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Abstract

The diffusion equation arising from neutronics is an elliptic partial differential equa-
tion of the form —div(pgradu) + cu = f. Continuous second order, second order
hybrid, mixed and mixed-hybrid formulations are investigated theoretically, each
of them in a primal and dual version. A nodal finite element scheme is applied to
the mixed-hybrid formulations. Well-posedness is investigated each time. A linear
system is obtained, and early numerical results are provided.
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1 Introduction

The time-independent mono-energetic diffusion equation (with isotropic scat-
tering and sources) considered here arises in nuclear engineering reactor core
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calculations. This elliptic equation is the lowest-order angular approximation
of the linear Boltzmann transport equation, where the flux is supposed to
be linearly anisotropic. Even though the neutronic application context clearly
affects the notations in the sequel, its generality makes it relevant to other
applications.

Various formulations were developed to discretize second order partial differ-
ential equations ([1], [2], [3], [4], [5]) and in particular the diffusion equation
in the neutronic community ([6], [7], [8]). This work wants to first classify dif-
ferent solution methods for the diffusion equation, namely the second order,
second order hybrid, mixed and mixed-hybrid methods, each time in both pri-
mal and dual versions. (In the taxonomy of Lindahl and Weiss [9], the primal
formulation corresponds to a Neumann or 7! formulation, while the dual
one corresponds to a Dirichlet or 7" formulation.) Second order methods have
been extensively investigated in the literature ([10] for instance). Second order
hybrid and mixed methods have been frequently studied as well (see [1] and
2] for example), but mostly for the Poisson problem or its generalized version
div(pgradu) = f, which does not cover the diffusion equation (actually it
covers only the pure scattering case). Mixed-hybrid methods are less studied
in the literature than the others. Nevertheless, Arnold and Brezzi [11] stud-
ied the dual mixed-hybrid finite element method for the generalized Poisson
problem, and Babuska, Oden and Lee [12] developed a primal mixed-hybrid
finite element method for the equation —A u+u = f with Dirichlet boundary
conditions.

For the problem discretization itself, we use a nodal finite element approxi-
mation in order to ensure particle conservation over each element. Two well-
known finite element discretizations of the dual mixed formulation for second
order elliptic problems have been carried out: the first by Raviart and Thomas
[13], and the second by Brezzi, Douglas and Marini [14]. The first was originally
developed for the Poisson equation in 2D, then extended by Nedelec to 3D
[15], and extended to the elliptic problem —div(p gradu) + q-gradu+cu = f
by Douglas and Roberts [16], [17]. Thus it includes the diffusion problem in
the mixed dual form. As for the second , it applies to general elliptic problems
and includes the mixed dual diffusion problem as well. Both these element
types are included in our analysis for the general case.

The well-posedness of the different formulations will be systematically inves-
tigated. While second order methods lead to coercive problems (and therefore
can be dealt with through the Lax-Milgram theorem), it is not the case for
second order hybrid, mixed and mixed-hybrid methods, which in turn need to
verify the LBB condition.

Our paper is organized as follows. Section 2 surveys notations and theorems
used throughout the paper. In section 3, the diffusion equation is introduced.



Different continuous formulations are investigated in section 4. Each time,
well-posedness results are provided. Some can be found in the literature, other
ones need some adaptation. In section 5, the nodal finite element discretization
is presented, and applied to the mixed-hybrid methods. The well-posedness
of these discrete problems is investigated as well. Appendix A gives the well-
posedness proofs for the dual diffusion problems. It is inspired by the primal
proofs in [12] (for a case similar but slightly different from ours). We show that
their proofs remain valid for our primal case with little changes, and we adapt
them to the dual case. Finally, some numerical experiments have been carried
out for the mixed-hybrid primal and dual formulations in the two-dimensional
case. These early results can be found in appendix B.

2 Preliminaries

General references for the notions introduced below are [10], [18], and [19].
The number of space dimensions will be denoted by “n”. We will use neu-
tronic standard notation by denoting the considered domain as V' (an open
set of the Euclidean space R™), its boundary as 0V, the infinitesimal volume
element as dV and the infinitesimal hyper-surface element as dI". 9V denotes
the boundary of V. (In neutronics, the letter  is reserved to refer to the

angular variable in the general transport theory.)

L3(V) = HY(V) and H'(V) will denote respectively the usual Lebesgue and
Sobolev spaces, with their elements understood in the sense of distributions.
Their associated norms are respectively [[v|| = ||v]|L2v) = (fy |v|2dV)1/2 and
Ity = l[vllFn ) = 0l + [IVol?, with [lp]| = X5, [|pi]| for any vector p.
Note that for a piecewise polynomial to be in H'(V), it has to be continuous.
Distributions in L?(V) may correspond to discontinuous functions.

On boundaries or interfaces, our unknowns will be defined through the theo-
rems 2.1 and 2.2 that follow. [13, pp.529-530]:

Theorem 2.1 (Trace mapping theorem) Let V' be an open subset of R"
with Lipschitzian boundary ' . The map v — vl|ay defined a priori for functions
v continuous on V, can be extended to a continuous linear mapping called the
trace map of H' (V') into L*(9V).

The kernel of the trace mapping is denoted Hj(V), and its range HY/2(0V) is

1 that is, every point z € OV has a neighborhood U, such that 0V (U, be the
graph of a Lipschitzian function, and V' lies on only one side of 9V.



a Hilbert space 2 | subset of L?(9V), equipped with the norm

= inf v 1
19111/2,0v e [v]1,v (1)

The dual space of HY/2(0V) is H~Y/2(dV), a Hilbert space with norm

Ix[=1/2.0v = sup (1, x) (2)
{peH2(0V):|I¢ll1/2,0v=1}

where (1, x) = [y ¥ x dl'.

Moreover we define

H(div,V)={qe (L*(V))":V-q¢€ L*(V)},

that we endow with the norm

lallaw = (IV - al® + llal|*) 2.

In the following, n will always denote the unit outward normal vector to the
considered (sub)domain.

Theorem 2.2 (Normal trace mapping theorem) Let V' be as before and
with piecewise C' boundary. The map q — n - q defined a priori for vector
functions q from (H* (V)" into L*(OV') can be extended to a continuous linear
mapping from H(div, V) onto H=Y2(0V'), called the normal trace mapping.

The kernel of the normal trace mapping is denoted Hy(div, V'), and its range
is H=Y/2(9V), which contains all the functions of L?(9V). In the sequel, we
assume that all the considered (sub)domains have piecewise C'! (whence Lip-
schitzian) boundaries.

In hybrid methods, the domain V' will be subdivided into a finite family of ele-
ments V; (again open sets) such that Vi Vi = 0 if [ # k, and V = U, V;, with
L positive integer. Let P denote this family. In practice, for two-dimensional
problems, the V; will be polygons. The refinement of the mesh induced by P
is represented by h, the maximal diameter 3 of all the V;. We also define

r=Jov.
l

2 In fact H'/2(dV) (as well as H='/2(dV) introduced later) is a Sobolev space of
fractional order, defined through Fourier transforms. The proof that it coincides
with the range of the trace mapping can be found in [20].

3 maximal distance between two points in a domain



We will need the following trace operators:

W= HY(V) = L) v — = 33(0) = olr, and 3)
Vo = Ho(div, V) — L*(T') : q — x = 7g(q) =n - qlr. (4)

The range of these two operators, respectively equipped with the norms

115y = 22 Wlh2ov and lIxlg-1my = 22 IXll-120m
l l

will be denoted (again respectively) Hé/2(1“) and Hglﬂ(l“) 1.

Now, let V' be a Hilbert space with norm || - ||y, V' its dual, and let (,-)
denote the duality pairing between V and V’. Let U be another Hilbert space.
We recall the following generalization of the Lax-Milgram theorem for the
non-coercive operators [5, sect. 1.4.1, 1.4.2]:

Theorem 2.3 Let U and V' be two Hilbert spaces, a(u,v) a continuous bilinear
form on U x V', and A the bounded linear operator from U to V' defined by

V(u,v) € U x V, a(u,v) = (Au,v)
Then if it exists o > 0 such that

inf sup M > a, (5)
uelu#0 yevpzo |lullulvllv

then the problem: find u € U such that

Yo eV :a(u,v) = (f,v)
with f € R(A) (range of A), is well-posed.

