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Abstract.

The use of geographical entities with fuzzy spatial extent, called here fuzzy geographical
entities (FGE's), in Geographical Information Systems requires the existence of operators
capable of processing them. This paper focuses on the computation of areas of FGE's. Two
methods are considered, one crisp due to Rosenfeld (1984), which will be shown to be limited in
its applicability, and the other fuzzy that is a new approach. The new fuzzy area operator gives
more information about the possible values of the area and enables the propagation of the
fuzziness in the spatial extent of the entity. Crisp and fuzzy areas have different meanings and
the use of one or the other depends not only on the purpose of the computation but also on the
semantics of the membership functions. Since the fuzzy area operator generates fuzzy numbers
when the FGE’s are represented by normal fuzzy sets, arithmetic operations can be performed
with these areas using fuzzy arithmetic. However, as will be shown, care must be taken when
using the arithmetic operators because in some situations the usual fuzzy operators shouldn’t be
applied. Properties of the fuzzy area operators are analyzed, establishing a parallel with
properties of the areas of crisp sets.



1 Introduction

Several authors have used fuzzy sets to represent the uncertainty associated to the
attributes or the position of geographical entities, or to represent the transition between entities
that don’t have precise boundaries (Burrough 1996, Burrough and MacDonnell 1998, Cheng and
Molenaar 1999, Edwards and Lowell 1996, Fonte and Lodwick 2001, Zhang and Kirby 1999).
These approaches enable the generation of maps representing degrees of belonging of every
point in the geographical space to the attributes or the geographical entities. A geographical
entity is characterized by an attribute and a location in the geographica space, and its location
corresponds to the position of the point, line or region obtained aggregating contiguous points or
regions where the attribute characterizing it is considered to exist. Therefore, even when the
membership grades represent degrees of membership to the attribute characterizing the
geographica entity, they also reflect degrees of belonging to the entity itself and translate a
degree of fuzzinessin its position.

Keeping in mind that the fuzziness in the position of an entity can have several sources,
and that the degrees of membership can have several meanings (Fonte and Lodwick 2001), we
define fuzzy geographical entity asfollows:

Definition: A fuzzy geographical entity (FGE) E is a geographical entity whaose position in
the  geographical space is  defined by the  fuzzy set
E ={ Points belonging to geographical entity E}, with membership function

H:(x,y)0[0,1] defined for every point (X,y) in the space of interest. The

membership value one represents full membership. The membership value zero
represents no membership, and the values in between correspond to membership
grades to E, decreasing from one to zero.

FGE's are an efficient way to represent the positional uncertainty of geographical entities
or the gradual variation between entities, but their incluson in Geographical Information
Systems (GIS's) requires not only their construction but also the development of operators
capable of processing them. Operators with crisp and fuzzy outputs can be considered. The
operators with fuzzy output propagate the fuzzinessin the input data to the results of the analyses
operations. Some work has already been done in this area. Altman (1994) suggested a way to
compute distances and directions between FGE's, Duff and Guesgen (2002) developed an
operator to generate buffers of FGE's, and some authors have proposed the execution of, for
example, intersection and union with the standard fuzzy operators (McBratney and Odeh 1997,
Burrough and MacDonnell 1998, Fonte and Lodwick 2001).

An important attribute in a GIS that is associated with geographical entitiesis area. This
paper focuses on the computation of crisp and fuzzy areas of FGE's. Since a FGE is represented
by a fuzzy set, the operator proposed by Rosenfeld (1984) to compute the area of afuzzy set can
be applied to FGE’'s. This operator generates a crisp value for the area. In section 2 some
properties of the Rosenfeld area are analyzed and some limitations of this crisp approach are
shown. A new area operator that generates fuzzy areas is presented in section 3. Examples are
given and the properties of this new fuzzy area operator are analyzed.

Geographical entities in a GIS may be represented considering a continuous or discrete
geographical space. Continuous space is usually associated with the vector data structure while
discrete space with the raster data structure. For simplicity, we restrict ourselves to the discrete
space. However, the concepts presented herein can be easily extended to continuous space. The
geographical entities used in this paper are represented using the raster data structure and the
pixels are considered to have unitary area. Since this research focuses on the computation of



areas, all geographical entities are considered to be of the type “ared’, and all FGE’s considered
are represented by normal fuzzy sets and are called normal FGE's. Throughout this paper it is
assumed that the reader is familiar with the basic ideas of fuzzy set theory (Klir and Y uan, 1995).

