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Abstract

We present a new hybrid algorithm based on Godunov’s method for computing
eigenvectors of symmetric tridiagonal matrices and Inverse Iteration, which we call
the Godunov-Inverse Iteration. We use eigenvectors computed according to Go-
dunov’s method as starting vectors in the Inverse Iteration, replacing any non-
numeric elements of Godunov’s eigenvectors with random uniform numbers. We
use the right-hand bounds of the Ritz intervals found by the bisection method as
Inverse Iteration shifts, while staying within guaranteed error bounds. In most test
cases convergence is reached after only one step of the iteration, producing error
estimates that are as good as or superior to those produced by standard Inverse
Tteration implementations.
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1 Introduction

Construction of algorithms that enable to find all eigenvectors of the symmet-
ric tridiagonal eigenvalue problem with guaranteed accuracy in O(n?) arith-
metic operations has become one of the most pressing problems of the modern
numerical algebra. QR method, one of the most accurate methods for solv-
ing eigenvalue problems, requires 6n> arithmetic operations and O(n?) square
root operations to compute all eigenvectors of a tridiagonal matrix [Golub and
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Loan (1996)]. Existing implementations of the Inverse Iteration (e.g. LAPCK
version of the Inverse Iteration xSTEIN [Anderson et al. (1995)] and EISPACK
version of the Inverse Iteration TINVIT [Smith et al. (1976)], require O(n?)
floating point operations to find eigenvectors corresponding to well separated
eigenvalues, but in order to achieve numerical orthogonality of eigenvector ap-
proximations corresponding to clustered eigenvalues, reorthogonalization pro-
cedures, such as Modified Gram-Schmidt process, are applied on each step of
Inverse Iteration, increasing worst case complexity of the algorithm to O(n?)
operations. Typically Inverse Iteration for symmetric tridiagonal problem re-
quires only three-five iteration steps [Wilkinson (1965), Smith et al. (1976),
Anderson et al. (1995)] before convergence is achieved, but it tends to be very
sensitive to the choice of the shift. If very accurate eigenvalue approximation
is used as the Inverse Iteration shift convergence may not be achieved since
shifted matrix in this case is nearly singular. To deal with this problem small
perturbations are usually introduced in the shift parameter to avoid iteration
breakdown, but as a rule the choice of such a perturbation is arbitrary, which
may affect accuracy of the resulting eigenvectors.

Recently there have been a number of attempts to construct fast accurate al-
gorithms that allow to compute eigenvectors corresponding to accurate eigen-
value approximations of tridiagonal symmetric matrices by dropping the re-
dundant equation from the symmetric eigensystem. In 1995 K. V. Fernando
proposed an algorithm for computing an accurate eigenvector approximation
x from a nearly homogeneous system (A — AI)x by finding an optimal index
of the redundant equation that could be dropped [Fernando (1997)]. In 1997
Inderjit Dhillon proposed an O(n?) algorithm for the symmetric tridiagonal
eigenproblem [Dhillon (1997)] based on incomplete LDU and UDL (twisted)
factorizations, which provided yet another solution to finding the redundant
equation in a tridiagonal symmetric eigensystem. Much earlier, in 1983, S. K.
Godunov and his collaborators [Godunov et al. (1988), Godunov et al. (1993)]
proposed a two-sided Sturm sequence based method that enables to determine
all eigenvectors of tridiagonal symmetric matrices with guaranteed accuracy
in O(n?) floating point operations by eliminating the redundant equation.

