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Abstract

This paper considers the effect of changing matrix coefficients in a linear pro-
Changes are restricted to
where there remains an optimal solution to the perturbed problem (called “ad-
missible”). Mills’ minimax theorem provides one approach and has been used
for similar sensitivity analysis from a basic optimum. Here we consider the ef-
fect on the optimal partition and how the analysis results relate to the classical

approach that uses a basic solution.
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1 Introduction
Consider the primal-dual linear programs:
min{cz : x > 0, Az > b} max{yb:y >0, yA < ¢},

where ¢ is a row vector in R", called objective coefficients; x is a column vector
in R", called levels; b is a column vector in R™, called right-hand sides; y is a
row vector in R™ called prices; and A is an m x n matrix. Elements are denoted
by subscripts, as ¢;, b; and A;;; the j-th column of A is denoted A;, and the ¢-th
row by A,,.

In the study of how data changes affects an optimal solution, most attention
has been on the rim data: (b, c), so-called because it appears on the rim of a
schematic depicting an LLP model. We suppose we have an optimal solution, and
we are interested in the effect of perturbing A. This has been considered with
respect to its effect on the optimal objective value, using Mills’ minimax theorem
[13], extended by Williams [18], which gives the directional derivative (when it
exists). Subsequent results consider the range of a change for which a particular
basis remains optimal. Here we develop analogous results for when the optimal
partition, determined by having an interior solution, remains invariant.

The next section presents the most basic terms and concepts needed for
what follows. More generally, the technical terms used throughout this paper
are defined in the Mathematical Programming Glossary [8]. For a comprehensive
background into the optimal partition, see [17, 19]. For particular applications
to sensitivity analysis, see [6], and for underlying theory of rim sensitivity anal-
ysis from an interior solution, see [1, 7, 10, 11, 14]. As sensitivity analysis is
extended to consider changing matrix coefficients, we shall be comparing our
results with classical analysis from a basic solution. A key reference is [2] (also
see some of the recent advances in [3]). The tolerance approach [15, 16] can
also be extended with the use of generalized inverses, much like they use basis
inverses.

2 Technical Background

Let P(A) and D(A) denote the primal and dual polyhedra, respectively. For
(z,y) € P(A) x D(A), we associate surplus variables, s = Ax — b and reduced
costs, d = ¢ —yA. Let P*(A) and D*(A) denote the primal and dual optimality
regions, respectively, which we suppose are not empty. The support set of a non-
negative vector, v, is denoted: o(v) = {k : vy > 0}. Then, feasible primal and
dual solutions, * and y*, are optimal if, and only if, they satisfy complementary
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slackness: o(z*) N o(d*) = 0 and o(s*) N o(y*) = 0. As shown by Goldman
and Tucker[4], there must exist a strictly complementary solution, whereby the
support sets span the rows and columns: o(2*)Uo(d*) = {1,...,n}, and o(s*)U
o(y*) = {1,...,m}. This defines the (unique) optimal partition, obtained from
any strictly complementary (i.e., interior) solution.

We are interested in the effect of changing the matrix to A + 0 0A for § > 0,
where A is a fixed m X n matrix, called the change direction. One of our main
concerns is how to establish a range of  for which the optimal partition does
not change. Analogous to the rim variation, we are also concerned with how the
partition changes when it must change for a particular direction matrix. First,
we recall a central minimax theorem that provides some information about the
effect of changing A without regard to what kind of solution we have obtained
(i.e., basic or interior). Then, in the next section, we review what is known
about the effect on a basic optimum. This is in order to be self contained
and establish some analogies we shall consider in the subsequent section that
contains the new results.

Although we assume no rim variation, this analysis includes that case by
suitable transformation. For example, augment primal variables zq and z,4; to
obtain the equivalent LP:

1 —c 0 . 0

. 0 A —b 0 0
min g : x > 0, 00 1 x > 1
0 0 —1 Fntl ~1

The first constraint, xg — cx > 0, is the only one containing z¢, so the minimum
value of zy equals the minimum of c¢x. The last two constraints, z,4; > 1
and —z,4; > —1 force z,4; = 1, which then makes the remaining constraints
equivalent to the original canonical system, Az > b. Now the rim vectors, b and
¢, are included in the transformed matrix, so they can be perturbed as part of
the matrix coefficient change.

We say AA is an admissible change if the LP defined by A + AA has an

optimal solution — equivalently, if the primal and dual conditions are feasible:
I(z,y) > 035 [A+ AA]z > band y[A+ AA] <ec.

Let A denote the set of admissible changes. Unlike rim variation, this is not a
convex set. To illustrate, consider the following

Example 1 min{—z:2>0, (—1+AAn)z

IV
e
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When AA = 0, the two constraints are simply upper bounds: z < 2 and
x < 1. The set of admissible changes is when at least one of these constraints
imposes an upper bound, which means at least one coefficient must be negative.
Otherwise, if both coefficients are non-negative, the LP is unbounded by letting
x— 00. Thus, the set of admissible changes is the following non-convex set:

AA
A:HAA;]; AA11<1orAA21<2}.

(Note that the changes [3} and [2} are in A, but their midpoint is not.)

We say 0A is an admissible direction if there exists 6* > 0 such that A+ 6A
is an admissible change for all € [0,6*). The set of admissible directions, D, is
composed of those dA for which the primal and dual feasibility conditions hold
over an interval:

D={6A€ R™": 30" > 03054 AV € [0,0)}.

Unlike the case of rim variation, we cannot say 6 dA is an admissible change
for § € (0,6%) just because 6* 0A is admissible. However, the situation is more
favorable than looking at the set of total changes, A. Consider the previous
example. For ¢+ = 1,2, define

and define 0* = sup{#',0*}. It follows that § éA is an admissible change for all
6 € [0,0%), and 6 6A is not an admissible change for any # > 6*. That is, the set
of feasible # in R™ is a simple interval in this example.

On the other hand, consider the following

, { /645 if §A; > 0

Example 2 The primal equations are as follows (let ¢ = 0, so the objective
does not matter):

1+6 1
0 1446 r=11
1+40 60 1496 1

(The equality system could be replaced by the equivalent canonical system,

[A+ 00A]x > b and [-A + 0(—0A)]x > —b.) For any 6§ > 0, we have the
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following unique solution to the equations:

o =k
=0 = oy

This is non-negative for # = 0 and 6 > 1, so the range of # for which A is
an admissible change is not a simple interval. (The interval (0,1) is missing
because x3 first becomes negative, then becomes positive as  crosses 1.)