2 Crisp area of fuzzy geographical entities

Rosenfeld (1984) introduced the notion of area (AR) of afuzzy set. For afuzzy set E, in
the discrete case,

AR(E) =§X;z;1(x, y). (2.1)

Since the geographical location of a FGE is represented by a fuzzy set, this concept can
be applied to FGE's. This operator generates a crisp value for the area.

2.1 Properties of the Rosenfeld area operator

The areas of crisp setsE_and F, satisfy the following properties:
OB Fe 10X )., (x¥)0{03 D, (xy)0{0.3
1. Area(E.)=20
2. Area(E.OF.)=Area(E.)+Area(F.)-Area(E. n F;)
3. If F.OE  then  Area(E.-F.)=Area(E.)-Area(F.),  where
E.-F.=E.nF.

Some properties of the Rosenfeld area are now analysed considering the standard fuzzy
intersection, union and complement operators (Klir and Yuan 1995) and establishing a
comparison with the above three well known properties of areas of crisp regions. Proofs of all
properties can be found in the appendix.

Property 2.1.1: For any FGE E, AR(E)=0.
Property 2.1.2: Let E and F be two FGE's, then
AR(EOF)=AR(E)+AR(F)-AR(ENnF).
Property 2.1.3:If En F =0, thatis, (X, y): 4 (X y)>00x (x,y)>0, then
AR(EOF)=AR(E)+AR(F).
Property 2.1.4: Let E and F be two FGE's such that F O E. If O(x,y)Osupport(F),
He (%, y) =1 then
AR(E-F)=AR(E)-AR(F). (2.2)
Note that since

AR(E—F)=;Zmin(uE(x,y),1—yF(x,y)) (2.3)

and



AR(E)=AR(F) =2 2 st (xy) X2t (xy) =X X ke (0 y) -4 (x¥)) - 24

in the hypothesis of property 2.1.4, that is, if support(F) O core(E), al points generate equal
parcels in equations (2.3) and (2.4) (see proof of property 2.1.4 in the appendix). But if
support(F) IZ core(E), that is, O(x,y)Osupport(F): s (x,y)#1, the points in these
conditions generate different parcels in equations (2.3) and (2.4). So if E and F are two FGE's
suchthat F O E and support (F) [ core(E), in general,

AR(E-F)# AR(E)-AR(F).

This means that, when F [0 E the area of the FGE E—-F cannot be computed smply by
subtracting the Rosenfeld areas of E and F. For example, if FGE's F and E are respectively the
ones illustrated in Figure 1 and Figure 2 and E-F the FGE represented in Figure 3, we have

AR(E)-AR(F)=156-95=6.1 and AR(E-F)=9. Moreover, unless the hypotheses of

2.14 hold, if GisaFGE such that AR(G) = AR(F) and G O E, the Rosenfeld areas of E-F
and E -G may be different. For example, given G shown in Figure 4 it can be seenthat GO E,
AR(G) = AR(F) =95 and AR(E-G)=9.9 which isdifferent from AR(E -F). This happens
because the fuzzy standard intersection is the minimum operator and its value may change if the
membership values change position, even if their sum is the same.
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Figure 1 — Fuzzy geographical entit Figure 2 - Fuzzy geographical entity F.
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Figure 3 — Fuzzy geographical entity E-F. Figure 4 - Fuzzy geographical entity G.

Even though for the general case AR(E-F)# AR(E)-AR(F), a relation between
them exists as stated in the next property.

Property 2.1.5: For any FGE'sE and F suchthat F 00 E
AR(E-F)>AR(E)-AR(F)

There is another interesting characteristic associated with the computation of the
difference of two FGE’s with the standard fuzzy intersection. If two FGE's E and H are such
that H = E, then E-H isnot an empty set. For example if both E and H are the FGE shown
in Figure 1, E-H is the FGE shown in Figure 5. Since E—H is not an empty set then



AR(E-H)#0. For this particular example AR(E-H)=6.2. Note that in these cases we
have AR(E)-AR(H)=0.
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Figure5 - Fuzzy geographical entity E-H, when H=E, and E isthe FGE in Figure 1.