The use of the two-sided Sturm sequences in the Godunov’s method allows
to avoid accuracy loss associated with rounding errors in the conventional
Sturm sequence based methods. The algorithm gives provably accurate solu-
tions to the symmetric tridiagonal eigenvalue problem on a specially designed
floating point arithmetics with extended precision and directed rounding [Go-
dunov et al. (1988)]. Unfortunately in IEEE arithmetics division by zero and
overflow errors in the Godunov’s eigenvector computations can not be entirely
avoided, while for computationally coincident and closely clustered eigenvalues
it produces nearly collinear eigenvectors, taking no measures for reorthogonal-
ization. In empirical studies Godunov’s method, direct method by it’s nature,
consistently delivers residuals that are approximately two orders of magni-



tude larger than those of the eigenvectors computed according to some of the
Inverse Iteration implementations. Inverse Iteration on the other hand often
suffers from the nondeterministic character of starting vectors, the need to
introduce disturbances into the shift, and the high worst case omplexity.

In the attempt to overcome shortcomings of both Godunov’s method and
the Inverse Iteration we constructed a new hybrid procedure for comput-
ing eigenvectors of symmetric tridiagonal unreduced matrices which we call
Godunov-Inverse Iteration. Godunov-Inverse Iteration can be viewed as Go-
dunov’s method with iterative improvement. It uses eigenvectors computed
from the two-sided Sturm sequences as starting vectors. One step of the In-
verse Iteration is usually sufficient to get desirable accuracy and orthogonality
of the eigenvectors. This is in contrast to LAPACK version of the Inverse Itera-
tion xSTEIN [Anderson et al. (1995)] which uses randomly generated starting
vectors and requires three—five steps for convergence and EISPACK version of
the Inverse Iteration TINVIT [Smith et al. (1976)] which uses direct solution
to the tridiagonal problem as a starting vector in the Inverse Iteration and
requires up to five steps for convergence. By choosing right-hand bounds of
the the smallest machine presentable eigenvalue intervals, found by the bi-
section algorithm, as shifts in the Godunov—Inverse Iteration, instead of the
eigenvalue approximation (the center of this interval) we insure that iteration
matrix won’t be numerically singular, and the perturbation does not exceed
error bounds for the corresponding eigenvalue.

This paper is organized as follows. In section 2 we give a formal description
of the symmetric eigenvalue problem. In section 3 we give an overview of the
original version of the Godunov’s method. In section 4 we discuss shortcom-
ings of the Godunov’s method and present Godunov-Inverse Iteration. We
implemented and tested Godunov-Inverse Iteration, Godunov’s method, In-
verse [teration with random starting vectors (LAPACK approach) and Inverse
Iteration with starting vectors found as direct solutions to the eigenproblem
(EISPACK approach), as well as Sturm sequence based bisection method, and
Householder and Lanczos tridiagonalization procedures for dense and sparse
matrices respectively. In section 5 we compare the quality of the eigenvectors
computed with these methods on a tridiagonal, dense and sparse test matri-
ces. Throughout the paper we assume that symmetric eigenvalue problems
with matrices having arbitrary structure can be reduced to tridiagonal form
with orthogonal transformations, which preserve spectral properties of original
matrices to machine precision [Golub and Loan (1996)].



2 Formulation of the Problem

Consider the fundamental algebraic eigenvalue problem, in which
Ax = \z (1)

for real symmetric matrices A € R"*". There always exists a real orthogonal
transformation W € R™" such that matrix A is diagonalizable [Wilkinson
(1965)], that is,

WTAW = diag(\,), (2)

where eigenvalues \;, i = 1,...,n are all real. We solve problem (1) with a real
symmetric matrix A with arbitrary structure according to the Rayleigh—Ritz
procedure [Godunov et al. (1988), Godunov et al. (1993)] that is, we

(i) compute orthonormal transformation Q such that matrix 7' = QT AQ is
tridiagonal
(ii) solve eigenproblem Tu = pu
(iii) take (u, Qu) as an approximation to the eigenpair (\, x)

3 Godunov’s Method

Godunov’s method [Godunov et al. (1988), Godunov et al. (1993)] was de-
signed to compute eigenvectors of an unreduced symmetric tridiagonal matrix

dO bO ce 0
by di -
= (3)
bn—?
0 - bn72 dnfl

by a sequence of plane rotations on a specially designed architecture that
supports extended precision and directed rounding. Let (o, 3;) be an eigenin-
terval that is guaranteed to contain an eigenvalue p;(7) of the matrix T'. Such
an interval can be found by the bisection method with the accuracy [Godunov
et al. (1988)]