For 6A € D, let 6*(6A) def sup{0*: 00A € Afor all § € [0,6%)}, and let
O(dA) 4 {9: 954 € A}. We know from the examples that the range of 6 for

which 0 dA is admissible may or may not be a simple interval — i.e., we can
have ©(6A4) # [0,0%(0A)] (or with the right end open).

The difference in the two examples is the structure of A. Even though this
is not convex in the first example, it is a union of polyhedra. In that case, we
have the following.

Theorem 1 Suppose A = =K {P.}, where each Py is a polyhedron containing
the origin. Then, ©(JA) is a simple interval: [0,60%(5A)) C O(SA) C [0,0%(5A)].

Proof: Let 0 & sup{#: 00A € P,} for k =1,..., K. Since each Py is convex,
either 6, = 0o or [0,0,6A4) C P and 00A & Py, for 6 > 6, (0,04 may or may not
be in Py). There exists k for which 6*(5A) = 0, so if §*(0A) = oo, O(dA) =
[0,00). If each @y is finite, 8*(0A) = max{f}. Suppose this maximum is for
k*. We have O(JA) = {6 > 0: 00A € Py} = [0,604x) or [0,0xx] (depending on
whether Py« contains the boundary point). O

Let z(0A) denote the optimal objective value as a function of A, and let
Dz(A; 6A) denote the directional derivative (when it exists):

D2(A;64) = Tim z(A+606A) — z(A)

6—04 0

for A € D. A key theorem, essentially due to Mills [13] and extended by
Williams [18], gives the directional derivative of the optimal objective value
when it exists. Let {#*} — 0, and define the set of optimal limit points:

P(A;6A) x D=(A;6A) & {(2,y): I (2%, y*)} € P*(A+ 06A) x D*(A + 0%5A)
> (=" y")} = (2, 9)}
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In Mills” proof of his minimax theorem, he assumes normalization con-
straints, >°,z; = 1 and > ;y; = 1. This is natural in his game-theoretic
context, where = and y are probabilities over a complete set of strategies,
and it is often assumed in analysis of interior point methods (with scaling).
The normalization is assumed to be unaffected by perturbation, which implies
P>(A;6A) x D®(A;A) # 0; otherwise, it is possible for there to be no limit
points of any primal-dual optimal sequence. Here is an example (suggested by
Stephen Billups):

Example 3 minzy +23: ¢ >0, —2; +02x5, >0, 1 —0x3 >0, 23 > 1.

For § = 0, the unique primal solution is (0,0,1), and for § > 0, the unique
primal solution is (1, %, 1). The matrix change direction is thus admissible, but

P>(A;0A) = 0.

Theorem 2 (Mills’ Minimax) Lel A be an admissible direction, and sup-
pose P¥(A;6A) x D*(A;0A) # (0. Then, the differential Lagrangian has a
saddlepoint in the optimalily region, and the saddlepoint value is the directional
derivative of z:

Dz(A;6A) =  min max {—y(éA)x}

¢ € P*(A) y € D*(A)

=  max min  {—y(éA)z}.

y € D*(A) z € P*(A)

This specializes to the one-sided derivatives when they exist:

0tz/0A;; = Dz(A;eZ»T@ej) = min, max,{—y; z;} = —y;“i“:z:?a"

0= 2/0A; = —Dz(A;—el ®e;) = — min, max,{ yiz;} = —ym
where e; is the j-th unit row vector (whose size is determined by context).
When the associated price and quantity are unique (y"™ = y">* = y; and
rF" = 2T = x;), this specializes to the complete derivative, dz/0A;; = —y;x;.

The rest of this paper is concerned with the range of # when the matrix
change is §5A, where dA is a fixed direction of change. The special case of
varying one coefficient, say A,;, is with 4 = el @ e;. In the next section we
review what is known about maintaining the optimality of a basis. Then, we
derive similar results for maintaining the optimality of the partition.

A perspective to keep in mind when comparing classical methods that as-
sume a basic solution is that those methods derive ranges for which the basis
remains optimal. Here we obtain the (unique) optimal partition from an in-
terior solution, and we are interested in two questions: What is the range for
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which the optimal partition does not change? and, if it must change immedi-
ately, What is the range for which the new optimal partition remains optimal? A
companion paper [7] on rim analysis addressed both questions, but here we con-
sider only the first question. The analysis highlights a fundamental difference
in the sensitivity information sought, but the methodology we shall present has
great similarity to classical analysis from a basic solution. (See [6] for practical
situations where the optimal partition provides more information than a basis.)

3 Basic Ranges

Given an optimal basis, partition A in the usual way:

A=

B N < Nonbasic s
B* N*
1

Basic Nonbasic
T T

< Basic s

A basis B remains optimal if the following conditions are satisfied:

Primal Dual
(B+60iB)xg = by yv(B+00B) = c¢p
(B*+06B" )z > bp yv(N+00N) < ey
rg = 0 YN > 0
Letting z* and y* denote the current optimal solution, z% = B7™'b and
yi = cgB™', these conditions are equivalent to the following:
Primal Dual
(14 03B)Azp = —05B a2y  Ayn(I+06B) = 0y, 0B
(B*+06B")Azg > —sp—06B "z Ayn(N+00N) < dy —0yydoN
Azxg > —zj Ayn > —YN

where 3B < B-16B and 6B & §BB~!.

In general, when 6B # 0, the change vectors, Azp and Ayy, are nonlin-
ear functions of . Further, there is an additional condition that B + #B be
nonsingular, making the range of § not a simple interval. This latter difficulty
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is eliminated by imposing a restriction: 6 < 6°, where B + 6 dB is nonsingu-
lar throughout [0,6°). Although the range is generally nonlinear for arbitrary
change directions, this can still result in a linear inequality on 6.

One case that yields linear inequalities is when éB = 0. Then, primal
quantities and dual prices are unchanged: édx = 0 and dy = 0. The only
conditions that limit the range of § are the primal surplus changes: § Bz} >
—sg, and the dual reduced cost changes: 8 6N < dy,.

