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We are interested in solving the system

A LT c F
= (1)
L 0 A G

by a variant of the augmented lagrangian algorithm. This type
of problem typically arises in certain discretizations of the Navier-
Stokes equations. Here A is a (n,n) matrix, ¢, F' € R", Lis a (m,n)
matrix, and A, G € IR™. We assume that A is invertible on the ker-
nel of L. Convergence rates of the augmented lagrangian algorithm
are known in the symmetric case but the proofs in [Glowinski and
LeTallec’89] used spectral arguments and cannot be extended to
the nonsymmetric case. The purpose of this paper is to give a rate
of convergence of a variant of the algorithm in the nonsymmetric
case.
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1 Introduction

We will use the same notations (.,.) and || - || for the inner products and norms
in R™ and R™. The particular inner product will be identified by the types
of matrices appearing. The augmented lagrangian algorithm for symmetric
problems can be derived by minimization arguments. We refer to [Glowinski
and LeTallec’89] for details. It is described as follows: r > 0 and p; > 0 for
all [ are parameters and M is a preconditionner. Given A(®) € R™ specified
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arbitrarily, with A(). known, compute ¢() then A(+1) by

{ (A4 rLTL)e) + L7 = F 4+ [TG o)

A(H'l) = A(Z) —+ le_l(Lc(l) — G)
In [Awanou and Lai’02], we were interested in a variant of this algorithm for

pr=p=2Lforalll,r=1wheree>0is fixed and M taken to be the identity
matrix. More precisely, for this choice of the parameters, the algorithm reads

(3)

(A4 1LT0)W 4+ LTAO = F4+ 117G
A+ — A () %(Lc(l) - Q).

The variant we considered is the following algorithm

(4)

(A+ LLTL)H) + LTAD = P4+ 1LT@E
A+ — A0 %(LC(IH) - @),

which can be easily shown to be equivalent to the following sequence of prob-

lems
A LT c(l-|—1)
L—el ) \ate0 |

where [ is the identity matrix of size m xm. In [Gunzburger’89], it was claimed
that the later algorithm converges to the solution ¢ of (1) and

F

D
G — e, ©)

le = V) < Celle = O],
for a constant C' > 0. We have not however been able to find a proof of
this result in the literature. The main objective of this article is to prove the
convergence of the following algorithm

{ (A4 rLTL)H) £ LT = F 4 [T o

A = 2O 4 oMY (LY — @), p >0,

which generalizes (4) and give a convergence rate similar to the one above. A
fine study of the convergence rate still appears to be difficult (cf. remark 2.12
p. 64 [Glowinski and LeTallec’89]).

The paper is organized as follows. We first give a sufficient condition for solv-
ability of (1) which leads to a Ladyzhenskaya—Babuska—Brezzi (LBB) type

condition. We then prove the convergence rate.



2 Solvability

In this section, we derive a sufficient condition for the solvability of (1). Let
Ker(X) and Im(X) denote the kernel and range of the operator X. We first

give a few lemmas:
Lemma 1 R" = Ker(L) & Im(LT) and R™ = Ker(LT) & Im(L).

Proof: It is enough to prove only one of the decompositions. Since Im(L) C
R™, we have R™ = Im(L) & Im(L)*, where Im(L)* denotes the orthogonal of
Im(L). We need to show that

Im(L)* = Ker(LT).
Let ¢ € Im(L)*. Forw € R", Lw € Im(L), so ¢* (Lw) = 0. Therefore w? LTq =

0 so that LTq is orthogonal to IR", that is LTq = 0, i.e. ¢ € Ker(LT). This
argument also shows that Ker(LT) C Im(L)* and the result follows. The

following result can be found in [Bramble, Pasciak and Vassilev’99], we give
here a detailed proof for convenience.