(57 + 1) €mach
27 — (57 + 1) €mach

|Bi — i <3 Mm(T), (4)



where v is the base used for the floating point exponent, and

|do| + bo
IM(T) = max 1gzm<%LX—1|di| + |bi| + |biva] - (5)
|d—1| + [bn—1]

Note that using Cauchy-Bunyakovsky inequality it can be established that
M(T) < /n||T|2 [Godunov et al. (1988)]. Godunov eigenvector approxima-
tion u’ corresponding to the eigenvalue approximation p;(T) € (o, 3;) is found
recursively from the two-sided Sturm sequence Py (p;), i,k =1,...,n, by let-
ting

uh =1 and uj, = —ul_sign(be-1)/Pe (1) (6)

in just O(n) operations per a normalized eigenvector. Two-sided Sturm se-
quence

Popi), o, Paca () € Py (i), ... P (eq), Py (By), - Py () (7)

is constructed from the left-sided and right-sided Sturm sequences P («;), k =
0,...,n—1and P, (3), k=n—1,...,0. Left-sided Sturm sequence P; ()
is computed from the minors of the matrix 7" — «; [ according to the formu-
las [Godunov et al. (1988)]

Py (ai) = [bol /(do — c) (8a)
P (i) = [be] /(di — i — |bra[) Py () (8b)
Pl (i) = 1/(dn-y — a; = |bua]) P 5 (i) (8¢c)

while right-sided Sturm sequence P, ((3;) is computed from the minors of the
matrix 7' — ;1 as follows [Godunov et al. (1988)]:

P 1(Bi) = dp1 = B; (9a)
By (Bi) = (di — Bi — ||/ Py (8:)) /| bi—1 | (9b)
Py (8:) = do — Bi — |bol /Py (i) (9¢)

Although analytically equivalent, in finite precision eigenvectors constructed
from the left-sided and the right-sided Sturm sequences for the same parameter
A in general are different. An eigenvector with guaranteed accuracy is obtained
when left and right hand sequences (7) are joint at an index [ chosen according
to the rule based on the Sturm theorem: for any real Ay the number of roots A of
the k-th principal minor of the matrix T'— A, such that A < Ay coincides with

the number of nonpositive values in the Sturm sequence P(\;)x, k=1,...,n.
Let [T be the number of nonpositive elements in the sequence P (), k =
0,...,n—1,and n — 1 — [~ be the number of nonnegative elements in the

sequence P (5;), k=n—1,...,0. Then left and right sequences (7) are joint



at the index [ = [t = [~ for which the following condition is satisfied [Godunov
et al. (1988)]:

(P (ea) = B (8:))(1/ Py (B:) = 1/ Py () <0 (10)

Resulting two-sided Sturm sequence (7) is used to recursively compute Go-
dunov eigenvectors (6).

4 Godunov—Inverse Iteration

In our attempt to improve Godunov’s method we were motivated by the fact
that it is a direct method, and due to the rounding errors in finite preci-
sion theoretical error bound for the eigenvectors computed according to the
Godunov’s method [Godunov et al. (1988)]:

(T = T yurlla < 13V/3 emacn [ T2 |2 (11)

is not achieved. At the same time two-sided Strum sequence computations are
susceptible to division by zero and overflow errors, while for closely clustered
and computationally coincident eigenvalues it produces nearly collinear eigen-
vectors, taking no measures for reorthogonalization. In empirical studies it
consistently delivered residuals that were approximately two orders of magni-
tude larger than those of the eigenvectors computed by Inverse Iteration with
random starting vectors. In addition, due to the rounding errors, machine rep-
resentation of the matrix 7', that is generally obtained by either Householder
or Lanczos tridiagonalization, has the form T}, = T+ G [Wilkinson (1965)],
where