3 Fuzzy area of fuzzy geographical entities

The method proposed by Rosenfeld to compute the area of a FGE considers that the
contribution of the area of each pixel to the total area is proportional to the membership
function value assigned to it. So, this operator is appropriate when the concept of FGE arises
from mixed pixels and the membership function values correspond to the percentage of the
pixel area occupied by the attribute characterizing the FGE. For example, if the geographical
entity A shown in Figure 6 is represented in the raster data structure as a FGE assigning to
each pixel the percentage of the pixel area occupied by the entity, the FGE A shown in Figure
7 is obtained. The area of entity A, computed with the coordinates of the points defining the
border of A, isequal to the Rosenfeld area of A. Both have the value 138.14 n?’.
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Figure 6 — Geographical entity A, represented in the vector data structure, overlaid with agrid of cells.
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Figure 7 — Fuzzy geographical entity A obtained from entity A in Figure 6, considering the member ship
function value equal to the percentage of the pixel area occupied by the entity.



However, if the membership function values represent the degree of uncertainty of
whether the pixels can be classified as belonging to a geographical entity characterized by a
certain attribute, the spatial extent of the geographical entity is not known. In this case its
corresponding area cannot be known either. For this situation the value of the Rosenfeld area
operator is just a crisp approximate value of the entity’s area, and no information regarding
the other possible values is given. The Rosenfeld area operator is not equipped to give this
type of information. For example, consider a FGE that translates the danger of air pollution
with respect to a particular polluting agent. The degree of membership indicates the
possibility of being affected by the pollutant (Usery (1996) presents a ssmple example for the
construction of the membership function). Since any point with >0 can belong to the
affected region, the area of this entity can vary between the area of the region formed by the
pixels that have membership value 1 >0 and the area of the region formed by the pixels that
have i =1. If the area of all regions that can be affected is to be determined, or the area of the
regions that have a possibility of being affected higher than 0.5, the Rosenfeld area operator is
of no use. Moreover, the Rosenfeld area operator gives no information about the variation of
the area when different membership function values are considered.

If the membership function values translate a degree of belonging based on similarity
to the attribute, the area of the geographical entity mainly depends on the degree of acceptable
similarity. For example, if the membership function represents degrees of membership to a
certain soil type, based on the similarity of the characteristics observed on the ground and
what is considered to be the typical characteristics of that soils type, as in the previous case,
the entity area can take values between the area of the region corresponding to x>0 and the

one corresponding to w=1. If for a certain application just the degrees of similarity

corresponding to the typical characteristics are considered acceptable, the area of the entity is
the area corresponding to =1, and for this application the Rosenfeld area operator is not

useful.

The previous examples show that the information provided by the Rosenfeld area
operator is limited and will turn out to be insufficient for many applications. To overcome the
limitations of the Rosenfeld area operator a new area operator with a fuzzy output, called the
fuzzy area operator (AF), is developed.

A FGE is characterized by a fuzzy set. A normal fuzzy set can be represented in a
unique way by a family of apha levels, for aD[O,l]. Since an apha level is a crisp set

E, ={(xy): 4 (x y)=a}, its area, denoted here by Area(E,), is the sum of the areas of
the pixels belonging to the alphalevel. That is, for a FGE E:

Area:[01]a i ;

Area_ (a)=Area(E,)=z
Since the alpha levels of afuzzy set are nested, that is <y = E, O E,, the function Area is
decreasing because E, U E, = Area(Eﬁ) > Area(Ey).

+

Lets now denote by z, i=1..n, a set of values of j, such that
Oo,: 7 = Area. (), where 0< g, <a,, <1.



Definition: The fuzzy area of a FGE E, is the fuzzy set AF (E) ={(z,/,1AF(E) (z))}

where
IuAF(E) i S a [011]
[ max a, when [O:z=2z
7 =Area (a;)
z- :
Hoe(e) (2) = . —Zkzk (@en —a,) +a,, with z, =r£1§3<(;) when fi:z=z
+1 -
0 when zO[ Area, (1), Area, (0))
3.1)

To compute the fuzzy area of the FGE E represented in Figure 1 some alphalevels g,
have to be considered and their areas computed. Table 1 shows the areas z obtained for the

apha levels a,. Figure 8 shows a plot of the fuzzy area of E obtained using the values of

Table 1. The same procedure was used to compute the fuzzy area of the FGE F represented in
Figure 2, and the obtained fuzzy areais plotted in Figure 9.

i | a |z=Aea(E,)
1 0.001 26
2 0.1 26
3 0.2 25
4 0.3 23
5 0.4 19
6 0.5 16
7 0.6 14
8 0.7 12
9 0.8 10
10 0.9 7
11 1 4

Tablel1- Area Z of thealphalevels of E.
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Figure 8 - Fuzzy area of the geogr aphical entity E. Figure 9 - Fuzzy area of the geographical entity F.



3.1 Properties of the fuzzy area

We next verify properties of fuzzy area that are similar to those presented in section 2.1.
The proofs are found in the appendix.

