6 elements. In this example,we were able to �nd both minimum weight and minimum cardinality I IScovers in less time than the current state of the art I IS identi�er founda single I IS. The analysis path used to debug this example has provensuccessful isolating infeasibility in several other problems.Suppose a modeler takes the extra time during model develop-ment to generate weights for each constraint and includes these weightsas an extra column in the LP formulation. As a practical consideration,when running the model the bounds for this column can be set to zero.Thus the supplemental debugging information is ignored when exercisingthe LP model. If the model is found to be infeasible, the weights will beused by the min weight I IS cover algorithm to weight the objective func-tion of the covering subproblem in order to help isolate the infeasibility.As seen in this example, having constraint weights available can greatlyincrease the e�ectiveness of post-infeasibility analysis.We present an example from the NETLIB infeasible library todemonstrate another key advantage of the min I IS cover. The WOOD-INFE problem is a small network example with 36 rows and 89 columns.An I IS infeasibility isolation from MINOS(I IS) is a single functional con-straint (plus non-negativity constraints). However, the min I IS cover con-sists of 2 functional constraints. This problem has two disjoint modelingerrors which can not both be identi�ed by a single I IS. In infeasibility61



instances with multiple modeling errors the covering approach is especiallypowerful.5.3 Formulation of P , the Alternative Polyhedron, for GeneralLinear Programming Problems.We now turn our attention back to the problem of identifyingI ISs. Theorem 2.6 can be restated in a more general setting:Theorem 5.1 (General Version of Gleeson-Ryan Theorem)Given the inconsistent systemS = fx 2 Qn j Ax � b; Cx = d; L � x � Ug;the indices of the minimal infeasible subsystems of S are exactly the sup-ports of the vertices of the polyhedron P = fy;w;v; z 2 Qm j yTA +wTC+v�z = 0; yTb+wTd+vTU�zTL = �1; y; z;v � 0; w unrestrictedg.Note that if the only bounds on x are non{negativity constraints,we can simplify the above formulation:Theorem 5.2 (General Version II of Gleeson-Ryan Theorem)Given the inconsistent systemS = fx 2 Qn j Ax � b; Cx = d; x � 0g;the indices of the minimal infeasible subsystems of S are exactly the sup-ports of the vertices of the polyhedron P = fy;w 2 Qm j yTA+wTC �0; yTb+wTd = �1; y � 0; w unrestrictedg.In other words, we do not need to explicitly handle non{negativityconstraints, but can simply check the status of the slack variables of thealternative system to determine if non{negativity of some xi is included62



in an I IS. Also, this helps reduce the size of the LP instance we solve ateach step.If the right hand side of the \cone{bounding" constraint wereleft as �1 for large problems, numerical instability would result. We ob-served on several problems that when we �xed at 0 those variables in thealternative system which are in the covering solution, we obtained an I ISidentical to the one just previously generated. But this means that in try-ing to �nd an I IS not covered by the current solution, we have generatedone that is covered by the current solution. Examine what can happen ifP has many columns.Assume that we have the following system for P : yTA � 0, whereeach aij � 0 for i = 1; : : : ;m and j = 1; : : : ; n, and yTb = �1, where b = 1(�1 is the m-vector of -1's). Also assume that the zero tolerance cut-o� is1.0E-07, so all values equal to or less than 1.0E-07 are considered to be 0.Then, y = 1:0E � 07 satis�es the �rst constraint, and if m = 10; 000; 000,then Pm1 (1:0E � 07)(�1) = �1, so the second constraint is also satis�ed.Now each yi is within epsilon of 0 and so should be considered 0. Instead,we have allowed a solution which is \numerically" feasible to be identi�edby the optimizer.However, since the values of the basic variables are below thesoftware imposed tolerance, they should be considered 0, and so we shouldhave that Pmi=1(yi�ki) = 0 for any k; which means that the solution to thealternative system is not basic feasible. When this \solution" is identi�edas being feasible, then we identify subsystems which are not I ISs. In thisexample, we can alleviate this problem by setting the right hand side of63



the second (or cone{binding) constraint to be equal to Pi bi = �m (thenegative of the number of variables in the problem). This will eliminatethe problem for tolerances greater than or equal to 1=m for the conditionsoutlined above - which are not necessarily worst case.For the general case described in Theorem 5.1, we extend thelogic used above to determine that a cone{binding constraint eliminatingsuch problems could be:yTb+wTd+ vTU� zTL = �((Xk jbkj) + (Xk jdkj) + (Xj jUjj+ jLj j)):To see why absolute values are included on the sum, consider the followingmodi�cation to the previous example. Assume that there is a 10; 001stconstraint, having a right hand side value of �10; 000. Then, Pi bi = 0,which does not eliminate the solution y = 0. We have not yet encountereda problem for which this normalization fails to eliminate the problem.5.4 Finding I ISsTwo slightly di�erent approaches may be used to identify I ISsof S. First, we consider using the simplex algorithm to �nd extremepoints of P . By bounding the objective function yTb of the alternativesystem and including it in the constraint set of P , we free ourselves touse a \surrogate" objective function to heuristically guide our search. Wehave experimented with using 1 as the objective weight. This shouldtend to �nd small cardinality I ISs, although to �nd the true minimumcardinality I IS we must solve a �xed{charge integer programming problem(as demonstrated by Greenberg and Murphy [26]). Additionally, theseweights can be modi�ed at each step by incrementing the weight of each64