1G> < kvn2™ (12)
and t is the number of mantissa bits in the machine representation of floating-
point numbers. Therefore in finite precision error bound (11) rather takes the
following form:

1(Tonach = s D)unllz < 13V3 macn [Tz Junllz +kvn2™ fugllo. (13)

We constructed Godunov—Inverse Iteration to avoid common computational
problems arising in both Godunov’s and Inverse Iteration methods. It can be
viewed as an algorithm that deliverers reorthogonalized iteratively improved
Godunov eigenvectors. Instead of initiating Inverse Iteration with a random
vector, or solving a linear system to find a starting vector, as it is customary
in the implementations of the Inverse Iteration, we use Godunov’s eigenvector,
computed in just O(n) arithmetic operations as an extremely accurate starting
vector in the Inverse Iteration. Before Inverse Iteration is applied, any non-
numeric elements of the Godunov’s eigenvectors are substituted with random



numbers. This semi-deterministic approach to finding initial vectors to the
Inverse Iteration reduces the number of steps necessary for convergence to
desired accuracy. In most cases convergence is achieved after one step of Inverse
[teration.

Inverse Iteration may break down when very accurate eigenvalue approxima-
tions A are used as shifts, because shifted iteration matrix

A=), (14)

in this case is nearly singular (here [ is an identity matrix). To avoid this, small
perturbations are usually introduced into the shift A to assure convergence to
the corresponding Ritz vectors. But even small arbitrary deviations of the
Ritz values from exact eigenvalues may produce significant deviations of Ritz
vectors from the actual eigenvectors. We solve this problem by using the right-
hand bounds (; of the eigenvalue intervals

,LbiE(aivﬁi)? izla"'an (15)

found by the bisection algorithm (either Sturm based [Godunov et al. (1988)]
or inertia-based [Fernando (1998)] versions of the bisection algorithm) as ac-
curate shifts that are guaranteed to be within the error bounds (4). We apply
Modified Gram—Schmidt reorthogonalization for the eigenvector approxima-
tions corresponding to computationally multiple eigenvalues or to the clus-
tered eigenvalues with small relative gaps. We use Wilkinson’s stopping crite-
ria [Wilkinson (1965)]

lzk|loe > 2°/100n (16)

to verify that convergence is achieved. Below we present a formal description
of the Godunov-Inverse Iteration.

Algorithm 1 (Godunov-Inverse Iteration)

Compute eigenvectors u’, i = 1,...,n of the tridiagonal matrix T = TT €
R™"™ with main diagonal d and codiagonal b on an processor with machine
precision €,,,., and t mantissa bits.

godunov _inverse_iteration(d, b, n)

bisection(d, b, n)
for (i=1,i<=n,i++)
find eigenintervals («;, ;) that contain eigenvalues u; € (v, 3;) s.t.
18i — ail < €maen(|Bil +|eul), i=1,....n
end

godunov _eigenvector method(d, b, n, «a, )
for (i=1,i<=n,i++)
compute two-sided Sturm sequence P, (f;):



P (o) = [ba]/(dy — ;)
P];’_(OZZ) = |bk|/(dk — QG — |bk—1|)P]j__1(az’>7 k = 273, NN ]_
Pi(a;) =1/(dn — o = [bp-a|) Py ()

n

P, (6;) =dn— 0
Py (8:) = (dr, — Bi — |bk|/ Pyt (B:)) /|bk—1|, k=n—1,n—2,...,2
Pr(Bi) = di — B — |bal/ Py (Bs)

find I = 1" =17 st (B () = P (8))(1/ P31 (8) = 1/ P (04)) < 0
set Pi(j1i), -+, Palpts) P (i), ... B (i), Py (By): - Py (5)

compute Godunov’s eigenvector u': u} = 1,
for (k=2k<=n,k+ +)
up = —up_y8ign(bi—1)/Pio1 (1)
end
end

inverse_iteration(d, b, u, )