Another approach, following Gal [2], is to suppose A = p ® ¢, where p is a
column vector in R™ and ¢ is a row vector in IR". The case of changing row ¢
is with p = e! and ¢ arbitrary (the change vector for the row). Similarly, the
case of changing the j-th column is with p arbitrary and ¢ = e;.

Partition p = PN
PB
¢), so we have the following:

0A = (pN) @ (gB qn)
PB

B pN @ g pN D qn + tight rows (sy = 0)
PB®qB  pB D qN
T T

basic nonbasic
columns columns

(dg=0) (zy=0)

) (conformal with b) and ¢ = (¢g qn) (conformal with

+ surplus rows (yg = 0)

We have z5(6) = [B+0 py@qp]'bx and yn(0) = cg[B+0 py @qs] ™", where
0 is restricted so that det[B + 0 py @ gg] # 0. Then, Gal applies Bodewig’s
formula:

OB 'py @ ggB™!
1+ 60gsB 'py

to obtain the following nonlinear functions of 8:

[B+0py@qp]” =B —

ep(0) = [I _ M] o

« 0
w(0) = wi [1- ]
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_ def _ ~ def _ def _
where py = B™'py, g8 = ¢gB™ and n = ¢gB ™ py.

The nonsingularity condition is now evident: 1 + 6#n > 0. Define 6° e
—1/n if n < 0; otherwise, §° ' . The nonsingularity condition is the strict
inequality, § < 6°.

Given this nonsingularity condition, the non-negativity of xp and yx become
linear inequalities in 6:

The remaining conditions are the non-negativities of the basic surplus vari-
ables (sp) and the nonbasic reduced costs (dy). These are equivalent to the
following linear inequalities:

s5(0) >0 & s;+0(nsy + (B Dy —ps)apry) >0
dy(0) >0 & dy+0(ndy + yipn(@N —aqn)) >0.

(In the derivation, recall n = ggB™'py = ggPy, which eliminates the quadratic
term.)

These linear inequalities determine the greatest value of 6 for which this
basis remains optimal. The result is either an interval of the form [0, 6*] with
6* a finite value determined by the non-negativity inequalities, or the result is
an interval of the form [0, 0*) with 6* = cc or 8* = —1/n > 0.

Consider the special case of changing one coefficient: p = el and q = e;. If
it is in N, the only effect of changing N;; is to change its own reduced cost:
Ady = —0yy(el @e;),s0 Ady =0 for k # j and Ad; = —0y?. The range of 0
is thus determined simply: § < d5/y; (this is defined to be oo if y7 = 0, even if
d% = 0). Thus, the range of this coefficient for which this basis remains optimal
is (—oo, Ni; + d;/yz*]

In the above inequalities, we have pg = 0,gg = 0 and n = 0, so xg(0) = 7%,
yn(0) = yx and sg(f) = sj. Further, py = el and gy = e;, so dy(0) =
dy + 0 (yyel (—e;)) = di — Oyre;. This is what we just noted: di(0) = dj for
k#j,and d;(0) = di —0y;.

It is useful to interpret this by activity analysis, where each column repre-
sents an activity’s input (if A;; < 0) or output (if A;; > 0). (Details of this can
be found in [9].) In the present case, this says that this activity (j) is currently
not economical, relative to the basic prices. It remains uneconomical if this
coefficient is decreased because that means the unit output is less or that the
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input requirement is more. On the other hand, if the coefficient is increased,
it eventually reaches a value when it is equally economical to enter it into the
basis, namely when its reduced cost becomes zero (at 6 = d} /y?).

If the coefficient is IN7;, nothing is affected, so the range of this coefficient
is (—00,00). In terms of the derived inequalities, we have py = 0, pg = e,
g = 0 and gy = e;, so all solution variables remain constant. In words, this
says it does not matter the rate that the j-th activity consumes or produces the
i-th entity since it has no value (i.e., y* = 0).

If the coefficient is B;, the only effect is to change the level of surplus:
Asg = 0(el @ e;)ry = HeiT:z:}*. The range of 4 is thus determined simply:
0 > —si/x} (this is defined to be —oo if % = 0, even if s7 = 0). The complete
range is thus [—s} /7, 00). In words, this says this coefficient can increase indef-
initely without changing the optimality of the basis because it simply increases
the level of surplus. If the coefficient decreases, however, it means that the
level of surplus also decreases and is eventually driven to zero. At that point
(0 = —s7/x7), the i-th row becomes tight and the basis is on the threshold of

becoming infeasible. Figure 1 shows the ranges of these three cases.

Figure 1: Range of A;; not in the Basis Kernel for the Basis to Remain Optimal

Submatrix AA?}?“ AA;‘}“
N~ — 0 0
B —sijz; ifz; >0 00
—00 ifz; =0
N —0o dify; if >0
00 ify, =0

Now consider changing B;;. There are four non-negativity conditions plus
the nonsingularity condition, which are given in figure 2. For example, the
inequalities imposed by the k-th basic variable are:

i/ (Briz; — Bjizr)” < ABy; < a1/ (Briz; — Bize)t.

At most one of these inequalities restricts the change: an upper bound is im-
posed if By;x; — Bjixr, > 0; a lower bound is imposed if By;2; — B2 < 0.
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Figure 2: Range of B;; for the Basis (B) to Remain Optimal

Condition | ABZ” AB

B nonsingular’ | —1/3%; —1/B;;

zp(f) >0 zr/(Briz; — Bjizw)” k) (Briz; — Bjizk)t
sp(0) >0 sk/(Briw; — Bjisk)” sk/ By — Bjise)*
yn(0) >0 yi/ (viBik — yeBii)~ yr/(yiBix — yeBii) ™
dn(0) 20 —dy/(yiBjeNy + Bjide) ™ | —di/(yiBjs Nk + Bjicy)~

"The nonsingularity condition is a strict bound.

Notation: g =B™'; 8*=B*B™'; vt = max{0,v}; v~ = min{0,v}.

These bounds are derived as follows (given 6 satisfies the nonsingularity
condition, 1 4+ 0 3;; > 0):
{L’B(H) >0 <:>[B—|—¢962T®e]]_1bN >0
=4 [I + 6 /Boi & e]‘]_lB_le > 0,

where f3,; is the i-th column of B™!. Letting E denote the elementary column
matrix, [ 4+ 0 8,; @ e, we have

:L’B(G) >0 & E_ll’B > 0.