Property 3.1.1: OE, the support of AF (E) isasubset of j ;.

Property 3.1.2: [E, /g (2) is a decreasing left continuous function over
z0[ Area(1), Area(0) ].

Property 3.1.3: If Eisanormal FGE, then AF (E) isafuzzy number.

Fuzzy areas of normal FGE's are fuzzy numbers so fuzzy arithmetic can be applied. It is
then necessary to analyse which and when these operations are meaningful, and identify useful
properties.

Consider the FGE's A and B shown in Figure 10 and Figure 11. The union of these two
FGE's is the entity shown in Figure 12. The fuzzy areas of A and B are equal to the fuzzy areas
of E and F and can be seen in Figure 8 and Figure 9. The fuzzy area of A B as well as

AF (A)+AF(B) can be seen in Figure 13. Note that the fuzzy numbers obtained for
AF (ADOB) and AF (A)+AF (B) areequal.
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Figure 10 — Fuzzy geographical entity A
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Figure 11 - Fuzzy geogr aphical entity B.
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Figure 12 - Fuzzy geographical entity A1 B
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This exampleillustrates the following property:

Property 3.1.4- If A(x,y): 1 (X y)>004 (X y)>0 (thatis, En F =0), then
AF(EOF)=AF(E)+AF(F).

When there are points that belong simultaneously to geographical entities E and F the
equivalent to property 2.1.2 for the Rosenfeld area is not satisfied. For example, consider
geographica entities C and D shown respectively in Figure 14 and Figure 15. The fuzzy area of
fuzzy entities C and D are such that AF(C) = AF(E) and AF(D) = AF(F), COD isshownin
Figure 16 and C n D in Figure 17. Note that, as there are no pixels having simultaneously full
membership to C and D, C n D isnot anormal fuzzy set. Therefore AF (C n D) is not afuzzy

number. Since fuzzy arithmetic operators are only applied to fuzzy numbers they cannot be
applied in this case, and AF (C)+ AF (D)~ AF (C n D) cannot be computed. This case requires
the use of arithmetic operations performed with subnormal fuzzy sets, and won’t be addressed in
this paper. Consider now FGE’s C; and D, shown respectively in Figure 14 and Figure 15. These
entities correspond to C and D moved in such away that their intersection is a normal fuzzy set.
The fuzzy entities corresponding to their union and intersection are shown respectively in Figure
16 and Figure 17. In Figure 19 are plotted AF (C,)+ AF (D,)-AF(C,n D,) and AF(C,0D,),
and it can be easily seen that they are not equal. The main difference is that the left part of the
fuzzy number obtained with fuzzy arithmetic is not vertical and doesn’t have the characteristics
of a fuzzy area. Note also that the computation of AF (C,)+ AF (D,)-AF (C, n D,) using the
usual fuzzy difference operator generates negative values for the area. This happens because the
difference of the two fuzzy numbers is computed using the extension principle, and therefore all
combinations of values of the alpha cuts of both fuzzy numbers are considered possible. So it is
considered possible that AF (C, n D,) has values larger than AF (C,)+ AF (D). That is, the
area of the intersection of the two sets is larger than the sum of their areas, which of course does
not make physical sense. The problem with this computation is that when the variables are
interactive (the equivalent to dependency in probability and statistics) fuzzy arithmetic
overestimates the result. In this case C, n D, is linked with C; and D,, and therefore
AF(C,)+AF(D,)-AF(C,nD,) will be overestimated. So, the use of the usua fuzzy

arithmetic may raise problems in the computation of the fuzzy area of the union of two FGE's.
To overcome these problems a relation between the areas of C,, D, and C, n D, can be



considered, allowing only the combination of values corresponding to the same alpha-cuts. That
is, the computation is done apha cut by apha cut. Considering thisrelation AF (Cl O Dl) can be

computed using AF (C,), AF(D,) and AF(C,n D,), and properties similar to property 2 of
the areas of crisp sets and property 2.1.2 of the Rosenfeld areas can be identified.
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Figure 14 — Fuzzy geogr aphical entities C and C;.
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Figure 15 - Fuzzy geographical entity D and D;.
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Figure 16 - Fuzzy geogr aphical entity CUJ D and C, I D,
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Figure 17 - Fuzzy geogr aphical entity Cn D and C, n D,
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Figure 18— Plot of AF (C,)+ AF (D,) and of AF(C, n D).
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Figure 19- Plot of AF (C,)+ AF (D,)~AF (C,n D,) and of AF(C,0D,).