preprocessing
for (i=1,i<=n,i++)
for (k=1k<=n,k++)
if ! is not a machine number
then set u} to a random uniform number from (0, 1)
end
use right ends of the eigenintervals as shifts: v, = 3;
perturb clustered and computationally coincident eigenvalues:
if (i >00 |y —7-1] <10 €macn [7il)
then ~; = v;_1 + 10€mqch |7l
end

inverse iteration
k=0, § =2"/(100 % n)
do
k=k+1
Solve (T — ~;I)z = u*
for (j=1,7<kk++)
reorthogonalize z if it is almost collinear to an eigenvector in the basis:
if |y, — v <9M(T)/1000
then z =z — (z,uw)u’
end
u® =z /|22
while (||z|le > 0)
end



5 Experimental Results

We implemented and tested Godunov’s method, Godunov—Inverse Iteration
(Algorithm 1), Inverse Iteration algorithm with random starting vectors which
we call Random Inverse Iteration algorithm (our implementation of the LA-
PACK procedure xSTEIN [Anderson et al. (1995)]), and Inverse Iteration
algorithm with initial vectors found as a direct solution to the eigenprob-
lem, which we call Direct Inverse Iteration algorithm (our implementation of
the EISPACK procedure TINVIT [Smith et al. (1976)]), in ANSI C (GNU C
compiler) in IEEE double precision and tested these programs on an Intel®
Xeon™ CPU 1500MHz processor.

To make fair comparison we compute eigenvalue approximations only once
and use these eigenvalues to compute eigenvectors using four different rou-
tines, while in all three Inverse Iteration implementations we use the same
direct solver for systems of linear algebraic equations with tridiagonal sym-
metric matrices. We use Householder tridiagonalization with dense matrices
and restarted Lanczos procedure with selective reorthogonalization with sparse
matrices. Following Godunov [Godunov et al. (1988)] we implemented Wilkin-
son’s Sturm sequence based bisection algorithm [Wilkinson (1965)] to find in-
tervals (ay, 3;) containing eigenvalues y; of the tridiagonal matrix T' = QT AQ
with guaranteed accuracy

|ﬁz - O-/i| < EmachS(T)y 1= ]-7 <o N, (17)

where €40 1S the unit roundoff error and F(7') is a constatnt that typically
is a function of some norm of the matrix 7. We generally terminate bisection
iteration when the following condition is satisfied [Golub and Loan (1996)]:

18: = il < emaen (18] +laul), i = 1,....m (18)

or the number of iterations equals ¢ — the number of bits of precision in the
machine representation of doubles. Indeed in the bisection method we are lo-
cating intervals (0, ay,) of width (8y — p)/2" in ¢ steps [Wilkinson (1965)].
After t = 52 iterative steps in IEEE double precision the width of the inter-
val is comparable to €pqen = 2792 which is roughly 2.22e — 16. As a result
bisection algorithm requires O(t n?) operations to compute all eigenvalues of
a tridiagonal symmetric matrix. Intervals (a4, 3;) were used in the original
Godunov’s method and in the new Godunov—Inverse Iteration, while in the
Random Inverse Iteration and Direct Inverse Iteration versions of the algo-
rithm p; = (o + 3;)/2 is used as the i-th eigenvalue approximation. By using
criterion (18) we get slightly smaller eigenintervals, and as a result slightly
more accurate eigenvalue approximations than by using the following stop-



ping criterion (Godunov’s criterion (4) multiplied by 1/3):

(57 + 1) €mach
- (57 + 1) €mach

1B — | < 2 M(T). (19)

In the Test Example 1 (Tables 1 and 2) we show that when we use eigen-
value approximations computed using criterion (18), corresponding eigenvec-
tors computed with algorithms used in the LAPACK and EISPACK versions
of Inverse Iteration may not converge, while eigenvalue approximations com-
puted using criterion (19) to slightly lower accuracy ensured convergence of
these algorithms to the desired eigenvectors. Godunov’s and Godunov-Inverse
Iteration methods appeared to be robust to the choice of the bisection stopping
criterion.