The condition (5) is called the “inf-sup” or “Ladyshenskaya-Babuska-Brezzi”
(LBB) condition. The same theorem remains of course valid in the discrete
case, that is if U and V are replaced by finite- dimensional subspaces U, and
Vi, [5, sect. I11.1.1]. In this case, the LBB condition to satisfy is thus

inf sup _lalun, vn)l > . (6)

un€Unun#0 vy eviy w20 [[Unllo, vnllv, —

4 This notation assumes that these spaces are equivalent to the corresponding frac-
tional order Sobolev spaces. I do not have a general proof of this fact, but then we
can take this simply as a notation.



3 The diffusion equation

Our starting point is the within-group diffusion equation written as a coupled
pair of first order differential equations, with isotropic scattering and sources

[21]:
V- J(r) + 0, ¢(r) = s(r) (7)

and
Vo(r) + 30J(r) = 0. (8)
Unknowns are the scalar flux ¢(r) and current vector J(r). While (7) enforces
the neutron conservation, (8) is Fick’s law and relates the two unknowns. The
coefficients o and o, are respectively the total and removal (macroscopic) cross
sections, for media with isotropic scattering. The cross section of a collision
is its probability of occurrence per unit length. We have that o = o, + oy,
with o4 being the scattering cross section. In case of a void ¢ = 0, = g5 = 0.
There are also media where 0 = o, # 0 and 0, = 0. These are said to be pure
scattering media. In this case, the diffusion equation is just the (generalized)
Poisson’s equation, which has been extensively studied in the literature ([1],
[11], [14]). We will therefore concentrate here on cases where both ¢ and o,
are nonzero. Note that (opposite to [12]), the source s(r) is not supposed to
belong to L?(V) in general. At this point, it is just a general distribution in
D'(Q), i.e. a linear functional on C5°(V). Besides, we suppose o,y and —— in

I(r)
C>°(V) for non-hybrid methods, and in C*°(V}) for hybrid methods.

The methods will be characterized in two different ways. On one hand, “second
order”, “second order hybrid”, “mixed” and “mixed-hybrid” methods can be
considered. These terms will be defined in the sequel. On the other hand, all
these methods exist in a “primal” and in a “dual” formulation, following the
role played by ¢(r) and J(r). Note that all the weak forms that we will derive
in the sequel are summarized in tables 1 and 2.

About boundary conditions, note that in diffusion theory, the in- and out-

going partial currents, respectively denoted j~ and jT, can be shown to be
22]

1 11
:t = — _— — .
)=o) E 5 on-Ver)  Vredv,
that is, introducing ¥ (r) and x(r) for boundary flux and current respectively,
. 1 1
) = To) £ S x@)  vee oy, )

We consider vacuum and reflected boundary conditions. There is no incoming
current from a vacuum, thus j~(r) = 0, and ¥(r) = 2x(r). On reflected
boundaries, j*(r) = j(r), that is x(r) = 0.



Finally, note that second order and second order hybrid methods will be given
variational formulations: second order methods lead to extremum problems,
while second order hybrid methods lead to saddle point problems. Note that
such analyses are not necessary as soon as we have a well-posedness result for
the corresponding weak formulations. It is given here for information, and to
relate to other works. As for mixed and mixed-hybrid methods, a theoretical
analysis of the variational formulations gets too involved, and we will therefore
not carry it out since it is not needed.

4 Continuous formulations
4.1 Second order methods

Second order methods are based on the usual weak form of second order differ-
ential equations. Nevertheless, we derive them here without using any second
order equation, and show that the introduction of second order derivatives
creates in fact an artificial problem.

About well-posedness, we will see that second order methods lead to bilinear
forms that are continuous, symmetric and coercive. Thus existence, uniqueness
and stability of the second order weak solutions and methods follow from the
Lax-Milgram theorem. The primal problem is for instance treated in chapter 7
of [4]. Coercivity of a(u, v) follows from the Friedrichs inequalities. Also, these
methods have variational interpretations in terms of extremum problems.

4.1.1 Second order primal method
To derive the weak form, we start from (7), that we multiply by an arbitrary
test function ¢ € H'(V'), and integrate over the considered domain V. (This is

a language abuse that we will go on using: in fact, we apply the distributions,
thus functionals, to the test function ¢.) We get, for all ¢ € H*(V), 5

/Vv-Jquv+/Va,¢q3dvz/Vs¢3dv,

that is, using the divergence theorem,

[ on-3sar—[3.V6av+ [ o004V = [ séav.

> From now on, the spatial dependence will not be explicitely written anymore.



For the last two equations to make sense, we require the source s to be
in H'(V), the dual of H'(V). We now introduce a Neumann type non-
homogeneous boundary condition on all the boundary of the domain : n-J = y
for r € OV (x is here a known boundary condition). Note that this is a con-
venience choice. Using (8), we obtain, for o # 0,

/ (iwv& + (o, ¢ — 5)) dV +/ oxdl =0 Voe HY (V). (10)
v 30 v

In this weak form, the presence of V¢ forces to look for ¢ in H'(V'). Since
later ¢ will be approximated by piecewise polynomial functions, we have to
know that, for such a function to be in H*(V), it has to be continuous. Also,
we require Y € H~'/2(dV), and notice that taking ¢ in H'(V) gives a sense,
through theorem 2.1, to the restriction of ¢ to AV used in the surface integral,
and belonging to H/2(9V).

Finally we can write the primal weak form: find ¢ in H*(V) such that

a<¢> é) - <Sa é)V - <X>é>8V vé € H1<V)a

where a(u,v) = [y, (35 VuVo+o, uv)dV is continuous, symmetric and coercive,
while (-, )y and (-,-)gy are the duality pairings between H' (V') and H'(V),
and H~1/2(9V') and H'Y2(dV), respectively.

4.1.1.1 Origin of the denomination The denomination “second order
method” is motivated by the fact that the weak form just derived is the usual
one for the second order differential equation (o # 0)

—V%Vqﬂ—argb—s:& (11)

This equation (“strong form”) can be obtained by extracting the current out
of (8), and substituting it into (7). To obtain the weak form (10) from here,
we multiply (11) by an arbitrary test function ¢ € H(V), and apply the
divergence theorem, expressing a Neumann type non-homogeneous boundary
condition —n - %ng = x for r € 9V, in the surface integral. Nevertheless,
equation (11) implies that the derivatives in V¢ be themselves derivable ©.
This “derivable derivatives” hypothesis disappears in the weak form formu-
lation. The introduction of such a problem is in fact artificial since our first
derivation of (10) shows that it can be obtained without the use of second
order derivatives.

6 This is less of a problem with distributions, since every distribution is infinitely
derivable. A function nevertheless need to be locally integrable to be interpretable
in the distribution sense.



4.1.1.2 Variational interpretation Since a(u,v) is symmetric, the Lax-
Milgram theorem also shows that the primal weak form can be derived by
looking for the minimum of the following functional :

1
FoPlg) = /‘/(B—U(V@Z—l—ar & — 20s) dV+2/WX¢dF. (12)

We can also notice that, if we require this functional to be stationary at ¢,
that is if we compute VF*P and require it to be zero, we obtain (10).

4.1.2  Second order dual method

We start again from (7), but here multiply by an arbitrary test function V - J,
with J € H(div, V'), before integrating on V. We obtain, for all J € H(div, V)
(and o, # 0),

1 . . .
/—V~JV-JdV+/q§V-JdV:/ L sv.Jav,
1% %4 174

1
0-7' 0-7‘

and the divergence theorem gives

1 _ 3 3 _
/—V-JV-JdV+/ qbn-JdF—/ng-JdV:/ sV-Jdv.
v o, v 1% v

1
oy
We require the source s to be in L*(V'), which is its own dual. We introduce

the inhomogeneous Dirichlet boundary condition ¢ = ¢ on 9V, and use (8)
to obtain the weak form equation

/(wv.j+30J.j)dv+ [ mJvdr=0 Ve H(div,V). (13)
v |4

oy

The presence of V - J in the weak form leads us to look for J in H(div, V),
which for piecewise polynomials implies continuity. We require ¢ € H 1/2 (oV),
and theorem 2.2 implies that n-J € H~Y/2(9V) in the surface integral.