For afuzzy set Swith alphacuts S, =[s;,s; |, the notation S} =s; and S; =, will be

used.
Property 315 - Le¢e E ad F be two FGEsS such that

O(x, y): e (x y) =104, (%, y) =1, then

AF(EOF), =AF(E), +AF(F) - AF(EnF) <[ AF(E)+AF(F)-AF(EnF)]
Property 316 - Le¢e E ad F be two FGEsS such that

O(x, y): e (% y) =104 (%, y) =1, then
AF(EOF), =AF(E) +AF(F) -AF(EnF) =[AF(E)+AF(F)-AF(EnF)]
Note that properties 3.1.5 and 3.1.6 show that
AF(EOF)OAF(E)+AF(F)-AF(EnF)

confirming that AF (E)+ AF (F)-AF(En F) overestimates AF (EOF).
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It was already stated in section 2 that the difference of two fuzzy sets is sensitive to the
position of the smaller set and consequently, in general, it is not possible to compute the
Rosenfeld area of the difference without computing the set E - F . The same happens with the
fuzzy area, but in some circumstances the difference of the fuzzy areas of E and F can till give
some useful information, as stated in the following properties.

Property 317 - If E and F ae FGEs such that FOE, then
AF(E-F). <[ AF(E)-AF (F)]..

For example, for the FGE's E and G of respectively Figure 1 and Figure 4, AF (E-G) is
plotted in Figure 20 with the continuous thick line, [ AF (E) - AF (G)]; with the continuous
crossed line, and | AF (E) - AF (G)]_ with the dashed line. Note that property 3.1.7 i's satisfied.
Note also that in this example no similar property is satisfied for [ AF (E) - AF (G)] . Theplots
of [ AF(E)-AF(G)], and AF(E-G) even crosses each other. Only when F O core(E) itis

possible to establish a relation between AF (E-G) and [ AF (E)-AF (G)] , as stated in the
property 3.1.8.

1 T T T

0.91 /\\[AF(E)—AF(G)]; 1
A |

x _

e

2 oe \

s /

E 0.4l / AF(E—G) \
03| / S
02 / \ |

-20 -15 -10 -5 0 5 10 15 20 25
Area z

Figure 20—Plot of AF (E~G), [ AF (E)~AF(G)]. and [ AF (E)~AF (G)] ,when Eand G are
respectively the FGE’srepresented in Figure 1 and Figure 4.

Property 3.1.8 - If E and F are FGE's such that F O core(E) and E-F is a normal
FGE, then

AF (E~F), =min(AF (E)-AF(F)) = AF(E), - AF (F),.

a

where AF (F) . representsthe strong alphacut of AF(F) for a =0.

o
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4 Conclusions

The inclusion of FGE'sin a GIS requires operators capable of computing their areas. The
computation of areas of fuzzy sets, and therefore of FGE's, can be done with the area operator
developed by Rosenfeld (1984). This operator generates a crisp value for the area. In some
situations this is appropriate, such as when the degrees of belonging to the geographical entity
represent the percentage of the pixel area where the attribute characterizing the geographical
entity exists. But when the degrees of belonging to the geographical entity represent the
uncertainty of whether the pixels belong or not to the entity, or a degree of similarity between
what exists in the pixels and the attribute characterizing the geographical entity, Rosenfeld’s
approach to compute the area of the geographical entity is not appropriate. The Rosenfeld area
does not capture the fuzziness in the location or the spatial extent of the geographical entity. In
these cases the fuzzy area operator presented herein has more convenient characteristics. This
operator, when applied to normal FGE’s, generates not only fuzzy sets but fuzzy numbers. Their
support is the set of al values the area can take, and the degrees of belonging to the fuzzy area
represent, in the cases of the two semantics considered above, the degree of certainty that the
area takes at least that value, or the accepted degree of similarity between the attribute
characterizing the geographical entity and what exists in the pixels. Therefore, fuzzy areas
incorporate much more information about the area of the FGE than Rosenfeld areas.

It is possible to perform arithmetic operations with the new fuzzy area operator using
fuzzy arithmetic since fuzzy areas are fuzzy numbers. However, care must be taken because in
some situations arithmetic operations shouldn’t be done in the usua way.