We report the accuracy of the computed eigenpairs (:\l, z;), i=1,2,...,n of
the matrix A = QT QT by testing whether the maximum residual vector norm
normalized by the spectral radius of the matrix A

max [|(A — A )| / max | Ay (20)

is in the order of the unit roundoff error €,,,.,, and that the maximum deviation
of the computed eigenvectors x;,7 = 1,2,...,n, from the unit vectors e;, i =
1,2,...,n, o

m?xH(XTX—[)eiHOO, (21)

where X = |Z;|, i = 1,2,...,n, and I = |e;], i = 1,2,...,n is also in the
order of the unit roundoff error €,,,.,. Indeed, in finite precision the accuracy
of the computed eigenpairs (5\2, 7;) of a matrix A is considered acceptable if
the residual error norm is in the order of €, ||Al| [Godunov et al. (1988)]

I(A = AD)Zill = Ol€macnl| AL, (22)

while the orthonormality of the computed eigenbasis is expected to be in the
order of €401, [Godunov et al. (1988)]

HXTX - IH = O(GmachH) (23)

in a matrix norm typically induced by either infinity or eucledian vector norm.
In all of the tests presented below Godunov—Inverse Iteration converged to
desired accuracy in just one step, while the results were at the least as accurate
as the ones obtained with the Random Inverse Iteration and Direct Inverse
Iteration algorithms.

Test Example 1 Tridiagonal symmetric eigenproblem Rx = \x,
AMR) = —coskr/(n+1), k=1,...,n.

10
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Fig. 1. Matrix R and its eigenvalues S\(R) computed by the bisection method for n

= 1000.
max; ||(R — Mil)Zilloo/ max; |N;|  max; [|(XTX — Ieglloe #iters
Godunov’s Method 1.1535e — 12 2.9458¢ — 11 -
Direct Inverse Iteration 4.3393¢e — 12 1.0000e + 00 1
Random Inverse Iteration 2.3845e — 16 1.0000e 4 00 3
Godunov - Inverse Iteration 2.3461e — 16 1.1138¢ — 14 1
Table 1
Error estimates of the eigenvectors X = |zg|x=1,.. n of R, corresponding to the

eigenvalues A computed with maximum absolute deviation A(\) = 3.3307e — 16
from the exact eigenvalues A for n = 1000.

max; ||(R — MiI)Zilloo/ max; |A;|  max; [|(XTX — Ieglloo #iters

Godunov’s Method 2.0175e — 12 4.8817e — 11 -
Direct Inverse Iteration 5.9214e — 12 8.2479%¢ — 11 1
Random Inverse Iteration 2.7557e — 16 2.2042¢ — 14 3
Godunov - Inverse Iteration 2.6822¢ — 16 1.0969¢ — 14 1
Table 2
Error estimates of the eigenvectors X = |zy|k=1,. n of R, corresponding to the

eigenvalues A computed with maximum absolute deviation A(\) = 4.9960e — 16
from the exact eigenvalues A for n = 1000.

The problem of finding eigenvalues and eigenvectors of tridiagonal symmetric
matrices with zero main diagonal, in the so called Golub-Kahan form [Fer-
nando (1998)], which arise in singular value computations for bidiagonal ma-
trices, and generally for nonsymmetric matrices, presents a number of compu-
tational challenges. In the Test Example 1 we compare eigenvectors computed
with the Godunov-Inverse Iteration against eigenvectors computed according
to Godunov’s method, and Direct and Random Inverse Iteration algorithms
for the same approximations of the eigenvalues of the 1000 x 1000 tridiago-
nal matrix R which has zero diagonal elements and elements equal 0.5 on the
codiagonals. Eigenvalues of this matrix coincide with zeros of Chebyshev poly-
nomials of second kind, and so we were able to compare analytical solution

11



against eigenvalues computed with our bisection routine. Test results for this
example are summarized in the Tables 1 and 2.

when we use eigenvalue approximations computed using criterion (18) corre-
sponding eigenvectors computed with algorithms used in the LAPACK and
EISPACK versions of Inverse Iteration may not converge, while eigenvalue ap-
proximations computed with using Godunov’s criterion (19) to slightly lower
accuracy ensure convergence of these algorithms to the desired eigenvectors.