We finally obtain the dual weak form: find J in H(div, V') such that

- 1 . .
CL(J,J) = 0__<87 V- J>V - <1’1 : J?¢>BV7

where a(p,q) = fv(g%v -pV-q+30p-q)dV, while (-,-)y is the duality

pairing between L?*(V) and itself, and (-, -)sy is as before.



4.1.2.1 Origin of the denomination Here again, the weak form is the
usual one for the second order differential equation (o, # 0):

(s—=V-J)

Oy

\Y +30J =0. (14)

This can be obtained by extracting the flux out of (7) and substituting it into
(8) to obtain (14). To obtain (13) from there, we multiply (14) by an arbitrary
test function J € H (div, V'), apply the divergence theorem expressing in the
surface integral an inhomogeneous boundary condition ¢ = 1 on 9V, that is,
using (7), % = 1) (¢ is known here). The same comments as in the primal

case can be made here.

4.1.2.2 Variational interpretation Here also, symmetry implies that
the dual weak form can be derived by looking for the minimum of the following
functional :

1
FSd[J}:/V(?mJ-J+O—(V-JV~J—23V-J))dV—2 [ m-Jpdr. (15)

Again, we can also notice that, if we require this functional to be stationary
at J, we obtain (13).

4.1.2.3 Note We see that the above expressions for the primal method
are not valid in case of a void. From this point of view, the dual method is
even worse since pure scattering media cannot be modelized. Also, the dual
method is more restrictive on the source s, since L*(V) ¢ H" (V).

4.2 Second order hybrid methods

Hybrid methods require the discretization of the studied domain V' in a finite
number of elements V; that constitute a family P as in section 2. Following [1],
hybrid methods are methods which involve the simultaneous approximation of
a vector field on the union of the elements of the discretization, and another
defined on the union of the boundaries of the elements. Here, the internal
flux ¢ and the interface current x (not a known boundary condition anymore)
will be approximated in the primal case, while the internal current J and the
interface flux ¢ (same remark) will be approximated in the dual case. The
interface variables are sometimes called Lagrange multipliers in the literature
(see variational interpretations). The hybrid methods enable us to relax the
regularity requirement at element interfaces, as we will see.

10



From a weak form point of view, the idea in both primal and dual cases
is to apply the second order primal weak form to each element separately
(the boundary condition becoming an interface variable), and to sum up the
equations obtained in this way, as well as to restore inter-element continuity
by introducing a constraint as a second equation in the weak form.

As for well-posedness, we will see that, even if our method differs slightly from
the (primal) one by Babuska, Oden and Lee [12], their proof nevertheless re-
mains valid in our case, provided ¢ and o, are strictly positive and constant
on each subdomain V;, and when essential vacuum or reflected boundary con-
ditions are enforced. See appendix A for details, where a dual adaptation is
provided.

4.2.1 Second order hybrid primal method

Since we are going to apply the second order primal weak form to each element
separately, we will use, instead of H'(V'), the space

X ={ve L*(V):Vl, vy, € H'(W)}.

Note that piecewise polynomials in X can be discontinuous at element inter-
faces.

In order to restore the inter-element continuity of ¢, we use the following
theorem, proved in [2, proposition 1.1, p.95]:

Theorem 4.1

HYV) = {v €X: Z/a Yvdl =0, Vye€ Hg”z(r)}
T~ Jovi
The weak form is thus: find (¢, x) in X x H~'/2(T") such that (¢ # 0)

S (5 V0 Vo +0,66) dV + S foy, & x AT )
=Y fy¢osdV Ve X (16)
Sidpy X¢dL =0 Ve Hy' (D),
We impose s € Hl/(Vl), for all [. Note that, even if we impose only ¢ € X, the
theorem (4.1) shows that it is in fact in H*(V) thanks to the second equation.

Note also that xy and x do not belong to the same space, and thus, this weak
form brings us towards a Petrov-Galerkin method.

As announced, the regularity requirement on ¢ has been relaxed since X
allows (interface) discontinuities, while H' (V') requires continuity for piecewise

11



polynomials. This is at the price of introducing another variable y.

The (natural) boundary condition of the non-hybrid form n-J = x is here a re-
lationship between two unknowns. In fact, using Hy /*(I) instead of H~1/2(I)
for the trial function x cancels the Dirichlet boundary condition on the flux
¢ used in [12] to make the problem well-posed. This is the main difference
between this method and the one presented in [12]. We motivate this way of
handling boundary conditions by the particular form of the boundary con-
dition we consider (vacuum and reflected), that are not usual Dirichlet or
Neumann boundary conditions.

Finally, we can write the hybrid primal weak form: find (¢, x) € X x H='/%(T")
such that

. ¢) vt e Hy VD), )

<

a(g,0) +c(x,¢) =(s,0) VoeX
c(X =0
where

1
= —VuV . av,
a(u,v) zl:/vl(?)a uVv+ o, uv)

c(x,v) = Z<X7U>3Vu and (s,v) = Z<5>U>Vw

l l

with the same duality pairings as in the non-hybrid (primal) case, but taken
now on (0)V.

4.2.1.1 Variational interpretation Since a(u,v) is symmetric and pos-
itive definite, the problem (17) has a variational interpretation in terms of a
saddle-point problem ([5], p.62): it is equivalent to find (¢, x) in X x H~/2(T")
such that

F™[6, %] < F"[6,x] < F™[é,x] V(X 0) € X x Hy (1),

where

P76, 3] = 50(6,6) + (6. X) = (5.),
that is

F'[p,x] =3 F"[¢, ] (18)

l

12



with

F/?[¢,x] =/ (o

[ (55 (V) + 006" — 203) dV+2/8VlX¢dF.

From a variational point of view, the functional for the whole domain V" is thus
the sum of all the elementary contributions coming from each element V;. For
each of these, the functional is the same as the one stated in the non-hybrid
case ((12) and (15)), but where volume and surface integrals are now taken
only on the considered element, and where the interface function (x here) is
now a distinct variable, in fact considered a Lagrange multiplier (and not as
a known boundary condition).

4.2.2  Second order hybrid dual method

We proceed in a way similar to the primal case. We introduce

Y ={v e (L*V)": VYV, v|y; € H(div,V})}

and note that any piecewise polynomials in Y can be discontinuous across
interfaces.
We use the following result [2, proposition 1.2, p.95]:

Theorem 4.2

H(div,V):{qu:Z/ n-q¢dl =0 v@eHé/Q(F)}.
;. YoV

The weak form is then: find (J x 1) in Y x H'Y2(T") such that (o, # 0)

S0 Sy 07V IV T +303-3)dV + 5 [y n - b dD
:Zlfvlaflsv-jdv vJey (19)
N foyn-JPdD =0 Vg€ Hy.

We impose s € L*(V;), for all [. Note again that, even if we impose only J € Y,
the theorem (4.2) shows that it is in fact in H'(div, V) thanks to the second
equation.

Thus, the regularity requirement on J has been relaxed, at the price of intro-
ducing another variable ).

We have now the following hybrid dual weak form: find (J, ) in Y x HY2(T)
such that

13



{a(J,j)Jrc(n-iw) = +(s,V-J)  VIeY (20)

c(n-J,1) =0 vpeH/AD),

where ¢ is as in the primal case,

ap.)=3 [ ('Y PV -q+iopa)dV. and (s.0) = Ss. )y,
l ! l

with (s, v)y; the duality pairing between L?(V}) and itself.

4.2.2.1 Variational interpretation Since again a(u,v) is symmetric and

positive definite, the problem is equivalent to a saddle-point problem: find
(J,¢) in Y x HY?(T') such that

FMJ, ] < FMI,4) < FM(J, 9]

where

1
F'[q, 9] = Ja(a, @) + b(a, ¥) — (s, q),
that is (except for a harmless constant term)

FM3, ) =3 FI, ), (21)

l

with

1
Fr[3, 9] :/ 303+ —(V-J—s)-(V-J—s)dV -2 J-npdl
Vi oy v,
Again, the sum of all the elementary contributions gives the functional for the
whole domain, and on each element we find back the non-hybrid case, where
the interface function (¢ here) is considered a Lagrange multiplier.