Some properties of both types of areas are analyzed to evaluate if the area of the union
and difference of two FGE's can be computed using the areas of the entities and the area of their
intersection. It can be concluded that the computation of the Rosenfeld area of the union of two
fuzzy entities can be done adding the Rosenfeld areas of both entities and subtracting the
Rosenfeld area of their intersection, as stated in property 2.1.2. This property is equivalent to the
property satisfied by the area operator of crisp sets. On the other hand, the computation of the
fuzzy area of the union of two fuzzy entities shouldn’t be done by adding the two fuzzy numbers
obtained for the area of each fuzzy entity and subtracting the fuzzy area of their intersection
using the arithmetic operators based on the extension principle. But, as stated in properties 3.1.5
and 3.1.6, if a relation between the alpha cuts of the fuzzy sets is considered, that is, the
computation is done alpha cut by alpha cut, the fuzzy area of the union of the two fuzzy setsis
obtained as a function of the fuzzy areas of both sets and of their intersection.

Regarding the computation of the area of the difference of two FGE's (when one set is
included in the other) using the areas of the fuzzy entities, both the Rosenfeld area operator and
the fuzzy area operator show more differences in relation to the property satisfied by the areas of
crisp sets. However, these differences are caused by the fact that the difference of the two FGE's
is sengitive to their relative position. That is, if FGE E contains FGE F, then, in general, E-F
depends on the position of F in relation to E, and therefore both the Rosenfeld and the fuzzy area
of E-F also depend on the relative position of the entities. Then, in general, it is not possible to
compute the area of E—F knowing just the Rosenfeld or fuzzy areas of E and F. Even though,
for the Rosenfeld area this is possible when F is inside the core of E, as expressed in property
2.1.4. For the fuzzy area it is shown in property 3.1.7 that, using the fuzzy areas of E and F,
values aways larger than each alpha cut of the fuzzy area of E—F can be computed, and when
E-Fis anorma set, also the smaller value of each alpha level can be computed (property
3.1.8).

The union of normal fuzzy entities generates normal fuzzy entities. However, the
intersection of normal fuzzy entities can generate subnormal fuzzy entities, which have
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subnormal fuzzy area. In this case, there are some restrictions to the use of fuzzy arithmetic since
fuzzy arithmetic was developed for fuzzy numbers and fuzzy numbers are by definition normal.
This situation will be analyzed in future work.

This paper focused only on the computation of areas of FGE's, but in future work other
operators will be developed and analyzed. The evaluation of the rea potential of FGE's in GIS
will only be possible when operators capable of processing these entities become available.
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Appendix

Proof of property 2.1.1: AR(E) is a sum of parcels having values between zero and one,
therefore it’s minimum valueis zero.
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Proof of property 2.1.2:
AR(EDIF) =33 max (e (%, y). 14 (x.y))
y

AR(E)=ZX:Zy:,uE(x,y)
AR(F):ZX:Zy:,uF(x,y)
AR(En F) =§§min(yE(x, y). ke (%.Y))

We want to prove that

ZZy‘, max (4 (%, Y), 14 (% Y)) =ZX:Zy:(uE (% ¥)+ 4 (% y)=min(ge (% ). 4 (%)) (AD)

For pixels (xy) such that g (xy)<g(xy), we have that

max (e (%, Y), e (X)) =t (% y), and min(ge (), 4 (%)) = 1 (X y) . Therefore, the
pixels (x,y) satisfying f (X, y) < (x,y) will generate equal quantities in both sides of
equation  (A.1). For pixels such that g (xy)>4(xy), we have

max (e (%, ¥), e (%)) = e (% y) and min(ze (X y), e (%, ¥)) = 4= (x,y), and, as in the
first situation, equal quantities will be generated in both sides of equation (A.1). Then, if for
every pixel (x, y) equal parcels are generated in both sides of the equation, the sum of these

parcels will also be equal, and therefore equality (A.1) holds. m
Proof of property 2.1.3:

When Z(X, y): e (%, y) > 004 (% y) >0, min(g (% y), 4 (% y)) =0 for al (xy).
Therefore  AR(EnF)=0 for al (xy) and property 3.1.2 will be simplified to
AR(EOF)=AR(E)+AR(F).m
Proof of property 2.1.4:

Since E-F=EnF and the standard fuzzy intersection and complement are being
considered,

AR(E—F)=ZXZZmin(/,/E(x,y),l—,uF(x,y)) (A.2)
AR(E) = AR(F) =23 te (% ¥) T 2t (% y) =X 2 (e () = e () (A3)
Case 1: (x,y)Osupport (F)
AsO(x,y)Osupport(F), s (xy)=1,
min (s (% ¥),1- 44 (%, y)) =1= e (%, y)