For the eigenvalue approximations computed with maximum absolute devia-
tion of 3.3307e — 16 (Table 1) from the analytical solution using criterion (18)
some of the Direct Inverse Iteration and Random Inverse Iteration eigenvec-
tors X did not converge and were set to zero, which is indicated by the fact
that the maximun deviation from orthogonality equals 1 in these tests, yet Go-
dunov’s eigenvectors satisfied orthogonality measure to 11 digits of machine
precision. Godunov’s method and Direct Inverse Iteration produced eigenpairs
that delivered residual errors that were accurate only to 12 digits of machine
precision. In just one step of iterative improvement Godunov-Inverse Iteration
produced eigenvectors that satisfied original problem to 16 digits of machine
precision, just as Random Inverse Iteration solution did after three iteration
steps. In addition Godunov-Inverse Iteration eigenvectors were orthonormal
to at least 14 digits of machine precision.

When eigenvalues were computed with slightly lower precision (computed us-
ing criterion (4) with maximum absolute deviation of 4.9960e — 16 from the
analytical solution; results presented in the Table 2) all three versions of the
Inverse Iteration converged to high accuracy, and again Godunov-Inverse It-
eration converged in only one step to virtually the same high accuracy as
Random Inverse Iteration in three steps. Clearly traditional Inverse Itera-
tion implementations appear to be very sensitive to the accuracy with which
eigenvalue approximations are computed, while both Godunov’s method and
Godunov—Inverse Iteration exhibit robust behavior.

Test Example 2 Dense symmetric eigenproblem Uz = Ax.

20 40 60 80 100

Fig. 2. Matrix U and its eigenvalues S\(U ) computed by the bisection method for
n = 100.
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max; |(U — M) Zilloo/ max; | X;]  max; [|[(XTX — DNejilloo #iters
Godunov’s Method 3.2466¢ — 13 8.0954e — 12 -
Direct Inverse Iteration 5.1916e — 14 1.2718¢ — 11 1
Random Inverse Iteration 9.1271e — 16 2.8498¢e — 15 3
Godunov - Inverse Iteration 1.0023e — 15 2.7848¢e — 15 1
Table 3
Error estimates of the eigenvectors X = |xg|k=1.., of U, corresponding to the

eigenvalues A computed with maximum absolute deviation A(\) = 8.8818¢ — 16
from the exact eigenvalues A for n = 100.

In the Test Example 2 we compare Godunov’s method, Godunov—Inverse Iter-
ation, Random Inverse Iteration and Direct Inverse Iteration on an eigenvalue
problem with a dense symmetric 100 x 100 matrix U which was derived from
the Hilbert matrix: U has elements equal 1/(i + 7 — 1) on the main diagonal
and off-diagonal elements equal —1/(i4j — 1). This is an example of a matrix
with clustered eigenvalues which makes a good demonstration of the capa-
bilities of both Godunov’s and Godunov—Inverse Iteration algorithms, which
were applied to the tridiagonal matrix obtained from the matrix U by House-
holder reduction. Test results for this example are summarized in the Table 3:
here we see again that Godunov-Inverse Iteration solution satisfied original
problem and orthonormality condition to 15 digits of machine precision in one
step, virtually the same results as Random Inverse Iteration produced in three
steps. Godunov’s method and Direct Inverse Iteration delivered errors about
two orders of magnitude higher than Godunov-Inverse Iteration and Random
Inverse Iteration.

Test Example 3 Block-diagonal symmetric eigenproblem Px = Az,
AP) =cy+2¢cocosin/(v/n+1)+2c,cosjrn/(vn+1), i, j=1,...,m.