variable appearing in the current I IS. In this way, we heuristically tendto �nd I ISs which overlap in the fewest number of elements. This shouldhelp in the identi�cation an optimal cover to the full MWIC problem byidentifying sets of non-overlapping I ISs.We have also considered ignoring the objective function whenlooking for extreme points of P and using the �rst feasible solution found.Since every extreme point corresponds to an I IS, we still identify an I IS.As expected, this takes fewer pivots to �nd an I IS than solving to opti-mality with the surrogate objective described above. However, the savingsin I IS identi�cation time may be o�set by the typically larger cardinalityI ISs found and the increased number of covering subproblems needed tosolve. Rather than generating I ISs individually, we can generate manyby solving a single LP if we instead search for extreme rays on the coneP 0, as suggested by Greenberg [21]. We consider the following linear pro-gramming instance based upon our de�nition of P 0:min yTbsubject to yTA = 0y � 0Since S is infeasible, Theorem 2.1 implies that P 0 is feasible and henceunbounded. Therefore, we must be able to �nd at least one nonbasicvariable of non-optimal sign at termination of our new LP. If this nonbasicvariable is not blocked, then the variable and all basic variables whichcorrespond to non{zero tableau column entries for the nonbasic form the65



support set of an I IS. In other words, the supports of the extreme raysof P 0 are I ISs in the original infeasible system, S. In general, we willhave more than a single such nonbasic variable, so we can �nd many I ISsfrom one LP solution. By pivoting we can �nd all I ISs of S by such aprocedure.In general, we will have to perform several pivots before identi-fying unboundedness due to the degeneracy of the 0 solution. In prac-tice, this method can reduce the number of iterations to solve the min-imum weight I IS cover. For example, let an I IS of S be identi�ed asf1,2,3,4,5,8,10,15g and suppose that constraint 15 is in every I IS (and sois the minimum I IS cover). If f1g is identi�ed as the cover, there couldexist another I IS of the form f2,3,4,5,6,8,10,15g and so forth. There couldbe potential to identify many I ISs before the min I IS cover is solved op-timally. If a conical solution yields multiple I ISs, the total number ofcovering subproblems (and hence I IS identi�cation problems) can be re-duced. This becomes important for large infeasible problems which canhave a single constraint as the optimal min I IS cover, while having I ISswith hundreds of elements in them.Since solving on the cone of the alternative system allows us thepotential to identify multiple I ISs from a single basis and in general takesfewer pivots to solve, the idea is to use this as a \jump{start" for thealgorithm, and then to use the extreme point method to �nd I ISs withspeci�c characteristics.We can illustrate each of these methods using the following ex-ample from [13] using LINDO. Suppose we are given the infeasible system66



S de�ned as: 1: �0:5x1 + x2 � 0:52: 2x1 � x2 � 3:03: 3x1 + x2 � 6:04: x5 � 2:05: 3x4 � x5 � 2:06: x4 � 5:07: x1 + x5 � 10:08: x1 + 2x2 + x4 � 14:09: x2 + x4 � 1:0with all xi � 0If we solve to optimality using objective weights 1 for all variables of thealternative system, after 6 pivots, we �nd f4,5,6g as an I IS. If we solve tofeasibility only (ignore the objective weights), we �nd the I IS f1,2,3g after5 pivots. Solving on the cone we �nd 3 I ISs after only 4 pivots: f4,5,6g,f1,2,3g, and f1,2,5,6,7g. The min I IS cover is f1,5g, so by solving onthe cone, we initialize our procedure with enough I ISs to solve the coverproblem only once.5.5 Heuristic Solution of Covering ProblemsThe covering problems can be solved heuristically at intermediatesteps. We can determine if these suboptimal covers are true covers of themin weight covering problem just as we did when solving this problemoptimally in Step 3 of our algorithm. If a true optimal cover is desired,the covering problem must be solved optimally before terminating.The greedy heuristic [14] can be used at intermediate steps.67