The inverse of E is another elementary column matrix:

[ —0 By i
I 7 O

E_l = 0 %% 0 — row ]

0 1g5; !

T

column j
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This implies E~'zp is the vector with entries x;, — z;0 B:/(1 + 0 3;;) for
k # j, and the j-th entry is z;/(1 4+ 6 3;;). Since we assume the nonsingularity
condition, 14 60 3;; > 0, it follows that z;(#) > 0 with no further restriction on
0. For k # j, the k-th basic variable imposes the inequality:

;0 B
4

zr 4 0(xp B — x;0k) >0 (given 1 4+ 603, > 0).

This does not limit 0 if x;8;; = z53;;. Otherwise, this is either an upper bound
or a lower bound, depending upon the sign of the difference, as given in figure 2.
(We can allow k = j since that holds identically.)

Following the theory for rim variation[5], define the range of compatibility of
an optimal basis, B:

p(B; 5A) o sup{f: B is an optimal basis throughout [0, 6]}.

Then, let the basic spectrum be p*(JA) def sup{p(B;dA): B is an optimal basis}.
Computation of p(B;dA) is equivalent to standard parametric programming
when 64 = p® ¢ since the resulting inequalities are linear in §. Other directions
of change lead to rational functions of 6.

Let B denote the set of compatible change directions:

B, ¥ {sa: p(BF;64) > 0}
B ¥ U, B, ={6A: p*(6A) > 0}.

One of the fundamental theorems of compatibility for rim variation is that the
sets of change directions span the set of admissible directions. The analogous
property here is that B= D, but this is not true, as the following example shows.

Example 4 minzy + 29 2 >0, (14+0)x1+22>1, 21+ (14 0)x > 1.

At § = 0, the optimal extreme points are (0,1) and (1,0) from bases B' =
[A; —e;] and B® = [A; —e,], respectively. As shown in figure 3, this direction
of change creates an extreme point at the midpoint of the current optimality
region (ﬁ, 21?) for # > 0. Further, under perturbation, this new extreme
point is the unique optimum, with basis [A; 4+ 0 64; A3 + 6 6A;], so none of the

currently optimal bases remain optimal. We thus have p*(6A) = 0, but 04 € D.

Consider the set of all bases. If one is not feasible in the primal or the dual
of the current LP, it remains infeasible in a small enough neighborhood. So, for
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Figure 3: Example with B # D
/ :

1 1
Unique optimum at (ﬁ ] 240

6 sufficiently small (but positive), the optimal bases cannot include those that
have an infeasibility. If none of the currently optimal bases is optimal for # near
zero, there are only two possibilities: the L.P has no solution (i.e., A ¢ D), or
a submatrix becomes a basis for positive § that is currently not a basis (as in
Example 4). If the latter does not happen for a particular change direction,
that direction is in the span of the currently optimal bases (i.e., in B). The
pathology can happen, however, even if the change direction is restricted to be
one column. This is shown with the following

Example 5 maxx;:x >0, x1 — 0z =1, Oy + 23 =1.

At 0 = 0, the LP has the uniquely optimal basis: [A; As] with value 1. For any
6 > 0, the uniquely optimal basis is [A; A] with value 2 (note the discontinuity
in the maximum value as a function of #).

We leave open how B might relate to D; the classical theory is what is
reported by Gal, which is how to compute p(B;p® ¢) for any optimal basis, B.
(Recall that this leads to linear inequalities, which is why standard methods of
parametric programming apply. Also note, however, that other conditions lead
to linear inequalities. One such condition is 6B = 0, and there are others, such
as the special structure of when b and ¢ are put into the matrix — we know
that leads to a system of linear inequalities on 6.) In the next section we use an
analogous approach to determine when the optimal partition does not change.
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4 Partition Invariance

In this section we are concerned with matrix coefficient changes for which the
optimal partition does not change. To begin, let (2° y°) denote an optimal
interior solution, thereby determining the optimal partition by their support
sets.

Partition A according to the optimal partition:

1 B N + o(y°) = rows active in some optimal solution

B* N~ <+ o(s") = rows inactive in all optimal solutions

T T

o(z%) o(d°) = columns inactive in all optimal solutions

= columns active in some optimal solution.

The submatrices are not to be confused with the partition induced by a basic
solution. Unless the solution is unique, B # B, and similarly for the other
submatrices of A whose definition is induced by the optimal partition.

We refer to o(y°) x o(2) as the active set of rows and columns, which define
the active submatriz, B. The rows are active because they never have surplus in
any optimal solution (i.e., s; = 0 in every optimal solution for all i € o(y°)), and
for each row we have an optimal solution where its price is positive. The columns
are active because they never have a positive reduced cost (i.e., d; = 0 in every
optimal solution for all j € o(2")), and for each column we have an optimal
solution where its level is positive. The complementary rows and columns are
called inactive. Those rows never have a positive price, and each inactive row
has a positive surplus in at least one optimal solution. The inactive columns
never have a positive level, and each inactive column has a positive reduced cost
in at least one optimal solution.

b
Partition the rim data vectors conformally: b = N and ¢ = (¢ cn).
b
B SN ..
Also, x = , 8 = .y = (yn yB), and d = (dp dy). So, the original
N SB

linear programs are equivalent to the following primal-dual pair:
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Primal Dual

min cgTg + cNTN: max ynby + ypbg:
Brp+ Nay —sy =bn yvB +ypB*+dp =cpB
B*zp+ N*xn — sp = bp yvnN +ypN* +dy = cn
x,s>0 y, d > 0.

Maintaining the partition conditions, zxy = 0,sy = 0,yg = 0 and dg = 0,
the partition does not change for § > 0 if there exists u = g + Azg > 0 and
v=yn + Ayny > 0 to satisfy the following:

(B+606B)u =bn v(B+06B)=cp (2)

(B* —+ (95B*)u > bB U(N —+ (95N) < CN. (3)

We can see immediately, if 6B = 0, the partition remains optimal for 6
satisfying

05B*z% > —s% and Oy oN < dY. (4)

This is only sufficient, using Az = 0 and Ay = 0; it is possible there exists
(u,v) # (2%, y%) such that the invariance conditions are satisfied with a greater
value of 6.