C2 C C1 28
~.
-~
Co C2 Co C1 1 ~
Co C2 B \
. 1
C1 Cay Co 0.5
\\
Co C2 Co N
50 100 150 200
1 Co Co

Fig. 3. Matrix P and its eigenvalues S\(P) computed by the bisection method for
co =1,c0 = —0.33,c;1 = —0.17 and n = 225.

Finally in the Test Examle 3 we provide results of the Godunov—Inverse Iter-
ation used to solve sparse symmetric eigenproblem Px = Az, that was trans-
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n=225c0=1 n=400,c0=0.5

A(N) 6.6613¢ — 16 6.6613¢ — 16
max; ||(P — A\I)Zilloo/ max; | N;|  4.6359¢ — 16 5.2595¢ — 16
max; |(X7TX — I)ejloo 3.2918¢ — 15 4.8720e — 15
Table 4
Error estimates of the eigenvectors X = |rg|g=1,.n of P with cg = —0.33,c1 =

—0.17, corresponding to the eigenvalues A computed with maximum absolute devi-
ation A(X) from the exact eigenvalues A\ by Godunov-Inverse Iteration method.

formed to the equivalent tridiagonal problem by Lanczos method with selec-
tive reorthogonalization. Matrix P € R™ " n = m? is a version of the matrices
arising in the finite difference approximations of the Laplacian on a rectangle.
It has tridiagonal m x m blocks on the main diagonal and codiagonals located
m columns and m rows apart from the main diagonal. This is a very common
test example with a known analytical solution and makes a good illustration of
the correctness of our routines. Test results for this example are summarized
in the Table 4: For n = 225, ¢y = —0.33, ¢; = —0.17, ¢ = 1 residual error was
in the order of 107!¢ and the orthonormality error was in the order of 1071,
For n = 400, ¢y = —0.33, ¢, = —0.17, c3 = 0.5 again residual error was in
the order of 107! and the orthogonality error was in the order of 1071,

6 Conclusions

Godunov’s method for real symmetric matrices produces accurate eigenvec-
tor approximations, but usually these vectors have fewer digits of precision
than eigenvectors computed according to some of the Inverse Iteration imple-
mentations. Designed for unreduced matrices for computations on a specially
designed architecture, in IEEE arithmetics in double precision Godunov’s
method produces almost collinear eigenvectors corresponding to closely clus-
tered eigenvalues, and may even produce non-numeric output. At the same
time the choices of the initial vector in the Inverse Iteration algorithms do
not guarantee that starting vector has a nontrivial component in the direction
of the solution, and the algorithms do not always converge. Inverse Iteration
is very sensitive to the accuracy of the shift — we show that for eigenvalues
computed by the bisection method with guaranteed accuracy in the order of
machine precision Inverse Iteration algorithms used in the LAPACK in EIS-
PACK packages may break down.

Godunov—Inverse Iteration was designed to solve these problems. Changing
any non-numeric components of the Godunov eigenvectors to random uni-
formly distributed numbers, we apply Inverse Iteration to these vectors, which
usually achieve desired error bounds in one step, in contrast with other im-
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plementations of the Inverse Iteration algorithm which require a few more
steps to achieve the same accuracy. This is most advantageous in the case of
closely clustered eigenvalues when large fraction of the eigenvectors has to be
reorthogonalized. Godunov—Inverse Iteration is very robust with respect to the
choice of the Inverse Iteration shift — we use right-hand bounds of the eigen-
value intervals computed by the bisection method as extremely accurate shifts
in the Godunov-Inverse Iteration. We resort to reorthogonalization within the
iteration only in cases of computationally coincident or closely clustered eigen-
values. As a result Godunov-Inverse Iteration Algorithm produces accurate
and robust solutions to the symmetric eigenvalue problem with higher accu-
racy than Godunov’s method and in fewer steps than existing implementations
of the Inverse Iteration algorithm.
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