He (% Y) = e (%) =1- 1 (X Y).-
That is, points (x, y) Osupport (F) generate equal parcelsin (A.2) and (A.3).
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Case 2: (x,y) 12 support (F)
If (x,y) 2 support(F) then . (x,y)=0, and
min(. ()1 4. (. 9)) = 1 ()

He (% Y) =t (X Y) = He (X Y)
S0, (A.2) and (A.3) are sums of equal parcels and are therefore equal.m

Proof of property 2.1.5:

Since E-F=EnF and the standard fuzzy intersection and complement are being
considered,

AR(E—F)=ZX:Zmin(/,/E(x,y),l—,uF(x,y)) (A.4)

AR(E) = AR(F) =23 te (6 ¥) "2 2 e (% y) =230 (e () = e () (A.5)
Case 1: (x,y)Osupport(F) and 4 (x,y) =1

It was shown in the proof of Proposition 2.1.4 that in this case each point (x, y) generates
equal parcelsin equations (A.4) and (A.5).

Case 2: (x,y)Osupport(F) and 2 (x,y) <1
If min(ge (% y). 1= 4 (xy)) =1-4 (xy),  then,  since g (xy)<L,

He (%, Y) =t (X y) <1- 4 (%, y) and the parcel obtained in (A.4) is always larger than the
parcel obtained in (A.5).

It min(ze (X y).1- 4 (X y)) = = (% y), then, since 0< 44 (x,y) <1
He (% ¥) = He (% ¥) < pe (%)
and therefore the parcel obtained in (A.4) isaways larger than the parcel obtained in (A.5).
Case 3: (x,y) |2 support (F)
If (x,y) 2 support(F) then £ (x,y)=0, and
min (e (x,y). 1= e (%)) = e (x.Y)

He (% Y) = e (% Y) = e (%)

So it can be stated that all parcels obtained in (A.4) are larger than the parcels obtained in
(A.5) and therefore AR(E-F)>AR(E)-AR(F).m

Proof of property 3.1.1: The definition guarantees this property.m
Proof of property 3.1.2: Thisistrue by the definition of 4, (z).m
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Proof of property 3.1.3:

A fuzzy set isafuzzy number if 1) it isnormal; 2) every alpha cut is a closed interval for
al (0,1] ; 3) its support is bounded (Klir and Y uan, 1995).

1) If the fuzzy entity E is normal thereis aregion C, corresponding to the core of E, such
thatO(x,y)OC, e (x y)=1. The z value corresponding to the area of that region will have

membership function to the fuzzy area equal to 1, and therefore the fuzzy area is a normal fuzzy
set.

2) As Hpe ) (z) is a decreasing function continuous to the left, the alpha cuts AF (E)a
for a D(O, 1] are the closed intervals:

{[Area(l),z] 0 Eifhye(2)=a
[Area(l),z] O Zzip(2)=a

where z issuchthat 4, (2,) = min{,&’:(ﬂ>aDDz:,uAF(E)(z) =,8)}.

3) The support of AF (E) istheinterval [ Area(1), Area(O)) , which is bounded because
we are only considering geographical entities with finite areas.m
Proof of property 3.1.4:

Since a fuzzy set can be uniquely represented by its apha cuts, to prove that
AF(EOF)=AF(E)+AF(F) we must prove that Da0[0,1],

[AF(EOF)] =[AF(E)+AF(F)] .
Let
AF(E), =[€.€ ], AF(F), =[f,,f, ] ard [AF(EOF)] =[u;,u; ] .Sincefor any
fuzzy numbers N and M, (N+M)_ =N, +M, (Klir and Y uan, 1995),
[AF(E)+AF(F)] =[AF(E)] +[AF(F)] =[&.€]+[f, . f,]=[e + 1, .6+ 1]
Soweneed to provethat u, =€, + f, andu, =¢e, + f, .

Since E and F are normal FGE'’s, by equation (3.1)

e, =¢ = Area(E)
Da0(01], 4 f, = f,” = Area(F,)
u, =u; = Area((ECF)))

Then, €, + f, = Area(E, )+ Area(F,).