Following [7], let 7(JA) denote the range for which the partition remains
optimal for 64 € D. When changing one coefficient, the entries in figure 1 give
values of 7, thus making the range of invariance for changes outside the active
submatrix easy to determine. If the coefficient is N*;;, there is no restriction
so T(6A) = oco. If the coeflicient is B*;;, only the primal inequality applies:
0 x? > —s?. If the coefficient is N,;, only the dual inequality applies: 6y? < d?.
These agree with what is shown in figure 1, except the solution values are
interior, not necessarily basic.

Identifying the active submatrix is the key, and when it remains unchanged,
so does the optimal partition. Although this follows immediately, this fact is
important enough to state as the following.

Theorem 3 [f the active submatriz remains unchanged (6B = 0), the optimal
partition is invariant on [0,0%) for some 0* > 0. Further, the range of each
coefficient outside the active submatriz, T(el @ e;), is al least as great as the
values given in figure 1. Within that range, (z°, y°) remains an interior op-
timum (with s(0) = s° — 0e; 3 if Bf; changes, and d(0) = d° — Oe;y) if Ny
changes).
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The range of 8 obtained from figure 1 is for the particular interior solution
obtained. Since this applies to every interior solution, the value of 7 is the
greatest among all interior solutions:

T = sup{‘;—;} if only B} changes (and B} = 1);
T = sup{%} if only N;; changes (and dN;; = 1).

The economic inferences are stronger than those of a basic optimum. For
the coefficient in N*, we can say there is no effect in every optimal solution,
not just for one basis. In fact, the coefficient need not be in N* associated with
a basis, even if it is in N* associated with the optimal partition. In the other
two cases, to say that the optimal partition does not change gives a qualitative
result: inactive activities continue to be inactive for the range specified in every
optimal solution to the perturbed LP.

Now consider the perturbation of one coefficient in the active submatrix, say
B;;. The invariance conditions reduce to the following:

(B—I—He?@ej)u = by U(B—I—(?eiT@ej) = c¢g
B*u > bg v N < ¢N
u > 0 v > 0.

Suppose B is m’ x n’ and let MT denote an arbitrary generalized inverse of
any matrix M. We know we have a solution for § = 0, so BBTby = by and
cgBTB = cp for every generalized inverse of B. For the partition to remain
optimal, this needs to be true for # > 0 (but sufficiently small). Even further, we
want to consider a solution of the form u(8) = 2% + f(6) and v(8) = y; + g(8),
where f and g are continuous in a neighborhood of § = 0, and f(0) = ¢(0) = 0.
Then, not only does this satisfy the equations, but also it satisfies the strict
inequalities for # sufficiently small.

Substituting % + f(#) into the primal equation and y% + ¢(6) into the dual,
these functions exist if, and only if,

(B + HeiT ®e;)(B+ HeiT ® ej)+ eix? = ei:x?
and

ylei(B+0el @e))t(B+0e] @e;)=yle

for every generalized inverse, (B + fel ®e;)*, in which case we have

f0)=—0z;(B+0e;2e;)Te; +[I—(B+0e;@e;)T(B+0e; @e;)] u(h)
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for p(0) € R™ 3 y is continuous in a neighborhood of # = 0 and (0) = 0; and
9(0) = —0yie;(B+0ei@e))" +v(0)[I—(B+0e;@e))(B+0e @e;)t]

for v(#) € R™ 3 v is continuous in a neighborhood of # = 0 and v(0) = 0.
We begin with the special case where the active submatrix can be permuted
to the following form:

B 0
B = ) (5)
0 0
where B is nonsingular. Then,
—-1
Bt = B0 .
0 0

by

Conformally partition by = ( ) ) and cg = (EB Co)- Since zp is a solution

0
to Bu = by, and yy is a solution to vB = ¢, we must have BBTby = by and
cgBB* = cg. Substituting the above, we have

1

B 0 B0 by B by
0 0 0 0 b )\ bo
and )
B 0 B0
CB C = CcB Co).
(B co) 0 0 0] (B <o)

These imply by = 0 and ¢g = 0, so the active portion of the rim vector is

by = (b(])\;) and cg = (EB 0).

Further, assume the changes (§ B) are in the nonsingular matrix, B, and the
zeroes remain unchanged. Then, for § sufficiently small,

(B+bp@q)™ = (BM?M)_I g] (6)

We now use Bodewig’s formula to obtain the following:
0P poaTh
f(6)= 1+60gB p
U(o)
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and )
093P 2B~
9(9) = ( SN TR V(Q)) :
1+6gB p
=0
where we have partitioned 2% = ( Ux(%) ) and y = <§?V V(0) ) The vectors

U and V correspond to the row and column zeroes in B, respectively. Since the
current solution is strictly complementary, U/(0) > 0 and V(0) > 0, and we can

continue to choose U(f) > 0 and V(8) > 0, so it is only the other portion that
limits 6.

Theorem 4 [f B satisfies (5) and B satisfies (6), there exists 6* > 0 such
that the optimal partition is invariant in [0,60%). Moreover, 8% is determined by
the following inequalities:
Nonsingularity: 1+ 6n > 0, where n def QE_I]H
zp>0: 0B p(gzy) < (1407
sg>0: 0(B +0§B)B p(ga%) > —(1+0n)sY
-1
yn > 0: 0(yxp) 7B < (I+0nyy
dv>0: 0(Tp)gB (N+606N) > —(1+0n)d%

In particular, if §B;; = 1 and all other coefficients remain unchanged (so G = e;
and p = el ), the optimal partition is invariant for the following:

0 < — 1_
7t
0
T Lk
- < 0 <
(Birx? — Bjix}) (B — Bjia})*
yl(c) < 0 < yl(c)

(Briys — Biiyp)~ (Briys — Biyp)*

def T5—1
where 3 <= B .

These are linear inequalities if §B" = 0 and § N = 0. Otherwise, the inequal-
ities for sg > 0 and dy > 0 are quadratic, in which case 6* is limited by the
least positive root in order to have an interval of invariance.
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Now consider the case where 4 = p ® ¢, so we have the following block

partition:
0B 6N _ [ PN®gB PN @ qN
oB* ON* PB © qB PBRGN |
Having considered the simple cases with either py = 0 or ¢gg = 0, we now

consider these both nonzero.
The equations in (2) define the following primal-dual functions:

u(0) = (B+086B) by +[1— (B+06B)*(B+06B)] u(b) (7)
v(0) = cp(B+08B)* +v(0)[1— (B +08B)(B+035B)" (8)

for 4(#) € R™ and v(f) € R™ (given B is m’ x n'). In order that these
equations have a solution, it is necessary that (B + 00B)(B + 6 éB)*by = by
and cg(B + 00B)T(B + 06B) = cg (we know these hold for § = 0).