When no I IS is found that is not covered by the greedy solution, wesolve the covering problem optimally. If the cover is the same cardinalityas that found by the greedy heuristic, we are done. Otherwise, we �nd anI IS not covered by the current solution and continue the algorithm. Thegreedy algorithm will not guarantee an optimal cover; however, it seemsto work well in practice.For the problems in the infeasible library on NETLIB, we havefound that typically only a small fraction of total algorithm time (usuallyless than 10%) is spent solving the covering subproblems. This result isbased on identifying I ISs singly by searching for extreme point solutionsof P , so the results could change signi�cantly with improvements over thebasic form of the algorithm. It should be noted that the di�culty of thecovering problem has been displayed on a few relatively small problems.For the NETLIB problem MONDOU2, more than 97% of the CPU time(115 of 118 seconds) was spent solving a single instance of the coveringsubproblem having only 9 constraints. This demonstrates a need to bothlearn more about the structure of this special I IS covering problem andperhaps explore more fully using the greedy algorithm, or a modi�cationof it, at intermediate steps.5.6 Computational ResultsAll comparisons (unless otherwise stated) were run on an IBMRS6000 using the IBM OSL object library and FORTRAN code writtenby the author. All runs were made with approximately the same computerload { only a single user was on the system. We experimented with threeversions of our algorithm. All three solve the covering subproblem to68



optimality at each step using the OSL EKKMSSL subroutine. We have notyet completed implementation of a version which will solve on the cone, soall three versions presented here search for extreme point solutions on thebounded alternative system. We distinguish each version by the objectivefunction used in solving the alternative system. The baseline algorithm,IIS COV 1, weights the coe�cients of the objective function to all 1's inan attempt to �nd small cardinality I ISs. Version 2, IIS COV 2, weightsthe coe�cient of each variable according to how many generated I ISs italready appears in. Intuitively, this will tend to �nd I ISs which overlapas little as possible. Finally, version 3, IIS COV 3, ignores the objectivefunction, and the �rst extreme point found is the solution. This will tendto identify I ISs faster, though perhaps at the trade o� of �nding largercardinality I ISs. Note that IIS COV 2 will di�er from IIS COV 1 onlywhen more than 1 I IS is found to optimally solve the covering problem.Therefore, we did not run IIS COV 2 if we found that only 1 I IS wasneeded to �nd the optimal cover.The test bed of problems consists of the infeasible LP library onNETLIB, originally set up by John Chinneck. A summary of the problemsis given in Table 5.1.In order to facilitate the analysis of results, we partitioned theproblems into 3 sets according to their size. We considered \small" prob-lems to be those having fewer than 100 rows and 100 columns. \Medium"problems are those with between 100 and 1000 rows and 100 to 1000columns. The remainder are \large" problems.Table 5.2 presents the results of our 3 approaches on the small69



Problem Original Problem Alternative SystemConstraints Variables Nonzeros Constraints Variables NonzerosBGDBG1 348 407 1440 408 390 1737BGETAM 400 688 2409 689 689 2957BGINDY 2671 10116 65502 10117 2671 67589BGPRTR 20 34 64 35 20 76BOX1 231 261 651 262 492 1173CERIA3D 3576 824 17602 825 3576 17851CHEMCOM 288 720 1566 721 625 2180CPLEX1 3005 3221 8944 3222 3223 10883EX72A 197 215 467 216 412 897EX73A 193 211 457 212 404 879FOREST6 66 95 210 96 71 226GALENET 8 8 16 9 16 38GOSH 3792 10733 97231 10734 3792 97433GREENBEA 2393 5405 30885 5406 2941 31926ITEST2 9 4 17 5 9 26ITEST6 11 8 20 9 11 31KLEIN1 54 54 696 55 54 700KLEIN2 477 54 4585 55 477 4600KLEIN3 994 88 12107 89 994 12115MEXP 1383 1500 5027 1501 1383 5755MONDOU2 312 604 1208 605 1520 3088PANG 361 460 2652 461 453 2587PILOT4I 410 1000 5141 1001 717 5860QUAL 323 464 1646 465 835 2662REACTOR 318 637 2420 638 932 3699REFINERY 323 464 1626 465 835 2641VOL1 323 464 1646 465 835 2662WOODINFE 35 89 140 90 69 208Table 5.1: Problem Test Bed
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problems. The measures we use in comparing the approaches are totalsolution time of the covering problem (CPU seconds), number of I ISsidenti�ed while solving the covering problem optimally (not the numberof I ISs in the cover), number of pivots to �rst I IS, average number ofpivots per I IS, and the smallest cardinality I IS. In analyzing infeasibility,it may be useful to measure the size of an I IS in terms of the numberof actual constraints it contains, rather than constraints and variablebounds - both non-negativity and general upper and lower bounds. Notethat I IS size refers to the number of constraints and variable boundsexclusive of non{negativity bounds. Information on non{negativitybounds is available with the solution approach, we have chosen to notinclude it in the I IS reporting. The columns for average I IS size andsmallest cardinality I IS are thus subdivided into I IS size and number ofactual constraints.On most problems, very little time is spent in solving the minweight covering subproblem, and from 50% to 95% of the time is spent inidentifying I ISs { solving the alternative system LP. Therefore, anotherreasonable measure of how well each algorithm performs is the number ofsimplex pivots required to �nd an I IS.The �rst few pivots made by OSL during Phase 1 will be random.This is done initially to speed up the simplex algorithm, and later otherpricing schemes are used. This means that when re-running a problemwith the same algorithm we will have variance in our solution times. Onthe problems we looked at, this variance was typically 5% or less. Forthis reason, we will consider time di�erences between algorithms to be71