4.3  Mized methods

We do not need the decomposition P of the domain V for these methods.
Again following [1], the mixed methods are defined as methods involving the
simultaneous approximation of two or more vector fields on the physical do-
main. In our case, this means that flux and current will be approximated
simultaneously. In the second order methods, only one of the two unknowns

14



(¢ or J) is approximated, thus the other one has to be computed from the first
one. This process involves a loss of accuracy that is avoided in mixed methods.
This is important when both flux and current are given equal interest.

For the well-posedness proofs, see appendix A. (The primal proof is similar to
the one provided for the dual case.) The primal case is also treated succinctly
in [12].

4.8.1 Mized primal method

In the primal case, we multiply (7) by an arbitrary test function ¢ € H*(V),
and integrate over V. Then we apply the divergence theorem, and express
in the surface term a Neumann-type non-homogeneous boundary condition
n-J = x on 9V. Note that x is here a known boundary condition. We thus
assume that J has a normal trace on dV. This is the case if J € H(div, V)
(by theorem 2.2), but this is not a necessary condition. Besides, we introduce
a second equation, namely (8) multiplied by an arbitrary test function J e
[L*(V)]", and integrated over V. We obtain the following weak form equations:

{fv<—J-v&+or¢q3—sg5> AVt oy xOdU =0 VOEH(V)

Jyd-(BcI+Ve)dV =0 VI e[LXV)]"

In this case, ¢ is to be found in H*(V), and J in [L*(V)]" (where n is the
number of space dimensions). We require x € H~"/2(0V) and s € H*(V).

4.3.1.1 Variational interpretation As announced earlier, a theoretical
investigation of the variational interpretation gets too involved from now on,
and will therefore not be carried out since it is not necessary.

4.8.2  Mized dual method

In the dual case, we multiply (8) by an arbitrary test function J € H(div, V),
and integrate over V. Then we apply the divergence theorem, and express this
time a Dirichlet non-homogeneous boundary condition ¢ = % on dV. Thus
we assume that ¢ has a trace on V. It is true if ¢ € H* (V') by theorem (2.1),
but this is again not a necessary condition. Introducing as second equation
(7) multiplied by an arbitrary ¢ € L*(V) and integrated over V, we obtain
the following weak form equations :

(23)

[y d(V-T4+0,¢0 —5)dV =0 Ve L*V)
Jy(303 — ¢V -J)dV + [pyn-Tpdl =0 VI € H(div,V).
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We have now that (¢,J) is to be found in L?(V) x H(div,V). We require
Y € HY?2(V) and s € L3(V).

4.3.3 Note

Note that in mixed methods, there is no o(,) appearing in the denominator,
which encourages to pursue analyzing these methods in the void case. Nev-
ertheless, other problems arise then (several terms vanish, and there is not
much left). In fact, other approaches, like ray-tracing, should be investigated
to treat void streaming.

4.4 Mized-hybrid Methods

Mixed-hybrid methods feature the characteristics of both mixed and hybrid
methods: simultaneous approximation of the flux and current inside each ele-
ment V; of the family P (introduced in section 2 through subdividing V'), and
relaxation of interface conditions through the use of an unknown interface
function (or Lagrange multiplier) v or .

Similarly to what we did to go from second order methods to second order
hybrid methods, the idea is to apply the mixed primal weak form to each
element V; separately, and to sum up the equations obtained in this way.
Also, the inter-element continuity is restored by introducing a constraint as
an additional equation in the weak form.

As for well-posedness, see [12] and appendix A.

4.4.1  Mized-hybrid primal method

Proceeding as we just said, we get as weak form equations

S (=IVO+0,.60) AV + X [y, xddD = [y, s0dV Voe X
Sl d-(BeJ+Ve)dV =0 VI e [LA(V)] (24)
S fpydXdU =0 Yy e Hy *(T).

Here, we look for ¢ in X, J in [L?(V)]", and x in H~Y2(T), and require
s € H™1(V}), for all [. The regularity requirement on ¢ has been relaxed: the

third equation makes ¢ € H'(V) when taken for all Y € H, Y () (theorem
4.1).
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We can now write the mixed-hybrid primal weak form: find (¢,J,y) in X x
[L2(V)]™ x H~Y2(T) such that

a(6,9) = (6, T) +c(x.0) =(s,0) VoeX
(I, ¢) +d(J,J) =0 VIe[L*V), (25)
o(X, ) =0 VyeH, D),
where
a(u,v) = oruvdV, b(v,q)= -VodV,
(o) =32 |, (i) =3 [ a

and d(p,q):Z/ 3opqdV,
AL

with ¢ and (s,v) defined as in the second order hybrid primal case.

4.4.2  Mized-hybrid dual method

The weak form equations become

Sili oV I+ 0,9)dV =Y [ dsdVZ Ve LAV)
S0 Sy (303 T =V -T)dV+ Y, fpyn-Jydl =0  VIeEY
Y pun-Jdl =0. VI e Hy/*(I)

We have now that (J, ¢, 1) is to be found in Y x L?(V)) x H'/?(T"). We require
s € L*(V}), for all [. Again, J is in fact in H(div, V) by theorem 4.2.

We can write the mixed-hybrid dual weak form: find (J,¢,v) in Y x L*(V) x
H'*(T") such that

a(e, §) + b4 (¢, )
—b4(J, ) +d(J, )+ c(n- T, )
c(n-J,lﬁ)

vJ ey, (26)

(s,0) Ve LXV)
0
0 Ve HAT)

where a, d, and c are as in the primal case,
v (u,q) = Z/ uV - qdV,
TRRAL
and (s, v) is defined as in the second order hybrid dual case.
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Table 1
Diffusion Primal Weak Forms

Second order Primal
Find ¢ € H'(V) such that (¢ # 0, s € H-1(V))

1 - - - -
/V(3—Uv¢v¢+ar¢¢)dv+ 8V¢Xdr_/v¢sdv

for all ¢ € HY(V).
Second order Hybrid Primal
Find ¢ € X and y € H~'/(T") such that (o # 0, s € H~1(V}))

{szvl(?,%vﬁbqu—i‘wqﬁflg) AV + 3 [y o XAl =3 [y 65V
2 faw X¢dl' =0
for all ¢ € X and § € Hy /*(I).

Mixed Primal
Find ¢ € HY(V) and J € [L?(V)]" such that (s € H-Y(V))

fv(—JVg5+ar¢q5—s¢~5) dV—I—fangng‘ =0
Jy I (30T +Vg)dV =0
for all ¢ € H'(V) and J € [L2(V)]™.

Mixed-Hybrid Primal
Find ¢ € X, J € [L*(V)]" and x € H~'/2(T) such that (s € H~1(V}))

S Ly (Ve +0,60) AV + 3 [ xbdl =3, [y sddV
S fy, I (303 + V) dV =0

>0 Sy, X AT =0,

for all ¢ € X, J € [L2(V)]" and ¥ € H, /2(T).

5 Discretization

5.1 Nodal finite elements

In classical finite element methods, the unknowns are point values of the vari-
able (and possibly of its derivatives) at the “nodes” of the element, which
usually include the vertices. (The term “node”, used in nodal jargon instead
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Table 2
Diffusion Dual Weak Forms

Second order Dual
Find J € H(div,V) such that (o, # 0, s € L*(V))
/(MV'JJF?WJJ)WJF/ n-Jdl =0,
1% Or ov
for all J € H(div, V).
Second order Hybrid Dual
Find J € Y and ¢ € HY2(T') such that (0, # 0, s € L*(V}))

S fy 0 VIV I 4303-0)dV + Y, [y n- T dl
=Y fyortsV-Jav
Y Sy m - I dl = 0.
for all J € Y and ¢ € HY*(T).

