A Simple Closed Form Estimation of the Cumulative Distribution
Function of a Monotone Function of Random Variables

K. David Jamison!, Weldon A. Lodwick? and Michael Kawai?

1. Watson Wyatt & Company, 950 17th Street,Suite 1400, Denver, CO 80202,
U.S.A.

2. Department of Mathematics, Campus Box 170, University of Colorado,
P.O. Box 173364, Denver, CO 80217-3364, U.S.A.

e-mail: Ken_Jamison@WatsonWyatt.com, Weldon.Lodwick@cudenver.edu

Abstract: A simple method for estimating the cumulative distribution func-
tion of a monotone function of random variables is presented. The method
creates a sequence of bounds on the distribution function that will converge to
the distribution function in the limit. Moreover, an approrimation computed
from and contained in the enclosure is, in many cases, sufficiently close to
the solution to stop the process at an early stage. An eramples is given to
Wllustrate the method.
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1 Introduction

We will describe a method for estimating the cumulative distribution func-
tion (c.d.f.) for any monotone function of a finite set of random variables.
An illustration of the method is presented. When the number of random
variables is small (less than 10), the method gives good results in reasonably
short order so that we believe it warrants further study. The estimate is
in a closed form that might prove useful in stochastic and possibilistic pro-
graming problems. We note the similarity between our method with that of
R.E. Moore ( [6]) and several others after Moore (e.g. [5], [2] and [7]). The
method is an application of the ideas discussed in [4].

2 Estimating the c.d.f.

Let Y = f(X) where the X = (X3, ..., X},) is a vector of continuous random
variables with joint distribution function Fx (z) (i.e.Fx (z) = prob (X; < z1, ..., Xp < xy)



with marginals F, and Gx (z) = prob(z; < Xi,...,z, < X,,) (see; for ex-
ample, [3]). We assume f is continuous and nondecreasing in each z; (it
is a simple adjustment to consider functions that increase in some variables
and decrease in others) and that the support of each X; is bounded with
supp (X;) = [Fx! (0), Fx; (1)] (note the abuse of notation for convenience).

We construct bounds (upper/lower) and an approximation between the
bounds for the c.d.f. of Y. There are three steps to the method. The first step
consists of partioning the domain space into smaller blocks. In the second
step we construct a bound and an intermediate estimate for the conditional
c.d.f of Y for each block of the partition given X is in that block. The final
step is to combine the conditional c.d.f.s into the final estimate.

The first step is to construct a partition on the domain, [Fi, (0), Fy/ (1)] %
.x [Fx (0),F5! (1)]. We do this by dividing each interval into subintervals
equally spaced in probability (relative to the marginal distributions). For ex-
ample, to divide [F)}il (0), Fx; (1)] into three pieces of equal probability we
wse [F5! (0), Fx (3], [F! (). Fx) (2)] and [F5) (2). P! (1)] (note we
are not concerned with overlap since we have assumed the distribution of X
is continuous). The primary consideration in this process is how it effects
the size of the problem. If there are n random variables and each variable X;
is divided into k; subintervals then we will have [, k; conditional c.d.f.s to
compute. Therefore it is desirable to minimize the number of subdivisions
and only subdivide the variables that influence the results the most.

The second step is to construct the bounds and the estimated conditional
c.d.f. for each block of the partition. Let [b, 1] X ... X [by, ¢,] be one such
block and let A denote the event X falls in this block. Consider the family

of n-dimensional blocks {[bl, Fil, (5)] X o X [bn,F);glA (5)} 1B elo, 1]}.
From our assumption that f is continuous and increasing in each X; we
know that

I ([0 Fela B)] o [on P24 (B)] ) = [£ ) o f (Fiela (8) o Pl (8))]
Thus
Fria (F (Fla 8)s- Fla (8) ) > Fxia (Fila (8), - P4 (8)

Now consider the n-dimensinal block [F);ll‘A ) ,01] X ... X [F);im (B8) ,cn} .