Problem Algorithm Cover # I ISs Pivots Avg. I IS Smallest I ISTime Generated I IS 1 Avg. Size Rows Size RowsBGPRTR IIS COV 1 0.19 1 18 10.0 7.0 7.0 7 7BGPRTR IIS COV 3 0.20 1 14 8.0 14.0 14.0 14 14FOREST6 IIS COV 1 0.73 2 124 50.3 64.0 59.0 64 59FOREST6 IIS COV 2 0.71 2 124 51.0 64.0 59.0 64 59FOREST6 IIS COV 3 0.61 2 81 29.3 69.5 64.5 69 64GALENET IIS COV 1 0.19 1 7 3.5 6.0 3.0 6 3GALENET IIS COV 3 0.20 1 5 3.0 6.0 3.0 6 3ITEST2 IIS COV 1 0.38 3 4 2.0 3.7 3.7 3 3ITEST2 IIS COV 2 0.35 3 4 2.0 3.7 3.7 3 3ITEST2 IIS COV 3 0.36 3 4 1.8 3.7 3.7 3 3ITEST6 IIS COV 1 0.65 3 6 2.8 3.3 3.3 3 3ITEST6 IIS COV 2 0.69 3 9 4.0 3.3 3.7 3 3ITEST6 IIS COV 3 0.65 6 3 1.7 3.7 3.7 3 3KLEIN1 IIS COV 1 0.89 1 162 81.5 51.0 51.0 51 51KLEIN1 IIS COV 3 0.82 1 116 71.5 51.0 51.0 51 51WOODINFE IIS COV 1 0.46 2 24 12.6 2.0 1.0 2 1WOODINFE IIS COV 2 0.41 2 24 12.6 2.0 1.0 2 1WOODINFE IIS COV 3 0.48 2 9 11.0 2.0 1.0 2 1Table 5.2: Results for Small Problems
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signi�cant only if they are greater than 10%. In this light, no signi�canttime di�erence is found between the algorithms on the small problem testbed. On the 4 problems where all 3 algorithms were run, IIS COV 2 wasfaster on 2, IIS COV 3 and IIS COV 1 were faster on 1 each, with all threeindistinguishable on one. If we try to verify our assumptions on strengthsof each algorithm, we see that IIS COV 3 takes fewer pivots both to �ndthe �rst I IS and on average; but requires more I ISs to solve the coverproblem only on ITEST6. IIS COV 1 does �nd smaller I ISs on averagethan the other algorithms. Not much more performance information canbe obtained from the small problems.Algorithmic comparisons for the \mid{sized" problems are pre-sented in Table 5.3. We have several interesting problems in terms of thesize of the min weight I IS covering problem solved. With these harderproblems, we see a number of interesting trends. In 10 of the 12 prob-lems, IIS COV 3 takes fewer pivots to �nd an initial I IS as expected.However, this algorithm has the lowest average number of pivots per I ISin only 7 of the 12 problems. What we see is that both IIS COV 1 andIIS COV 2 typically take more pivots to �nd an initial solution. However,only a few pivots, typically fewer than 25, are needed to �nd I ISs satisfy-ing optimality conditions for the alternative system after the initial basicfeasible solution is found. Thus some of the advantage of IIS COV 3 islost when �nding many I ISs. In fact, on those problems where IIS COV 3took fewer pivots to �nd its initial I IS but had a higher average pivotvalue, an algorithm needing to �nd a larger number of I ISs to solve thecovering problem had the lowest average pivot value. Thus the more I ISs73



one needs to �nd, the less important the initial number of pivots becomesin terms of solution time.Additionally, we see that IIS COV 3 solves the covering problemfaster on 8 of the 9 problems with time distinctions. We also note thatit �nds the smallest average I IS on 3 of the 9 problems where distinctionis made, and �nds more I ISs in solving the cover on only 4 problems and�nds the least I ISs in solving the cover 5 times (excluding ties). This seemsto contradict the intuition that we would �nd I ISs faster, but require moreI ISs to solve the covering problem.As we look at the results for the large problems (see Table 5.4),we see that an undirected search for I ISs is faster. IIS COV 3 againdominates, being the fastest algorithm on 8 of the 9 problems, taking thefewest pivots to the �rst I IS on all problems, and taking fewest averagenumber of pivots on 6 of 9 problems. It also �nds the smallest average I ISon 4 of 6 problems where distinction is made.We also compare (Table 5.5) the information provided by theI IS cover to that obtained from I IS isolation via MINOS(I IS) (from [11]).Many of the problems in this test bed were created by taking a feasible LPinstance and modifying a single bound or constraint until the problem wasinfeasible. Four of the problems in the test bed we know to be infeasiblein original form { BGDBG1, BGPRTR, GREENBEA, and MONDOU2.Of these problems, only BGPRTR has an I IS cover of 1 (and requires asingle I IS to solve the cover). Thus although there are a large number ofproblems in the test bed having singleton I IS covers and requiring only asingle I IS to �nd their cover, this may be an artifact of their construction.74