Mixed Dual
Find J € H(div,V) and ¢ € L*(V) such that (s € L*(V))

Jyo(V-T+o,6 —s)dV =0
Jy(303F — ¢V -J)dV + [, n-J¢pdl =0

for all J € H(div,V) and ¢ € L*(V).
Mixed-Hybrid Dual
FindJeY, ¢ € L>(V) and ¢ € H'/2(T") such that (s € L?(\}))

Yy 6V I+ )dV =3, [, bsdV
S [y (303 =6V -T)dV + 3, [y, n- Ty dl =0
Zlfavln'JﬁdF:Oa

for all 3 € Y, ¢ € LA(V) and ¢ € HY*(T).

of “element” in finite element methods, will be used here always in its finite
element interpretation, that is as particular points of the considered domain.)
On the contrary, nodal finite elements methods (or simply nodal methods)
use as unknowns moments of the variable(s), usually expanded through poly-
nomials. With classical finite elements, the boundary conditions can thus be
enforced only at points, which means that particle conservation for instance
can be enforced only at these points. Nodal methods however enable a better
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handling of particle conservation. According to Hennart [23], nodal finite ele-
ments lead to less couplings between neighboring elements and by the way to
better structured algebraic systems.

While hybrid methods are well handled with nodal finite elements, classical fi-
nite elements are better suited for non-hybrid methods. From now, we chose to
focus on mixed-hybrid methods, since they are the most advanced formulations
that we investigated theoretically. Also, they have received relatively little at-
tention in the past. We will therefore use conforming nodal finite elements. By
‘conforming’, we mean that the finite dimensional spaces are subspaces of the
infinite dimensional spaces that they approximate 7. Also, we consider only
the two-dimensional case.

First we introduce general notations for the expansions, without looking at
the choice of polynomials. The approximate functions will be denoted as the
original ones, but with a subscript h representing the mesh refinement. Also,
we go on using boldface for “physical” vectors only, and we use the subscript
[ to denote restrictions to V.

Inside each element V}, we take, in the two-dimensional case :

oni(r) = f(r)p (27)
Jna(r) =g ,(r)jzils + gil(r)jy,llya (28)

where fi'(r), g},(r) and g ,(r) are row vectors of polynomial expansion func-
tions defined everywhere on V', but non-zero only on the considered element,
and ¢y, j,; and j,,; are coefficient column vectors to be determined. Since
for both the internal flux and current, the expansion and test functions be-
long to the same spaces, we will take test functions equal to the (transposed)
expansion functions. Thus, we write

o = f1, jx,l = Gula, Jy1 = gy1y, and J; = jx,l + jy,l- (29)

At element interfaces and external boundaries (that is on I'), we take :

Ui = hi (), and Xni = bl (r)x;. (30)

Yp; and xp,; represent respectively the flux and normal current along the edge

454

i” of the element V. (This edge lies in fact between two elements, or on the

7 Note that several authors denote by nonconforming a method where the vari-
able(s) (and/or some of its derivatives) may suffer discontinuities across inter-
element boundaries. We will not follow this convention here.
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external boundary 0V.) If we consider rectangular elements for instance, we
have four edges per element, thus i ranges from 1 to 4. h'(r) is a row vector
of polynomial expansion functions defined on I', but having a non-zero value
only on the considered edge i of V;. They are required to be orthonormal over
each side of an element : [;h;(r)h! (r) = I . Note that both the interface
flux and normal current are given the same expansion function here, but we
could have introduced hy,; and h, ; to distinguish between them. 1; and x; are
coefficient column vectors to be determined. Since the expansion functions ¥
and y belong to H*'/2(T'), while the test functions ¢ and ¥ belong to Hy/*(T'),
we take test functions equal to the (transposed) expansion functions except
on the external boundary 0V, where they must vanish. Thus, we write

Xi = ho., Vi = hoi, (31)

where the subscript 0 means that hg vanishes for any edge i on OV. Thus hg;
is identically zero on I' if 7 is on OV.

5.2 Discrete mized-hybrid methods

5.2.1 Primal case

First re-write the weak form of this problem, for approximate solutions: find
(¢, In, xn) in Sy x Vi, x By, such that

a(¢ha gg) - bp((;;7 Jh) + Cp({ﬁ Xh) - <S7 &) vé S deh
(I, on) + d(In, J) 0 VvJeV, (32)
(%, dn) 0 VY€ By,

where the different expressions were defined in section 4.4.1, and

(Sn x Vi x By) € (X x [LA(V)]" x H-Y3(T))

since we want to make a conforming approximation. We take S, = Sy, and
V,, = V. For Bh, we take it to be the subset By, of By, where all the functions
vanish if located on the external boundary 0V. The approximation space for
the unknowns is thus S, x V,, x By, and the one for the test functions is
Sp X Vi, x By . This way, we have a finite-dimensional approximation of the
spaces introduced above, made out of their subsets.

Because we consider the two-dimensional case, the second equation gives here
two different equations, one for each direction. Using test functions ¢; and J;
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that are zero outside of the considered element V;, and y nonzero only on one

[A9eh

edge “2” between two elements V; and V},, we get, for all [,

Jy,(or G dng — Ny - Ing) dV + Jovi b1 Xy AT = Jv,. 8 ¢ dV
S Jar - 30Ty + Vep) dV =0

Sy - (30Tpy + Vpy) dV =0

Ji Xi &ng dU + [; Xi & dT = 0.

Using expansions (27) to (29), we get from the first 3 equations:

— K3 Juy — Ky Gy + Neg ot = St = foy, fi xnadl
) T

Ny Joq + K2 o1 =0 (34)
) T

Nay,i Jyg + K;l o =0,

where the introduced matrices are defined in the following way (q = x,y) :

K}, = /Vl Oofr g0, AV Nygi = /Vl 30 g 9oy AV

N=[ o fiffav  Si=[ fisav
Vi Vi

We now use the expansions (30) to (31) on the boundaries. Introducing

My = [ finfar, (35)

[1Seh

the contribution from each edge “i” of V| to the surface integral remaining in
(34) becomes

[ frxnadt = M

Considering a rectangular element, i = 1,2, 3, 4, and therefore we define M} =
[MT, M3, ME, M7] and X (ny = [X ()1 X(hy2s X{hyzs X(nyal - We then can write

/av fi Xh,ldr = Mlel-
l

Also, the last equation in the weak form (33) becomes
Mg”ngOl + M&;’Tgpl/ = O,
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where MF; is defined as M, but with hg instead of h in (35). This takes into
account the fact that the test functions vanish on the external boundary 9V'.
We can thus write the matricial weak form:

Nevor — K2 oy — K 1y + Mixa =S
T .
- g,l Y — Nd,x,l Ja,l -
pT .
—Ky 1 01— Nagy Jy, =0
Mg:lT ] + M&{T wrr =0

Note that

vaTgpl:/hi fiF o dF:/hingh dF:/hmh,i dF:/hi hi ¢; dT

and thus

sz’TSOl = 1.

We can conclude that the last equation of the matricial weak form, which
was introduced earlier to enforce the continuity of the flux at inter-element
boundaries, enforces here that the (absolute value of the) interface flux be the
same ® on each side of any inter-element boundary, but not on the external
boundary V. As for the interface current Y, it is a variable in this formulation,
and is thus uniquely defined at inter-element boundaries.