In what follows let p = py and ¢ = g for notational convenience. That is,
let the change vectors define B since the other changes appear only in strict
inequalities that restrict 6 to preserve the optimal partition.

Lemma 1 Suppose BT is a generalized inverse of B such that
BB*p@q+p@qB*B=p®q+ BB*p@qB*B. (9)

Then, Bodewig’s formula generalizes as follows:

0 B*p @ qB*
B+ 0; t=pBt - — 10
(B+0p®q) T 048y (10)
Proof: Going through the (tedious) algebra, we obtain
(B+O0p2q)(B+0p2qT(B+0pRq)=B+0poq +
%(BBW@C]-FP@C]BJFB—P@C]—BB+P®C]B+B),
from which the result follows. O

Two special cases are as follows:
e BB* = I, such as when rank(B)=m' and Bt = BT(BBT)~..
e B*B =1, such as when rank(B)=n'and B* = (BTB)"'BT.
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We use these in the following.

Theorem 5 Suppose (9) holds and 1+ 60n > 0, where n e qBTp. Then, there
exists * > 0 such that the optimal partition remains invariant for A4+ 60p® q,
for all 0 € [0,0%), if, and only if,

(- BBM)p® qB*tby =0 and cg Btp @ q(1— BTB) = 0,

in which case an interior solution is given by:

zg(f) = (1— ﬁB‘Fp ® q) =%

un(0) =y (I- 5Bt eq).

Proof: In general, the equation (B + 6 p ® q)u = by has a solution if, and only
if, (B+0p®q)(B+0p®q)*Tby = by for any generalized inverse. Applying (9),
this becomes (B+60p® ¢)(B* — ﬁBﬂJ ® qBT)by = by. Since BBTby = by
(because z% is a solution for § = 0), upon multiplying by (1 + 6n)/6, this
equation is equivalent to (—BBYp @ ¢Bt + p®¢BT(1+60n) —0pR¢BTp®
gB*)bx = 0. Recognizing that the last term reduces to np @ ¢B*, we obtain
the stated condition. Further, a solution is of the form u() = (B+0p®q)*tby+
(I-(B4+0p2q)T(B+0p®q))u(d), and we take the particular solution with
p(0) = u® (independent of #) to obtain the stated value of z5(f). Since this is
continuous in § with zg(0) = 2% > 0, we can restrict § small enough that the
primal strict inequalities hold. A similar argument applies to obtain the dual

equation and the interior solution, y(#). O

This leads immediately to the following two corollaries because we can re-
strict @ to be small enough that the rank of the active submatrix does not
change.

Corollary 5.1 Suppose rank(B) = m’. Then, 30* > 0 such that the optimal
partition remains invariant throughout [0,6%) if, and only if,

cg BT BB 'p @ q(1 — BT[BBT]™'B) = 0.

Corollary 5.2 Suppose rank(B) = n’. Then, 36* > 0 such that the optimal
partition remains invariant throughout [0,6) if, and only if,

(I— B[BTB]™'BT)p @ q|B"B]"'BTby = 0.
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We can combine our results to obtain the following.

Theorem 6 Suppose

B 0 §B 0
N ON

A+6A = 0 0 + 0 0
B> N~ B> IN*

Then, T(6A) > 0 if at least one of the following conditions hold:

)
1. §B=0;

2. rank(B) = m’ and cg BT[BBT]"'p @ (1 — BT[BBT]"'B) = 0;

3. rank(B) =n' and (1 — B[BTB]7'BT)p @ ¢[BTB]"'BTby = 0.

Proof: If §B = 0, the result is contained in theorem 3. Otherwise, apply the
appropriate corollary of theorem 5. O

Corollary 6.1 If the primal-dual solution is unique, the optimal partition is
invariant for any matriz change with sufficiently small norm.

Proof: The uniqueness implies the solution is basic, so both rank conditions
in theorem 6 are true. Thus, if AA is any matrix change, 7(AA) > 0, so scale
AA by s < 7(AA) to make the norm “sufficiently small”. O

5 An Example

We consider an example in some depth to illustrate the theory. We are given
three fuels from which to generate electricity: coal, oil and uranium. Define six
activities, as follows:

PCL...purchase coal GCL...generate electricity from coal
POL. .. purchase oil GOL. .. generate electricity from oil

PUR...purchase uranium GUR...generate electricity from uranium
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Figure 4 shows the LP. The objective is to minimize cost, shown as the
first row, while meeting the required electricity demand, shown as the last row.
Rows BCL, BOL and BUR balance the associated fuels: what is purchased must
be at least as great as what is used for generation. Row LNU limits nuclear
generation (from uranium): —zqur > —10 (& zgur < 10). Finally, row DEL
is the demand for electricity.

Figure 4: Electricity Generation Example

— Purchase — — Generate —
PCL POL PUR GCL GOL GUR

cost 18 15 20 .8 .6 4 = min

BCL 1 —1 > 0 balance coal

BOL 1 —1 > 0 balance oil

BUR 1 -1 > 0 balance uranium
LNU —1 > —10 limit nuclear

DEL .33 3 4 > 10 demand electricity

The net cost in dollars per unit of electricity is the sum of purchase and
generation costs divided by the yield: (c¢ps + car)/Apgrn.cs for fuel f. These
are as follows:

Coal Oil Uranium

18.8/.33 = 56.97 | 15.6/.3 = 52 | 20.4/.4 = 51

Generation from uranium is the least costly at $51 per unit of electricity
generated, so its level is as much as possible, which is 10 units. This generates 4
units of electricity, leaving 6 units of electricity demand to be generated by the
next cheapest fuel, which is oil. Since the oil yield is .3, the levels of POL and
GOL are 20, and this sets the marginal price of electricity at $52. No electricity
is generated from coal: the levels of PCL and GCL are zero in every optimal
solution.