Problem Algorithm Cover # I ISs Pivots Avg. I IS Smallest I ISTime Generated I IS 1 Avg. Size Rows Size RowsBGDBG1 IIS COV 1 8.05 33 112 12.4 8.1 7.4 2 2BGDBG1 IIS COV 2 6.15 24 112 14.6 7.0 6.5 2 2BGDBG1 IIS COV 3 7.74 36 34 8.6 6.9 6.1 2 2BGETAM IIS COV 1 10.42 5 242 206.8 68.0 62.2 8 7BGETAM IIS COV 2 11.79 6 150 145.4 59.5 51.7 13 12BGETAM IIS COV 3 9.24 7 20 89.1 173.1 140.7 18 17BOX1 IIS COV 1 1.46 2 13 36.0 53.5 52.5 10 9BOX1 IIS COV 3 1.46 2 12 34.3 54.5 53.5 10 9CHEMCOM IIS COV 1 3.74 2 177 136.0 26.0 16.0 25 15CHEMCOM IIS COV 2 3.73 2 177 142.0 24.0 14.0 23 13CHEMCOM IIS COV 3 3.63 1 137 204.5 27.0 15.0 27 15EX72A IIS COV 1 1.35 3 104 27.0 69.0 68.0 59 58EX72A IIS COV 2 1.66 3 104 39.5 70.3 69.3 61 60EX72A IIS COV 3 1.22 2 108 36.0 66.5 65.5 59 58EX73A IIS COV 1 0.92 1 88 44.0 28.0 27.0 28 27EX73A IIS COV 3 0.97 1 79 42.5 26.0 25.0 26 25KLEIN2 IIS COV 1 8.03 13 597 85.4 53.2 53.2 53 53KLEIN2 IIS COV 2 5.46 4 574 173.8 54.0 54.0 53 53KLEIN2 IIS COV 3 5.38 6 476 113.9 55.2 55.2 53 53PANG IIS COV 1 3.21 1 392 204.5 16.0 13.0 16 13PANG IIS COV 2 2.59 1 250 127.5 16.0 13.0 16 13PANG IIS COV 3 2.65 2 183 76.3 19.5 16.0 18 15QUAL IIS COV 1 8.05 5 707 149.3 185.4 124.0 142 92QUAL IIS COV 2 12.12 5 707 223.2 184.8 103.6 143 82QUAL IIS COV 3 7.40 6 558 107.9 180.6 124.0 134 90REACTOR IIS COV 1 5.58 2 152 192.0 5.0 1.0 5 1REACTOR IIS COV 2 4.44 2 152 125.7 5.0 1.0 5 1REACTOR IIS COV 3 3.89 2 100 119.3 5.0 1.0 5 1REFINERY IIS COV 1 22.26 38 665 42.5 135.2 91.2 92 61REFINERY IIS COV 2 19.99 31 665 48.1 134.0 89.0 93 63REFINERY IIS COV 3 16.51 23 577 72.6 145.7 93.4 97 62VOL1 IIS COV 1 13.45 13 699 83.3 180.8 121.7 137 91VOL1 IIS COV 2 20.70 10 699 278.5 180.3 121.6 137 91VOL1 IIS COV 3 10.75 8 715 138.6 182.6 120.9 160 104Table 5.3: Results for Mid{sized Problems
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Problem Algorithm Cover # I ISs Pivots Avg. I IS Smallest I ISTime Generated I IS 1 Avg. Size Rows Size RowsBGINDY IIS COV 1 139.19 1 1908 1140.0 3.0 3.0 3 3BGINDY IIS COV 3 126.34 1 219 1114.0 3.0 3.0 3 3CERIA3D IIS COV 1 56.32 3 1905 758.0 123.3 123.3 73 73CERIA3D IIS COV 2 66.46 3 2406 921.0 141.3 141.3 74 74CERIA3D IIS COV 3 26.45 8 538 99.0 144.8 144.8 73 73CPLEX1 IIS COV 1 38.50 1 1473 1214.5 5.0 5.0 5 5CPLEX1 IIS COV 3 33.83 1 212 1058.5 5.0 5.0 5 5GOSH IIS COV 1 563.91 1 6009 3305.5 49.0 49.0 49 49GOSH IIS COV 3 637.34 2 1885 2350.0 72.0 72.0 68 68GREENBEA IIS COV 1 410.50 3 2983 1955.8 9.0 6.3 4 2GREENBEA IIS COV 2 359.95 4 2983 1319.6 17.8 15.0 4 2GREENBEA IIS COV 3 322.34 3 10 1442.8 8.3 5.3 4 1KLEIN3 IIS COV 1 97.16 29 1571 506.0 101.7 101.7 95 95KLEIN3 IIS COV 2 49.77 12 1560 538.8 87.4 87.4 86 86KLEIN3 IIS COV 3 36.34 21 1137 205.6 85.8 85.8 84 84MEXP IIS COV 1 12.37 2 377 157.0 8.0 8.0 7 7MEXP IIS COV 3 8.76 1 176 237.5 6.0 6.0 6 6MONDOU2 IIS COV 1 17.69 14 503 60.8 163.5 146.6 22 17MONDOU2 IIS COV 2 118.63 13 503 58.1 182.3 163.8 22 17MONDOU2 IIS COV 3 17.11 9 460 62.6 146.9 128.9 22 17PILOT4I IIS COV 1 28.82 1 659 930.0 1.0 1.0 1 1PILOT4I IIS COV 2 18.05 1 1010 629.0 1.0 1.0 1 1PILOT4I IIS COV 3 7.20 1 86 202.5 1.0 1.0 1 1Table 5.4: Results for Large Problems
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We feel that the min weight I IS cover will be a valuable tool in debuggingLPs at the model development and integration stage.In order to gain a perspective on the solution time to solve theMCIC problem exactly, we make a comparison with the heuristic ap-proach of Chinneck [12] on a subset of the NETLIB infeasible library.Chinneck's runs were made using a modi�ed version of MINOS(I IS) onan IBM-compatible 66 MHz 80486DX2 microcomputer. Chinneck's resultsare presented in [12] in terms of a time ratio: the covering time divided bythe Phase 1 solution time. We convert our results into the same form, sothe comparison is as fair as possible (considering that we use a di�erentoptimization package). These results are presented in Table 5.6.It is interesting to note that Chinneck's heuristic �nds the min-imum cardinality cover in all instances; however, as demonstrated previ-ously, it will not guarantee a minimal cover upon termination. The timespresented are particularly intriguing since the time ratio to solve exactlyis smaller on 6 of the 14 problems! We should also note that in solvingexactly a large set of I ISs is determined. Using Chinneck's algorithm, noI ISs are identi�ed. In [12], an extension is given for doing so, but the CPUtimes presented are for cover identi�cation only. Thus, more informationis given in less time on a substantial portion of the test bed by solvingoptimally!
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Problem MINOS(I IS) Min I IS Cover Smallest I ISRows Cardinality I ISs Found Size RowsBGDBG1 2 12 38 2 2BGETAM 7 1 5 8 7BGINDY 1 1 3 3BGPRTR 5 1 1 7 7BOX1 8 1 2 10 9CERIA3D 73 1 3 73 73CHEMCOM 7 1 2 23 13CPLEX1 5 1 1 5 5EX72A 58 1 3 59 58EX73A 24 1 1 26 25FOREST6 55 1 2 64 59GALENET 2 1 1 6 3GOSH 1 1 49 49GREENBEA 1 2 3 4 1ITEST2 3 2 3 3 3ITEST6 2 2 3 3 3KLEIN1 50 1 1 51 51KLEIN2 51 1 4 53 53KLEIN3 74 1 21 84 84MEXP 5 1 1 6 6MONDOU2 15 3 9 22 17PANG 11 1 1 16 13PILOT4I 1 1 1 1 1QUAL 76 1 6 134 90REACTOR 1 1 2 5 1REFINERY 47 1 38 92 61VOL1 80 1 10 137 91WOODINFE 1 2 2 2 1Table 5.5: Min I IS Cover and MINOS(I IS) I IS Isolation Comparison
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Finally, we compare this approach with the �xed charge formu-lation presented in Section 2.4:min Pmi=1 zisubject to Ax+ s� s0 = bs0 �Mz for constant M su�ciently largex; s � 0z binaryThe �xed charge IP formulations were solved on the RS6000 com-puter using version 3.0 of the CPLEX optimization library. Results forthis comparison are given in Table 5.7. The time given is CPU seconds tocompletely solve the problems. The Min I IS Cover results presented arefor the variant IIS COV 3. The test bed consists of a subset of problemsfrom the NETLIB infeasible library. For small problems (WOODINFE,ITEST2, and ITEST6), the �xed charge approach outperforms the MWICapproach. However, the largest of these problems is WOODINFE with 35constraints and 89 variables. As we move to larger problems, we see thatthe �xed charge formulation becomes increasingly more di�cult to solve.CPLEX was unable to prove the optimality of the integer solution for theBGDBG1 problem, which has 348 constraints and 407 variables, given amaximum of 20,000 nodes for the branch and bound tree. The time tosolve this problem is thus greater than the 825 seconds taken to evalu-ate 20,000 nodes. IIS COV 3 solves the largest problem in this test bed,MONDOU2 (312 constraints and 604 variables), in approximately 6% of79