Eliminating the variables ¢, j,; and j,; from the matricial weak form (using
(36) to replace ¢; by 1; in the last equation), and applying the change of
variable (9), leads to the response matrix formalism used in the VARIANT
code [24], developed by Lewis and al. at Northwestern University. In this case,
one can then apply boundary conditions directly on j*. A response matrix
formulation makes sense if one is interested only in the interface variables.
In this case, mixed (-hybrid) methods are pointless. But if, as we did in the
numerical experiments of appendix B, we reconstruct the internal flux and
current of each element, a response matrix formulation is a detour. A better
way to proceed then, is to use directly the matricial weak form to generate a
linear system Ax = b, where

T = (SOT7]57]Z—‘7 XT)T? b: (ST7O7 07 0)T7

8 The sign difference is due to the opposition between the (closed) integration path
orientations of sz and sz/'
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and the matrix A contains symmetric blocks of the type (for elements with no
edge on 9V)

Nr,l _Kg,l _KS,Z sz
—K?l —Ny.y 0 0

A= ! . (37)
—Kg:l 0 _Nd,y,l 0

MPT 0 0 0

In order to solve the Ax = b system, a preconditioned conjugate gradient
iterative technique can be used. The point is then to find efficient precondi-
tioning. Different options are available. Noticing that A; has a zero block in
its lower-left corner, we can build a matrix A of the saddle-point type, i.e.
consider the splitting

A B
B' 0
Nevertheless, with the choice of a symmetric A4, as in (37), the upper left block
A; is symmetric but not definite. Changing the signs of the second and third
rows in (37), makes A; a positive stable block according to our numerical tests

(i.e., all its eigenvalues have positive real parts), but unsymmetric. Another
approach is to consider the splitting A; into four blocks according to:

A B
BT —C

A=

where A= N,, B = <_K£l _Kgl Mlp> , and

Ngz; 0 0
C= 0 Nd7y71 0
0 0 0

This way, A is symmetric positive definite and C' symmetric positive semidef-
inite. Preconditioning of our system matrix will be the subject of further
research.

24



As for boundary conditions (on 0V), reflected boundary conditions (x; = 0)
are easy to implement, while for vacuum boundaries (¢; = 2x;), we can use
(36) to say that MP"¢; = 2x; on V.

5.2.1.1 Well-posedness of the approximation problem That this
problem is well-posed has been proved in [12] for a primal problem similar
to ours. Their proof remains valid for us provided it is adapted to the pres-
ence of cross-sectional constants, and vacuum or reflected essential boundary
conditions (see appendix A for details). The spaces used here are

s={u:ue X, u € PyV), Vi}
Viy={p:pé€ [LZ(V)]",pi,l e P,(V) ,VI,Vi=1,...,n}
Bl ={x:x € H'*T),x; € Pyledge j of dV}) , VI, (38)
Vj=1,...,# of edges of V;}
Bg’h ={x:x € B)T),x; =0 if the edge j of V] lies on OV},

where P, (V') denotes a space of polynomials of order < z on V. The approxi-
mation space is thus defined by a triple (s, v,b). Note that the expansion order
does not have to be the same in every subdomain V; (s, v, and b being max-
imum orders). Using the LBB condition, it is proved that, in case V.S, C V,,
(which occurs if v > s—1), a sufficient condition for existence and uniqueness
of a solution is Vy € By,

x udl’ = 0 implies that y = 0,Vu € S,
oV,

which, translated into matrices, is equivalent to require the M} matrix to have
a rank equal to its number of columns, that is, in case of a rectangular element
V}, four times the number of terms in the boundary expansion. This same rank
condition was found empirically by Lewis et al. for their VARIANT code ([24],
25]), a well-known neutronic code. Note that this same rank condition is also
obtained in case of the second order hybrid primal case (not mixed), which
corresponds to the method used in VARIANT.

5.2.2 Dual case

We proceed in a way similar to the primal case. The mixed-hybrid dual weak
form is: find (Jp, ¢n,1n) in Vj, X Sy x By, such that
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a(¢n, ¢) + b%($, J1) = (s,0) VoeS;,
—b (T, dp) + d(Tp, T) + 4T, ) vJ e vy, (39)
Cd(']iwzzj) VQL € Bgﬂha

0
0

where the different expressions were defined in sections 4.4.1 and 4.4.2, and
(Vi x Sn x By) € (Y x LA(V) x HYX(I)) .

Then, similarly to what we got in the primal case,

S 0V - Tng + 00 g ) AV = [, dys dV

[ (30T 0y - Tny =V - Ty b)) AV + [y 0+ Ty by dT =0
S (30T g Ty =V - Ty dna) dV + [y, - Ty by dT =0
fin- I dT + [0 - 3y dT = 0.

(40)

Using expansions inside each V] as before, we get for the first 3 equations

T

Nd,x,l Jal — Kff,l Y+ favz n- gx,llxwh,z dl' =0 (41>
Nd,y,l jy,l - Kg,l @1 + favl n- gy,llywh,l dr = 07

Kd,Tl Jug + K{ﬁ Jyi + Nepr =5

where the K¢ (¢ = x,y) matrices are defined in the following way:

Kii= [ e iV K= [ 00,007 av
Introducing (¢ = z,y)
M= 11, g, 07 T, (42)

[133)]

the contribution from the side “i” of V| to the surface integral remaining in
(41) then becomes:

/Il 14 9g1 Y dl = M;@'wi q=2xY.

For a rectangular element, we have M¢, = [MZ,, M¢,, M, M{,], (¢ = z,y),
and Yy = [Vt V)2, V)3, Ya)al” . In practice, we use rectangular ele-

ments V; whose edges are parallel to the axes x or y. If the edges 1 and 3 are
parallel to the x-axis, and the edges 2 and 4 to the y-axis, we write
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M = Mg, + My, = [M],, M

Y,2)

Ma[ci?ﬂMd ]

We again define M¢, as M in (42), but where h is replaced by ho. This since

Y eH Hy/ 2( I'), is thus zero on OV, and we must therefore zero the corresponding
columns in the M{ matrix. We can write the matricial weak form (here, the
elements V; and Vj, are supposed to share an edge “i” parallel to the y-axis):

K& i+ K& ji+ Ny =S
N Jui — Ky o1+ Myy 0 =

Ny y,l Jyd — K{,ll SOl + My =0
MOzjx,l+M Ozjxl’ = 0.

T

Note that, withn-1, =1,

M, = /h 07 jgr T = /h Jypsdl = /h Xni dl = /h KT i dT
_XZ7 (43)

and thus,

Mql ]q Xl'

We can conclude that the last equation of the matricial weak form, that was
introduced earlier to enforce the continuity of the current at inter-element
boundaries, enforces now that the (absolute value of the) interface current be
the same on both sides of any inter-element boundary, but not on the external
boundary 9V'.

Eliminating the variables ¢;, j;; and j,; from the matricial weak form, and
applying the change of variable (9), leads again to a response matrix formalism.

We can also here build a linear system of the type Ax = b. As for boundary

conditions in this case, we can use (43) to say that M, iy T]q ; = 0 on reflected

a,T .
boundaries, and M j,1 = ﬂ on vacuum boundaries.

5.2.2.1 Well-posedness of the approximation problem We prove the
well-posedness in appendix A for the approximation space V;¥ x S; x BY, with
the same notation as in the primal case. Again, vacuum or reflected (essential)
boundary conditions are assumed. The approximation space is thus defined
by a triple (v, s,b). Using the LBB condition, it is proved that, if V -V}, C S},
(which is true if s > v—1), a sufficient condition for well-posedness is Vx € By,
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Fig. 1. Computed MP °" “-matrix rank for rectangular elements in x-y geometry

x udl' = 0 implies that y = 0,Vu € V},
oV,

which, translated into matrices, is equivalent to require the M matrix to have
a rank equal to its number of columns. This is the same rank condition as in
the primal case. This rank condition is also obtained in case of the second
order hybrid dual method (see appendix A).

5.8 Rank condition

Let us assume x-y geometry, and that BY is made out of b+1 polynomials of the
type x*,0 < ¢ < b, in the variable that varies along the considered edge. (For
instance, we have {1, z, z?} if b = 2.) Thus, the boundary expansion function
(row) vector h' has size b+ 1. Assume similarly that in the primal case S; (V!
in the dual case) is made out of all the Y27 “(i + 1) polynomials of the type
2y 0 < i+j < s or v, in the primal or dual case, respectively. (For instance, if
s or v =2, we have {1, z,y, % xy,y*}). Thus, the internal expansion function
(column) vector f; or g,; has size s+ 1 or v+ 1, respectively. Thus, in case of a

rectangular element V;, the matrix M °* ¢ has size 3% “(i+1) x (4 x (b+1)).

The rank condition derived above says that, if V.S, C V}, (primal case) or
V -V, C S (dual case), a sufficient well-posedness condition is that the
matrix M ? must have a rank equal to its number of columns. A matrix
not satisfying this condition is said to be rank deficient [25].