There are two optimal bases, whose tableaux are shown in figure 5. The
two bases differ in which coal activities are present, to accommodate different
events (see [5], as this is a part of Compatibility Theory). The first tableau
has the purchase activity in the basis, which is compatible with increasing the
right-hand side to require a coal stockpile. In that case the level of PCL simply
increases to equal the requirement. The second tableau has the generation
activity in the basis, which is compatible with decreasing the right-hand side,
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making free coal available. In that case the level of GCL increases to equal the
free coal, displacing oil.

Figure 5: Optimal Tableaux for Electricity Generation Example

GCL BCL BOL BUR DEL LNU
PCL 0 -1 -1
POL 20 1.1 -1 -3.333 —1.333
PUR 10 -1 1
GOL 20 1.1 -3.333 —1.333
GUR 10 1 1
—CcosT bH16 1.64 18 15 20 52 4

(a) Tableau 1 has Coal Purchase (PCL) in Basis B',
Compatible with Increasing bgcr, (Requiring Coal Stockpile)

PCLL. BCL BOL BUR DEL LNU
GCL 0 -1 1
POL 20 1.1 —1.1 -1 —-3.333 —1.333
PUR 10 -1 1
GOL 20 1.1 —-1.1 —-3.333 —1.333
GUR 10 1 1
—cosT H16 1.64 16.36 15 20 52 4

(b) Tableau 2 has Generation from Coal (GCL) in Basis B?,
Compatible with Decreasing bgcr, (Making Free Coal Available)

Figure 6 shows the active submatrix, where the optimal partition has o(x) =
{POL, PUR, GOL, GUR} (activities to generate electricity from oil and ura-

nium).

Figure 6: Optimal Partition for the Electricity Generation Example

o(r): POL PUR  GOL  GUR o(d): PcL  GCL
BCL 1 —1
1 —1 BOL
B = 1 —1 | BUR N =
—1 | LU
3 .4 | DEL .33

Suppose we want to vary the yield factors in the demand row. Let k =
AADEL ,GCL » A= AADEL ,GOL and o = AADEL ,GUR denote the Changes n



5 AN EXAMPLE

coal, oil and uranium yields, respectively, so

0000 O0O0
000000
AA=|0 0 0 0 0 O
00 0O0O0O0
000 k XA pu

23

Figure 7 gives the primal-dual conditions for basis B' to remain optimal.
First, there is the nonsingularity condition: B is nonsingular < .3 + A # 0.
We strengthen this to .3 + A > 0. Then, the primal conditions are simply
zg = [B+ AB] 'y > 0 (sp is vacuous). The dual conditions are yy =
cg[B+AB|™' > 0 and dy = ¢y —yn(N + AN) > 0. The net result is a system
of linear inequalities on the coefficient change values, shown in figure 8(a). By
similar derivation, the primal-dual conditions yield the system in figure 8(b) for

basis B? to remain optimal.

Figure 7: Maintaining Optimality of B!

TPCL
TPOL - TGoL
TPUR -

(3+MNzgor + (44 p)raur

r>0<=A>-3and u < .6.
(a) Primal Conditions
YBCL
YBOL

YBUR
—YBOL + (.

y>0<= XA>—3and 20.4) — 15.6p < .12.

Reduced cost for oL :

—YBCL + (.33 4 K)ypEL

<= 15.66 — 18.8X < .492.
(b) Dual Conditions

3+ A)yprr
—ypur — yinu  + (44 p)ypEL

IA

18
15
20
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Letting P* def {(x,\, p) : B¥is optimal}, we have P2 C P! in this example.
The reason is that the second basis contains the conditions for which it is feasible
and economical to generate the electricity by using the most uranium possible
(row LNU remains tight, with zqur = 10), then using oil for the remaining
units. Changing the yield factors changes these proportions, but the primal
conditions ensure that a total of 10 units of electricity is generated from these
two fuels without using coal. The dual conditions ensure it remains economical
to do so. The added dual condition to keep B? optimal arises because the coal-
fired generation activity is in the basis, and if its yield becomes low enough, it
is not economical to activate it, even with free coal. The way this shows up
mathematically is that the coal price (ygcr, ) is driven to zero as k is decreased,
which is the same as saying that the reduced cost of the purchase activity, dpcr, ,
is driven to zero and would become negative with further decreases in the coal
yield factor, rendering this basis as non-optimal.

Figure 8: Yield Changes that Preserve Optimality of Bases

A > —.3 ¢ nonsingularity
po < 6 < zgorL 20
200 — 15.6p < 24 +—wyinu 20
15.6k — 18.8A < 492 ¢ dgo, >0

(a) B' Remains Optimal

A —.3 ¢ nonsingularity
e .6 — zgor, >0
200 — 15.6p 24 +—wyinu 20

—15.6k + 18.8A
15.6k — 18.8X

4.898 < YBCL >0
492 — dPCL >0

(b) B* Remains Optimal

ININININ V

The conditions in figure 7 are also sufficient for the optimal partition to
remain unchanged (except strict inequalities replace weak ones). In fact, the

primal solution values are unique: zpcr, = zger, = 0, xpur = zgur = 10,
TPoOI, = TGOL = %. The dual solution values are partly unique: ygor, = 15,
ypur = 20, ypgL = %, YLNU = %15.6 — 20.4. The value of ygcr, can be

any value in the interval (determined by the two optimal bases): ['%3:;15.6, 18].

An interior solution is any value in the interior of this interval, which yields the

same optimal partition.
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Choose a particular interior solution, say the midpoint: ygcr, = 9+ %7.8.
This changes as a nonlinear function of the oil yield parameter, A, and it is
independent of the uranium yield parameter, u. Another way to see this is
that each interior solution, notably the analytic center, is a particular convex
combination of the basic optima, and the basic optimal solutions change with
those rational functions of the yield parameters.