the time the �xed charge formulation takes. Thus, as problem size in-creases, the MWIC formulation becomes the preferred algorithm.
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Problem MINOS(I IS) Min I IS CoverCardinality Time Ratio Cardinality Time RatioBGDBG1 12 55.5 12 24.6BGINDY 1 0.2 1 3.4BGPRTR 1 1.0 1 1.5CHEMCOM 1 0.6 1 4.3CPLEX1 1 1.3 1 1.2GREENBEA 2 2.1 2 3.1ITEST2 2 1.0 2 35.0ITEST6 2 2.2 2 16.3KLEIN2 1 1.7 1 1.4KLEIN3 1 6.0 1 3.1MONDOU2 3 69.3 3 26.3REACTOR 1 7.1 1 1.9REFINERY 1 7.1 1 10.6WOODINFE 2 2.5 2 6.8Table 5.6: Min I IS Cover and MINOS(I IS) I IS Cover Comparison
Problem Fixed Charge Min I IS CoverTime TimeBGDBG1 >825.00 7.74ITEST2 0.18 0.36ITEST6 0.30 0.65KLEIN2 307.50 5.38MONDOU2 297.21 17.11WOODINFE 0.24 0.48Table 5.7: Min I IS Cover and Fixed Charge I IS Cover Comparison81