The figure 1 (from [25]) ? shows the computed M? * ¢ matrix rank for rectan-

¥ Note that the polynomials used in VARIANT [24] are slightly different from the
ones assumed here, but figure 1 remains valid, also in the dual case.
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gular elements in x-y geometry, given its internal expansion order s (or v), and
its boundary expansion order b. The number of lines and columns of M?
are mentioned in brackets next to s (or v) and b, respectively. The lightly
shaded combinations are thus disallowed even before computing the actual
rank, since the rank of a matrix cannot be larger than its smallest dimension.
The darkly shaded region represent a rank deficient combination, but here not
for a dimensional reason.

In the numerical results of appendix B, we will concentrate on fourth order
internal approximations (s or v = 4), and on boundary expansion orders b
ranging from 0 to 2. This way, the rank condition is satisfied.

6 Conclusions and perspectives

We gave a classification of different formulations for the diffusion equation,
providing well-posedness results for the different continuous problems, as well
as for the discrete hybrid problems. In this view, we adapted the primal proofs
of [12] to vacuum and reflected boundary conditions, and developed them for
the dual case. We showed that a sufficient condition for the well-posedness of
the discrete hybrid problems 1° is, in the primal (dual) case, if the gradient
(divergence) of any flux (current) expansion function belongs to the set of the
current (flux) expansion functions, that the matrix M ! defined in section
5.2, have a rank equal to its number of columns. Since we are basically dealing
here with an elliptic problem, such well-posedness results could be expected.
Giving more mathematical insight than the typical engineering texts on the
subject, this work clarifies the theory behind the VARIANT code [24] (ex:
well-posedness proofs, rank condition).

We chosed to concentrate on the mixed-hybrid formulations. They have two
theoretical advantages, namely the simultaneous approximation of both the
flux and current in diffusion, (avoiding errors going from one to the other),
and the relaxation of their inter-element continuity requirements (at the price
of introducing an interface variable).

Further research will be conducted to investigate the preconditioning of the
linear systems obtained by discretizing the mixed-hybrid problems. Differ-
ent options can be considered, as introduced in section 5.2.1. Also, we plan
to explore further the mixed-hybrid methods, going beyond the diffusion ap-
proximation to the transport equation. In this case, both spatial and angular

10
11

using the approximation spaces defined in section 5.2.1.1 and 5.2.2.1
coupling the interface (x (primal) or ¢ (dual)) and the “internal” (¢ (primal) or
J (dual)) expansion functions, for each element V;.
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expansion of the flux and current have to be considered.

A Well-posedness of the dual diffusion problems

We mainly give here a proof of well-posedness of the mixed-hybrid dual prob-
lem similar to the one in [12] for the primal case, but adapted to the dual
case. We also adapt the proofs to the presence of constants such as ¢ and o,,
as well as to the absence of natural boundary condition. The proof for the
second order hybrid method is simpler, and therefore treated more succinctly.
Finally, the continuous mixed dual problem is also proved to be well-posed.

We assume that o) and o, are strictly positive, and constant on each sub-
domain V} in hybrid methods. Also, we assume (essential) vacuum or reflected
boundary conditions on the external boundary 0V of the considered domain
V. The changes between the primal proofs of [12] and the proofs for our pri-
mal methods can be derived straightforwardly from the dual proofs that we
provide.

A.1  Mized-hybrid dual method

A.1.1 Continuous case

Define A = Y x L2(V) x HY2(I'), Ag = Y x L*(V) x Hy/*(1), A = (J,¢,9) €
A, and A = (J,6,4) € Ag. Also, AR = 32 + 6]2 = ][ g0, where
1313 = > |I|3:0,,- The subscript [ refers to the restriction to V; throughout
this section. It will not be systematically added to unknowns to avoid too
cumbersome notations. Define then

K\ =Y K\, \)
l
where

KA, ) = ai(e,0) + b (0, ) = b(J,0) + di(3,3) + c(J, ),

and

(s, A) = (s, 9)-

We thus face the problem: find A € A such that
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K\ =(s,\) VA€ A,

We have to check that K (A, ) is continuous and verifies the LBB condition
((s, A) being continuous by direct application of Schwartz inequality). To check
the continuity of K (A, \), we write, using again Schwartz inequality,

K (M, M) < IV - T8l + ol ol 1611 + 30ul1 1 (13111,
+ 1Dl IV - Il A 10723 13 aiwd + (13 aiod 1112,
<V - I+ A+ o )lDlF + 3o allTNT ; + 1113 205 + 1I1E ain)
(L + or)IGIF + 3omal|TNT, + IV - TNF + 13N Zis + 12115 120
< (1430, [ Al Al g,

For the LBB condition, we introduce \, = (jl, QASZ,Q/AJ;) € Ay with 2 » 13

Ji=(1+0,)J + 0,2
o=V -J+&+V-z
U= (—1—20,)Uilov0

where z; is the weak solution of (Az = V(V - z))

—Az; +30,0,2,=0 inV (A.1)
V'ZIZO}J ¢z on a‘/;

We then have

KM, N) =V - Tl + 300(1 + o) 1T + o[l I
[ (420n dgdl+ [ onnemdr
v, ov oV,

First, use the hypothesis that either vacuum or reflected (essential) boundary
conditions are imposed on JV. In the first case, it means that ¢» = 2y, and
since x = n-J on 9V (by definition in this formulation), the first integral is
positive. In the second case, we have x = 0, and the first integral vanishes.
Then, let v, = V - z;. From (A.1), we get

—Vu + 3010,,2z,=0in V, (A.2)
U :Ur,ﬂ/fl on 0V},

12 The presence of dimensional factors is understood, and 0 < org < 1.
1341lav;.0 is the restriction of ¥ to dV; — OV; it equals zero on AV () OV].
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or, taking the divergence of the first equation,

—A’Ul + 30’10’,«,[1}[ =01in ‘/l
v =0, on OV.

In fact, z; = 30 310 Vi from the first equation of (A.2). We define the norms

1v]13,. = [IVollf + 30y0. |[vllf and |25, = IV - 2|7 + 30100 ||z}, that
are respectively equivalent to |[v||1; and ||z||4;. We also define the norm
|91 /2,60v;,« the same way we defined [|1)||1/2,6v; in (1), but with ||v||1,v,. instead
of [|v][ry. Then, [[9[l2.0v. = [¥ll1/20v in general, and o [[¢ull1/2.0v.¢
|v1][1.0.+- Thus we have (with C a constant)

[¥1ll1/2,0v, =
:é(/ opan -z Yy dl)?
oV,
=Czil|giv i = |zl giv-
Finally we can say that, for any [, there exists a constant C' > 0 such that

Ki(\y A > Clnl3,. and

K(\X) = CY NI, = CIMIE.
l

Since we also have (using ab < $(a® + b?))

IR0 < (44 2000) (19 1150s + NZallasws) + 31017 + (1 + 2020 10117 2,
<C'INIA,

where C” is another constant, we obtain

K(\A) > \/—H)\HAH)\HAO
and thus
K(\
sup o ) IAla VAeA

seno [Mla \@

and the LBB condition is verified.

Given how the mixed-hybrid weak form (and thus K(\,\)) was built, it is
straightforward that, if
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V- -J'+0,.¢"—s=0, and
3cJ" "+ Ve =0,

then \* = (J*, ¢*, ¢*|r) is such that K (A\*, \) = (s, \) for all X € Ay. Moreover,

the verification of the LBB condition implies that this problem has a unique
solution.