Figure 9 gives the range of each yield parameter with the other two held
fixed at their current values. Note that the range for the partition to remain
optimal equals the first basic range. This occurs because the events for the
change are the same:

e Coal yield can decrease indefinitely because it is not used and the de-
crease simply makes it even more uneconomical. It can increase only
until it reaches .3615 (approximately), at which point it becomes equally
economical as oil. For the basis to remain optimal, we have the weak in-
equality, £ < .0315, which allows another basis to become optimal (with
no oil used). For the partition to remain optimal, we have the strong in-
equality, £ < .0315, which disallows the coal to be an alternative optimal
solution.

e Oil yield can decrease until it becomes equally economical to use coal.
At that threshold (A = —.0261), both bases remain optimal but new
bases become optimal that use coal instead of oil. The partition remains
invariant as long as this threshold is not actually reached. Similarly, the
upper limit is where oil becomes equally economical as uranium, and the
same reasoning applies to give the same ranges (except the partition range
is always a strict inequality).

e Uranium yield can decrease to become equally economical with oil, and the
same reasoning applies to preserve the optimality of both bases and of the
partition. The upper limit is where uranium can generate all electricity
demanded (10), so no oil is used. Again, the same events apply to all
three thresholds.

Now suppose we fix the relative rates of change and consider the one-
parameter change, el @ (0 0 0 k A p). We use equations (1) to determine
the spectrum of the two bases. From the tableau in figure 5(a), the inverse of
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Figure 9: Individual Yield Ranges that Preserve Optimality

Range for B! Range for B2 Range for partition
Current | to remain optimal | to remain optimal | to remain optimal
Fuel value min max | min max | min max
Coal .33 —00 .3615 | .0260 3615 | —o0 .3615
oil .3 .2839 3120 | .2839 3120 | .2839 3120
Uranium .4 .3846 1.0000 | .3846 1.0000 | .3846 1.0000
B! is given by:
BCL BOL BUR LNU DEL

1 PCL

1 1.333  3.333 | poL

b= 1 -1 PUR

1.333  3.333 | oL

—1 GUR

Further, py = p =

el gg = (0,0,0, A\, u), and gy = (k). From this we

obtain n = 3.333\. The nonsingularity bound is thus #(3.333X) > —1, which

restricts 6 only if the
solution values are

zp(0)

oil yield coefficient decreases (i.e., A < 0). The primal

The only effect on
same as the fourth:

20

0 0
3.333 20
3.333 20
0 10
0 0
20 3.333
10 | = imeasy | 0 | (2004 10p)
20 3.333
10 0

primal feasibility is the second equation, which is the

o 3.333(20\ + 104) > 0.
T 033330 O3 20A + 100 =
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This imposes the bound:
0(33.331) < 20

Note this depends only on i, not on A, because changes in the oil yield can be
compensated by the level of generation, whereas we must maintain zgur = 10
to have no surplus capacity (i.e., to maintain syu as nonbasic). The only way
A could affect the primal feasibility of this basis is for it to increase so much that
too much electricity is generated, but that is circumvented by the nonsingularity
condition. Also, k does not appear in the primal conditions because B* and sp
are vacuous.

Now consider the dual conditions:

yn(0) = (18,15,20, 4,52) — 52(0, 0, 0, 1.333X — u, 3.333)).

14 63.333)\

The first three prices (for purchasing coal, oil and uranium) are not changed.
The last inequality imposes no restriction on é because the price of electricity
decreases only if the yield from oil increases, and the price cannot reach zero due
to the nonsingularity condition. The only inequality that imposes a restriction
is from the price of nuclear capacity:

yinu (0) > 0 & 0(67.98) — 52u) < A.

The value of k does not affect the dual prices of the rows, but it does appear
in the reduced costs:

dv(0) >0 & 1.64+0(3.333)(1.64) +52(A —x)) >0
& 0526 — 57.47\) < 1.64.

In summary, B' remains an optimal basis for § € [0, *], where

o 20 4 1.64
— T (33.330) 7 (67.98) — 52u)F (52k — 5TATNT

A lower bound can be formed by considering 8 coefficients negative. More-
over, a similar derivation applies to determine the range of B?, where only the
dual price of coal (ypcr, ) and the reduced costs of activities PCL and GCL
differ.

Now consider the optimal partition. Since row BCL is zero and the remaining
4 x 4 submatrix is nonsingular, we could apply theorem 4 with

1 0 1.333 3.333
01 -1 0
0 0 1.333 3.333
00 -1 0
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Then, p=e4 and §= (0 0 A p), so n = 3.333X. The inequalities are as follows
(where sp and B are vacuous):

Nonsingularity: 6 (3.333)) > —1

3.333 20
>0: 6 0 (20X + 10g) < (1 +63.333)) 10
B ' 3.333 H ' 20
0 10

yn > 0: 052(0, 0, 1.3331 — s, 3.333\) < (14 63.333))(15, 20, .4, 52)

dy >0: 052(0,3.333A(.33 + 0k)) > —(1 + 03.333)) (0, , iy, )

We have left the alternative reduced costs of the inactive coal activities un-
specified for now. They can be any value generated by an interior coal price:
y3qr, € (17.16,18).

Removing redundancies, the primal inequalities reduce to the single inequal-
ity:

63.333(20X + 10p) < (1 + 63.333))20.

This is equivalent to 6(33.33u) < 20, as in the bound for preserving the opti-
mality of basis B'.

The first two dual inequalities do not restrict 6, and the last is implied by
the nonsingularity condition. The only restrictive inequality is from the nuclear
capacity price:

yinu () > 0 & 0(67.98) — 52u) < 4.

Unlike the derivation of the range of optimality of B', we obtain a quadratic
inequality:

where d%q;, is any interior solution in (0,1.64). If the interior point reached

happens to have d%q; mnear 0, the inequality reduces to 6 < —

In summary, the range for which the optimal partition remains invariant is
at least as great as the range of the first basis, p(B';es @ (0, 0, 0, &, A, u)).
(This is particular to this example, and need not be the case in general.)

Since we have rank(B) = n’ = 4, we could also apply corollary 5.1, and come
to the same conclusion: no matter what relative rates are chosen, the optimal
partition remains invariant over an interval, [0, %), where 6* > p*(0, 0, 0, &, A, p).
This invariance means no coal is used in every optimal solution to each perturbed
problem.
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6 Concluding Comments

The derivation of the range of a matrix change for which the optimal partition
does not change is analogous to that of the optimality of a basis. The actual
values, however, can differ. When the partition does not change, the inference
is stronger: variables that are zero remain zero in every optimal solution, not
just the one at hand. One expects this range to be less than that of a basis,
but this need not be so. One reason comes from the results for rim variation
where it is possible to vary the right-hand sides in a certain way so that the
partition does not change over a larger interval than any of the optimal bases.
This fact underscores the difference between the two kinds of solutions and their
responses under perturbation.
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