6. Extensions to Solving the Linear Discriminant ProblemWe now consider the problem of �nding a linear separator, orseparating hyperplane for two sets of data. Given two point sets A1and A2 (where the coordinates of a point correspond to a row of the ap-propriate matrix), we wish to identify a hyperplane H = f�j�h = bg suchthat �h > b if � 2 A1 and �h < b if � 2 A2. If such a hyperplane Hexists, we say that the sets A1 and A2 are linearly separable. In the casewhere the sets are not linearly separable, for any h and b there exists apoint (WLOG) � 2 A1 such that �h � b and we say that � is misclassi�edfor this h and b. Thus, if the sets are not linearly separable, we wish toobtain the hyperplane that minimizes some measure of misclassi�cationof points. This classi�cation problem has a variety of applications acrossa large spectrum of disciplines including pattern recognition and neuralnetworks. Figure 6.1 demonstrates a linear separable system with an opti-mal separating hyperplane (left) and a non-linearly separable system witha hyperplane minimizing the number of misclassi�cations (right).t ttt tt ddd dd d t ttt td







ddt dd dFigure 6.1: Linearly Separable (left) and Non-Separable (right) SetsWe can formulate the problem of �nding a linear discriminant as



the following feasibility problem:1: �h � b � � for all � 2 A12: �h � b � 0 for all � 2 A2h; b freeNote that any feasible solution h and b to the linear programwill de�ne a hyperplane separating the sets A1 and A2. We force a trueseparation of the sets by restricting the points of A1 to be distance atleast � from the hyperplane. This also eliminates the trivial solution h = 0,b = 0. We need not force the points of setA2 o� of �h = b, since our \true"separator is the hyperplane �h = b + (�=2). Also note that the choice ofobjective is arbitrary at this point - if the sets are separable, we care onlyto �nd a separating hyperplane. There are many modi�cations we canmake to this formulation in order to \bias" the hyperplane towards oneset or the other (for example, see Glover [20] or Bennett and Mangasarian[5]). This linear programming formulation is infeasible if there is noseparating hyperplane. If we �nd the minimum weight I IS cover, we havefound the minimum weight subset of points which must be removed fromthe system in order for a feasible solution to be found. In other words, wewill �nd the minimum weight subset of points which must be misclassi�edin order that a separator be found for the remaining points.Using Theorem 5.1, we obtain the following alternative system83



for the discriminant problem:1: yTA1 + zTA2 = 02: yT � zT = 03: �yT � = �1y � 0; z � 0Since the problem of minimizing the number or weight of mis-classi�ed points is NP hard, research e�orts have focused on identifyinglinear programming formulations which minimize di�erent measures of themisclassi�cation and on heuristic approaches to approximating the trueminimum cardinality/weight set of misclassi�ed points.We can compare the performance of this exact formulation witha linear programming formulation due to Bennett and Mangasarian [5].Let us assume that there are m points in A1 and k points in A2. ThenBennett and Mangasarian solve the following:min Pmi=1 ei=m + Pki=1 fi=ksubject to �h � b+ ei � � for all � 2 A1�h � b� fi � 0 for all � 2 A2e; f � 0h; b freeThe principal property that distinguishes this formulation fromother linear programming methods is that for the linearly inseparable casethis formulation will always generate a nontrivial solution to the linear dis-criminant problem and does so without the addition of extra constraints.Note the similarity between this formulation and a standard Phase 1 LP;84



the vectors e and f are the arti�cial or elastic variable vectors of a Phase1 formulation, and the objective seeks to minimize a normalization of thesum of infeasibilities.In [5], Bennett and Mangasarian compare this formulation with anumber of others on samples consisting of data points from the WisconsinBreast Cancer Database (see the same article for a complete description).This data was collected by by Dr. William H. Wolberg of University ofWisconsin Hospitals in Madison. The data base consists of malignantand benign samples collected in a 9-dimensional space. Of the formula-tions they examined, theirs performed the best in terms of both fewestmisclassi�cations and computer time used.This application lends itself to a deeper discussion of the prac-ticality of the linear discriminant problem. What we are really lookingfor is a solution, or separating hyperplane, which can be found on a smallsample set of the data. This sample set is commonly called a training setin the neural network community. Once we have obtained this separatinghyperplane, it can be used to make decisions about the category whichother data points fall into. So, by looking at a representative sample ofdata points whose classi�cation we know, we wish to identify a classi�ca-tion strategy and then test the \classi�er" on expanded data sets. TheWisconsin Breast Cancer Database is being used to develop an intelligenttissue analyzer.In order to evaluate the e�ectiveness of our MWIC algorithm, wemade a set of comparisons on the same data set. We used the 353 datapoints of Group 1 of the data set, of which 165 are malignant and 188 are85