A.1.2 Discrete case
We thus have to prove the discrete LBB condition (6), that is here the existence

of an o > 0 such that

la(An, An)|

)\hHAO,h

sup
A€o 1 AR #0 H)‘h|

- Y

inf
AR EAR, AL ;éO

Ah

with Ay = S5(V) x V2(V) x B)(T) and Ay = S;(V) x V/(V) x Bf, (D),
where the different spaces were defined in (38). We introduce II and II} the
orthogonal projections of H'(V;) and [L*(V;)]" respectively onto Sj(V;) and
VP (W), as well as Ay, = (Jp, ¢p, ¥y) with

Jni=0+0,)Tn + 0,00 (z1,)
Ony =11 (V - Ip1) + ong + (V- 10} (21y))
VYny= (=1 =20, )0nilov, .0

where

—AIl{(zp,) + 300,11} (z,) =0 inV
V -1} (zp) = opythpy on 0V

Orthogonal projections properties provide
(D0, V- Ty = (V- Jpy)) =0 Vo, € Sp(Vi)

(n1, V -1} (zny) — IG(V -1} (z10))) =0 Yéu, € Sp(V)
(V- T, IV - Tp ) = T (V - T )P VI € VE(VD)

Proceeding as in the continuous case and using these properties lead to
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Ki(Any, 5\h,z) =30, (14 0.0) |Tnall7 + i |dnall7
00 |07 (2 )| 00 + 115 (V- T ) 17

[ (V- 30 (VI 2h) = T, (V - 1T (2,))) dT
~Jni(1 4 20,).
+/avlﬂav¢h’ln ni(1+20;)

The last term is positive thanks to the essential vacuum or reflected boundary
conditions. Now introduce the parameters:

=V 0. Byovg) = g I
’ Y1 EBL(OV) H%,z”%/wvl

I (V -p)ll5
pev;()  [IV-pllf,

V-p-1II§V-
=7V, (V1),Sy(V1)) = sup IV-p [(V-p)lly
eV (Vi) IV - plly

Y

v =w(Vy(V1), 5 (V1)) =

and note that they are all contained in the interval [0, 1]. Then,

Ki(An, 5\h,z) >30;(1+0.0) 1Tnall? + ori | nall? + s pu H@bh,le/g,avl
IV - Tl =0 IV - Tnall IV - 10 (2, )

and, since ab < (a? + b?),

Ki(Any, 5\h,z) >min(30; (1+0,y), 1) HJh,lHil + 01 | onall7
1
00 1Unall3 200 — AN Tnall?
1 v
-5 Y IV -1 (Zh,l)le

Since ||V - 11} (zn,) |l < [T (zng) 110 = [1%]1/2,0v:5

. ' 1
Ki(Ani, Ang) > (min(3 0y (1 +0,y),v1) — 3 YW N Inall3, + o l|nall7 +

1
(Ur,l My — 2 ’Yl) ||¢h,l”%/2,avl-

Thus,

Ki(An, 5\h,z) > Cil| Analla

where
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1 1

C; = min((min(3 0y (1 4+ 0,), 1) — 3 ), Ori it — 3 )

Again using the properties of orthogonal projections and proceeding as in the
continuous case, we get

<C'Anlli

1Ml < (4 +200) 13allzies + 31 6nall; + (54 6.0 + 407) [Vnall o

with C" = (5+6 0, +402). Finally, we can conclude as in the continuous case,
and we see that, for the discrete mixed-hybrid dual problem to be well-posed,
the quantity C' = min; C; has to be strictly positive.

In the special case V - V,*(V) C S;, which occurs whenever v — 1 < s, we
have that for all [, »; = 1 and 4, = 0. The well-posedness condition is then
min; 4 > 0. Similarly to what is proved in [12], we have:

Theorem A.1 The parameter py > 0 if and only if, for any ¢ € B2(V}),

o YVdl' =0 vV e V2(V)) implies that ) = 0 (A.3)

This can be translated into

Mldw = (0 implies that ¢ =0

where M is defined in section 5.2.2. But this is equivalent to require that the
rank of M be equal to its number of columns. The well-posedness condition
is thus equivalent to a rank condition.

A.1.8 Note

In the primal case, the ‘final’ result in the discrete case is in fact C' = min; C}
with C; = min((mino,(1 4+ 30),v;) — /2,30 —v/2). The roles of 30 and o,
are thus inverted going from primal to dual. The conclusion of [12] (M} has
to be full rank in the special case V.S; (V) C V}V), is not affected.

A.2  Second-order hybrid dual method

In this case, A = (J,0) € A =Y x HY2 and XA € Ay = Y x H/* (defined
with corresponding norms). Also,
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Vi

KZ(A,A)_/vl(aglv-Jv-jman)dV—/a (¢n-J+n-J)dr.

A similar (but simpler) analysis can be carried out here. The well-posedness
condition for the discrete problem is again the same rank condition.

A.8 Mized dual method

In the mixed dual method, no partition of the domain V' is needed. We intro-
duce A = (J,¢) € A = H(div,V) x L*(V), as well as the corresponding norm
| - [|a- The problem to deal with is

K\ M) :/ sé+/ n-J,dd,
1% v
where the bilinear form is

KO\ = /V((V-J+a,,)q”s+3an — ¢V - J)dV.

Arguments quite similar to those we used previously can be used again here
to prove that K (A, :\) satisfies the LBB condition. About the right-hand side,
the first term is continuous by direct application of Schwartz inequality, while
for the second, it equals (z, ¢); where

—Az+2z=0inV
Vz=J,ondV

Applying again the Schwartz inequality shows the boundedness of the right-
hand side. Therefore, the continuous mixed-dual problem is well-posed.

B Numerical results for diffusion

Numerical experiments were carried out in the diffusion approximation, using
nodal finite elements with the mixed-hybrid primal and dual formulations.
Similar results were obtained solving the linear system Ax = b, and using the
response matrix formulation [24], based on the change of variables (9). The
response matrix results are shown here.

A very simple problem was considered in these early numerical tests, namely
the diffusion problem on a square V', the left-hand side (0 <z < 10,0 <y <
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20) having a unitary source, and the right-hand side (10 < z < 20, 0 < y < 20)
being source-free. The boundary conditions are reflective at x =0,y =0 and y
= 20, and vacuum at x = 20. This problem does not depend on y. The domain
V is divided into 20 x 20 square subdomains V;, and for each of them (as well
as for their interfaces), the same expansion functions are used. The internal
and interface expansion orders used here form a combination satisfying the
rank condition derived above.

Figure B.1 shows dual flux and current (in the x-direction) when (the same)
fourth order polynomials are used as g¢,;,g,; and f; (expansion and trial)
functions inside each element V;, and when flux and current are considered
constant on the interfaces (b = 0). The dashed line represents the exact solu-
tion. As expected, the flux and current do not depend on y, and are therefore
plotted for fixed y. Since the same trial and expansion functions are used for
the flux and current, we have s = v = 4 and s > v—1, thus the rank condition
on M? applies. Results show that the flux ends up being of the third order,
and the current of the fourth order: fourth order coefficients of the flux vanish
automatically. Thus, in practice, s = 3 = v — 1. We see that the numerical
results are quite bad here.

Figure B.2 and B.3, also for the dual case, present better results. They are
obtained by increasing the interface expansion order b to 1 and 2 respectively.
The results get increasingly better. Again here, the flux is of order 3, and the
current of order 4.

Figures B.4 and B.5 show the results in the primal case, as indicated. The
results are good even when constant functions are used on the interfaces (b =
0). Here again, the same polynomials are used, s = v = 4, and the condition
v > s — 1 is verified. Practically however, the fourth order current coefficients
vanish automatically, thus v = 3 = s — 1. From this point of view, there is
thus a “duality” between the results in the primal and dual cases.

To explain the discrepancies between the primal and dual results in the con-
stant interface expansion case, I do not have any satisfactory explanation.
Maybe this has to do with the boundary conditions of our problem, that are
perhaps better suited for the primal case.

Finally, figure B.6 shows the result for a "square in a square” problem. The
bottom left quarter has now a unitary source, while the three other quarters
are source-free. The boundary conditions are reflected on the bottom and left
edges, and vacuum on the top and right edges. The results showed here were
obtained with the primal method, using fourth order expansions inside and
constant expansions on interfaces. The flux and current (in the x-direction)
at the bottom (y = 0) of V are plotted, and, as expected, equal the ones
presented before. Furthermore, flux at the middle (y = 10) and at y = 14 are
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Mixed-hybrid dual: expansion 4 inside, 0 on interfaces
T T T T

Flux and current
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Fig. B.1. Flux and current along z for fixed y

plotted, showing that the y-dependence gets treated in a satisfactory manner.
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