According to theorem 2.1 in Klir and Yuan (1995) (EOF) =E,OF,, so
u;:Area((ED F)1)=Area(E1DFl). Because Z(x,y): e (% y)>004: (% y)>0, E, and
F, aredigoint setsand Area(E, 0 F, )= Area(E, )+ Area(F,)=¢ + f . Thatis, u; =€, + f, .
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In asimilar way, by equation (3.1) we have
e = Area(E,)
Oa0(01], 4 f, = Area(F,)
uy = Area((ECF), )
Then
u; = Area((EDF) )= Area((E), O(F),) = Area(E), + Area(F), =€ + f, .
Proof of property 3.1.5:
Let's consider AF (E) =[e,.€ |, AF(F), =[f,.f ], AF(EDF), =[u,, ] and
(EnF), [u ;] So. AF(E) =e, AF(F) =f;, AF(EOF) =u; and

a

AF(Em F) =
e = Area(E,)
fa+ :Area-(Fa)
As Da0(0,1], T = Area((EOF), )

then

u = Area((ED F)a) = Area((E)a D(F)a) =
,+Area(F), -Area((E), n(F),)=
_tArea(F) -Area(EnF) =

and the equality in Property 3.1.5 is proven. To prove the inequality note that:
[AF(E)+AF(F)-AF(EnF)] =
[AF(E)] +[AF(F)] -[AF(EnF)] =
(e [+t ]-[isir]=
L&+ e+ £ |-[ics |=
(& +fs —is. &+ 1, - ]
and therefore [ AF (E)+ AF (F) - AF (En F)]; =e +f —i . Then,as Oa, i, <i},itcanbe
stated that [ AF (E)+ AF (F)-AF(En F)] =¢/ +f; ~i; 2 +f -/ =AF(EnF) m
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Pr oof of property 3.1.6:
Considering again AF (E) =[e,.€ |, AF(F) =[f,.f,/ ] AF(EOF),

a

[u uy

and AF(EnF) :[i;,i;], then AF(E) =¢,, AF(F) =f;, AF(EOF) =u, and

a

AF (En ) =i
€, = Area(E))
U:N%EJ
As DUD(O’]']’ u, = Al‘ea((ED F)l)
i, = Area((EnF),)
then

. =Area((EOF),) = Area((E), O(F),) =
—Area(E) +Area(F), - Area((E), n (F),) =
= Area(E), + Area(F) —Area(En F) =
=g, +f, —i,
To prove the inequality, it was aready shown in the proof of property 3.1.5 that
[AF(E)+AF(F)-AF(EnF)] =[e +f, ~i;.& + 1 ~i,]
therefore,
[AF(E)+AF(F)-AF(EnF)] =¢ +f, -i;

Then, as Oa, i, <i,, it can be stated
[AF(E)+AF(F)-AF(EnF)] =€ +f, ~i;<e +f, ~i,=AF(EnF) =
Proof of property 3.1.7:

Theinclusion F O E meansthat O(x,y)OU, 4 (X, Y) < e (%, Y).

Let'sconsider a0[0,1] , AF (E), =[€,.€; | and AF(F) =[f,,f,]. Then,

[AF(E)-AF(F)] =AF(E),-AF(F), =[e.€]-[f, .1, ]=[e -1, €

and [ AF(E)-AF(F)] =€ - f,.

that

-]

As Oa f;is the area of the core of F and, as F O E, core(F)Ocore(E), that is,
{0 y): e (% y) =1 O{(x y): e (x,y) =1} , then [ AF (E) - AF (F)]. i obtained subtracting

the area of the core of Fto the Area(E, ).
On the other hand,
E-F=min( (xy).1- 4 (x.y)).
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As FOE, O(x y)Ocore(F) (% y) =104 (x y)=1. Then

min (s (x,y).1= 4 (x,y)) =0.
Thatis, E-F does not contain the core of F. Then it can be stated that, (X, y)
Area(E-F) < Area(E,)-Area(F)).
Therefore, as € = Area(E,) and f, = Area(F,),
Area(E-F) <€ -f, .
Since
AF(E-F) =Area(E-F),
then
AF(E-F) <[AF(E)-AF(F)] =
Proof of property3 1.8:
It AF(E), =[€.€ | and AF(F), =[f,,f,; ], then
AF(E)a—AF(F)a =[e -1 e -1 ]
Considering AF (E-F), =[g;.g; |, we need to prove that g, =min(e; - f,"). As €,
is constant for every alpha and equal to Area(core(E)) = AF (E), , the minimum is attained
when £, is maximum, and corresponds to the Area (support (F)) = AF (F)...

Thevalue g, isthe areaof the core of E-F, which is the set

{(x, y)imin( e (x y).1- e (% y)) :]} -
{(xY): te (x y) =101- 11 (x,y) =1} =
{(xy): 1 (xy) =104 (x,y) =0}

Therefore this is the set of points belonging to the core of E and not belonging to the
support of F. Then, as F O core(E),

g, = Area(core(E~F))
= Area(core(E)) - Area(support (F))
=min(e, - f,7).

and the validity of property 3.1.8 is proved.m
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