As before, we know that
F([Fa )] %o x [FL8),e]) = [ (Fa8)s Fila (B)  f (c1s )]
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This gives the inequality

1= Fria (F (Fxia 8)5- Fxa 8))) 2 Gixia (Ficla (B) s Fi 4 (8)) -

Put together we have

Fxa (F);}‘A (B)-s Fxlia (6)) < Fya (f (F);j‘A () (5))) <
1= Gxoa (Fxly (), Fila (8))

When the random variables, X, are independent this becomes
8" < Fypa (£ (Fla(8), Fla (9))) 1= (1= )"

This is a wide envelope, particularly for a large number of variables (large
n). We wish to produce a reasonable estimate of the c.d.f. without having to
perform the calculations needed reduce the envelope to reasonable width. To

do this we select an intermediate value for Fy|4 ( f <F)§11| A(B) sy F);il A (,8)) )

that falls between the upper and lower estimate above. One estimate would
be to average these probabilities, i.e. set Fy|4 (f <F);11|A (B), ..., Fi* (ﬁ))) =

P x4

L (Bxia (Fla (8)s o Fxla (8)) +1 = Gxja (Bl iy (8) e Fi14 (8)) )

When the random variables, X, are independent a reasonable intermediate

estimate is simply to use §. This works since " < § < 1—(1— )" and

has the property that it does not increase the maximum possible error in

making a choice of intermediate value. This is so because the maximum of

the difference 1 — (1 — 8)" — 8" occurs when § = .5 and at this value the
1

midpoint estimate is 5 (.5" 41 —.5") = .5. So for independent X we use

Foa (£ (Fa (8) s Fe1 0 (8)) ) = 6 1
By (1 (Fla (8),- F5la (9) ) = B (2)

and
B (FRia (8), o Frla () = 1— (1= )" (3)

to obtain a lower bound, intermediate estimate and upper bound on the
actual c.d.f., Fy|a (y). These are the values that will be used for the rest of
this paper. Further refinements are a subject of future research.
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The last step of the method is to combine the estimated conditional c.d.f.s
in to an estimate of the c.d.f. for Y. Assume we have divided the support
of each X; into subintervals creating a partition of the support of X. If
{A; | j =1,m} is the partition (so each A, is also an n-dimensional block)
and if Fy , (y), Fyya; (y) and F;,L‘ 4, (y) are the values calculated as above
to bound and estimate the c.d.f. for the variable Y | X € A; then we can
combine these c.d.f.s to produce the bounds and estimate for the c.d.f. of
interest by , for example, setting Fy (y) = > i Fy‘Ai (y) P (X € Aj) (were
P () equals the probability of the event ). The upper and lower bounds
(Fy (y) and Fyf (y)) are similarly calculated.

It is clear that this process will converge to the actual c.d.f. if the supports
for each X; are subdivided into finer and finer subintervals since Fy, (y) and
Fyf (y) are simply inner and outer measures (relative to the measure defined
by Fx) for the region {z | f () <y} (see any introductory measure theory
text; for example, [1]).

E am e

Consider Y = (max{X3}, X»})? + X1 X, X3 where X; are i.i.d. u[0,1] ran-
dom variables. Then on A = [ ,b]  [0,1] Fx4(z) = — and the in-
verse of this is F)}‘lA () =B(b— )+ . Assume we have subdivided each

0,1] into 512 blocks by dividing each interval [0,1] into eight intervals
[O, l}, [1,2],...,[—,1}. Then, for example, on A = [O, l} X [—,1] X [2 3]

Y

we have F);}‘A (B) =15, F§1|A (8) =18+ - and F;l‘A (8) = 13+ 2. Then
we bound and estimate the conditional c.d.f. at y = (max{(l,B)?’,lB +
D2+ (A8+-) (2B+-) by Fyy (y) = B Fyja(y) = B and FYf, (y) =
1 — (1 —pB)°. Then the c.d.f. for YV is estimated by summing over the 512
conditional c.d.f.s multiplied by (1)3, the probability that all three random
variables fall into any one of the 512 blocks. The result of this calculation

compared to the empirical distribution function for a 10000 simulation is as
follows.



c.d.f. for Y=max(X13,X2)2+X1*X2*X3 when X1,2 and 3 are i.i.d. u[0,1] random variables
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For a small number of variables, the method gives a reasonable estimate of
the c.d.f. and a tight bound on a laptop in several minutes. The intermediate
estimate for the c.d.f. for up to 14 independent random variables has been
calculated to a good degree of accuracy in several minutes on a laptop even
while the upper and lower bounds are still quite wide. Further research is
needed to make the method of greater use when a large number of variables
are involved, to extend the results to non-monotone functions and to the
selection of better intermediate estimates.
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