benign. The data set is inseparable, so we seek to minimize the number ofmisclassi�ed points. The main question to be answered here is how welldo the current state of the art LP formulations perform in this task anddoes our exact approach solve the problem in a timely manner.Our alternative system is based upon the previously given feasi-bility problem, which is identical to Bennett and Mangasarian's LP for-mulation with the exclusion of the elastic variables e and f .We noted the similarity between the Bennett and Mangasarianformulation and that of a Phase 1 LP, and also decided to see how muchbetter a solution they �nd over a standard Phase 1 LP. In our compar-isons, we also included a version of their formulation without the elasticvariables e and f . Upon completion of a Phase 1 LP, the arti�cial variablescorrespond to data points which have been misclassi�ed.The Phase 1 LP and Bennett and Mangasarian's formulationwere run using the CPLEX optimization package. We modi�ed a versionof our best performing MWIC algorithm, IIS COV 3. The algorithm wasmodi�ed to �nd a set of disjoint I ISs prior to solving the covering sub-problem. The idea behind this modi�cation was to reduce the amountof time needed to solve the MCIC problem optimally. Again, this codeis based upon the IBM OSL optimization package object libraries. Allcomparisons were run on an IBM RS6000. The results are presented inTable 6.1 IIS COV 3 B-M Phase 1Misclassi�ed 6 25 25CPU Time (sec) 739.3 1.3 1.0Table 6.1: Linear Discriminant Analysis Comparison86



It is interesting to note that the Bennett-Mangasarian (B-M)formulation misclassi�es the same number of points as a standard Phase1 LP. From this example, it appears that the extra e�ort in solving theseproblems exactly is worth it from a solution quality viewpoint. Althoughthe exact solution took approximately 570 times longer to reach than theB-M formulation, it still took less than 15 minutes of computing time -relatively small for a problem which you would be interested in solvingonly once.Another interesting result is that all 6 points which were mis-classi�ed by the MCIC algorithm were benign - even without explicitlyweighting misclassi�cations in this direction as being more favorable. Incontrast, for both the Phase 1 and B-M formulations, 14 malignant and 11benign points were misclassi�ed. In a true classi�cation system, it wouldbe desirable to err on the side of classifying benign as malignant ratherthan the reverse.It appears that this approach is a viable means of solving lineardiscriminant problems of fair magnitude.
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7. Summary and Areas for Further ResearchWe have developed an algorithm for �nding the MWIC of aninfeasible system of linear equations. We have demonstrated the utilityof this algorithm for infeasibility analysis of linear programming problemsand in linear discriminant analysis where we choose to minimize the num-ber of misclassi�ed points.In addition to this algorithmic development, we have noted thatthese covering problems have a structure to them which seems to makethem more tractable than general set covering problems. We have exploredthe facial structure of these covering polyhedra and identi�ed facet de�ninginequalities. We have also generalized these results to a larger class ofcovering problems, called polyhedral covering problems.We have reviewed the theory of irreducible inconsistent subsys-tems and provided a generalization of Van Loon's result. Additionally,we have established a link between the method of Gleeson and Ryan withVan Loon's.We have evaluated a number of prototypes of our algorithm onthe NETLIB infeasible library and demonstrated the utility of these algo-rithms on a few industry examples of infeasible LPs. The problems in theNETLIB infeasible library in many instances are feasible problems whichhave been perturbed, perhaps arti�cially, into infeasible instances. At thispoint, it would be interesting to analyze other infeasible industry problemsto determine on what types of problems the MWIC approach provides a



useful infeasibility isolation.We have also compared this algorithm with a heuristic proposedby Chinneck, and found that on many problems solving optimally takesless time than solving heuristically. This may be due in part to the di�er-ences in implementation. Our algorithms solve the alternative system ofthe original infeasible system, which is essentially the dual of that problem.Chinneck's method involves solving many Phase 1 instances of subprob-lems of the original infeasible system. Such factors as cover size, sizeof individual I ISs, and problem size probably contribute to making theoptimal cover more tractable.We are also interested in determining the utility of identifyingI ISs by searching for extreme rays of the alternative system directly (eitherin the alternative system, or in the original infeasible system). This mayhelp speed up the algorithm a small amount. A version of our code which�nds a maximal set of disjoint I ISs before solving the covering subproblemalso looks very promising in terms of reducing the number of I ISs necessaryto �nd the optimal cover (and thus reducing total CPU time).We would also be interested in determining if inclusion of facetsin a modi�ed branch and cut algorithm would be bene�cial to reducing thetime needed in the covering subproblem. At the other extreme, we couldtry to minimize the amount of time spent on the covering subproblem byusing a heuristic.
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