Lemma 2 Suppose A is an invertible linear operator with positive definite
symmetric part As that satisfy

(Az,y) < a(Az,2)5(Ay,y)?, for allz,y € R" and o > 1,
then (A™1), is positive definite and salisfy

(A™H)w,w) < ((A,) ', w) < (A7) w,w)  for allw € R™

Moreover ) )
(A7'2,y) < ((A)7"2,2)" ((A)yy)
Proof: ,
A, _lw,w = SUp, cgpn (w,y) ,
(A7 w0) = swpene 7200
and

(w,y)* = (w, A7 Ay)* = (A7) w, Ay)* < o*(Asy, y)(A(A™H)Tw, (A7) w)
by (2). So

(w,y)* < o®[lyl[3.(A(A™) w, (AT w) = [ly][%, (A7) w, AT(AT) w)
= [yl[3. (A7) w, w),



where [|.|[4, = (4,.,.) and we used (Aw,w) = (Ayw,w) for all w € R". It
follows that
((A0) "0, w) < 0*(A71)0,w).

On the other hand (using fractional power of symmetric positive definite ma-
trices which can be defined via singular values decomposition)

(A7), w) = (A7 w, w) = (AT A7 w, (A,) 77 w) < ||AF AT || [[(A,) "2 w]]
= [[A7 w4 |[wlla)— = (AAT w0, A7) 2wl (a,)-
= (A7 w, w)7[Jwl](a,)-

It follows that

In addition
(A™',y) = (AT A7, (A,)" %y>
<(A'z, ) 5( Ag)” ) using the same arguments as above
< (<A5>—1x,x)5(<As>—1y,y)% using (2)
We can now prove the following theorem

Theorem 3 Let A be a malriz which satisfies the condition (2) and has a
symmetric part A, posiltive definite with respect to L in the sense that 7 Az >
0 and 2T Ayx = 0 with Lz = 0 implies x = 0, then (1) is solvable and moreover

y, Lu)?
e G = alyl o ally € (L), M

where ¢; > 0 is a constant which depends on v, A, = A+ rLTL and Im(L)
denotes the range of L.

Proof: We have
Ac+ LT\ =F
{ Le =G,
so rLT Le = r LT G which gives
(A+rL"Lye+ L' = F+rLl'G

We first show that A + rLT L is invertible. Since A is a square matrix, it is
enough to show that

(A+rLlTL)z=0= 2 =0,



We have
2T (A+rL" L)z = 27 (A; + rLT L)z = 27 Asz + r(Lz)" (Lx),
so by the assumptions on A,
J}T(A + TLTL):L' =0=2TA,x =0 and (LJ})T(L.T) = 0.

It follows that 7 A,z = 0 and Lz = 0. Since A, is assumed to be symmetric
positive definite with respect to L, we get x = 0. We can therefore write

c=(A4+rLl"L)yN(F +rLl"G) — (A+rLTL)7 LT
Since Le = (7, we see that the solvability of (1) is equivalent to solving
LA+r L") LN = LA+ L)Y (F +rL7G) - G

for X. By Lemma (1), we have A = X\g + A with \¢ € Ker(LT) and A € Im(L).
Clearly it is enough to find X. We show that there is ¢; > 0 such that

yTL(A+rLTL) ' LTy > e||y|]* for all y € Im(L).

This will imply that B(A + rLT L)~ LT is invertible on Im(L) and show that
(1) is solvable.

Since A satisfies (2) and because

(Agz,z) < (Ay + L7 L)z, z) and (rL7Lz,z) < (A, + 1L L)z, z),
we have
(A+rLTL)a,y) < a((A;+rLT L)z, 2)? (A, 4+rLT L)y, y)?, for allz,y € R™.
It follows from Lemma (2) that

1
a?

((A+ rLTL)S_lw, w) > —((As + TLTL)_lw, w) for all we R™

o

Because A, is positive definite with respect to L, A, + rLTL is symmetric
positive definite and so L(A, + rLTL)~'LT is symmetric positive definite on
Im(L) (LTz = 0 and z € Im(L) implies z = 0) so that we have

LA, +r LD LT 2 > co|2]|?, for all z € Im(L),



with ¢o > 0 depending on r. This gives
yTL(A+r LT L)' LTy = (LTy)"(A+r LT L)Y (LTy)
= (L"y)"(A+rL" L)' (L"y)
Lo r Tr\-1(7T
2 5 (L7y) (A +rL7L)"(L7y)

1
?yTL(AS +rLTL) T LTy

Y

Dyl for all y € Tm(L).

We have therefore proved (2) with ¢; = %4 and have completed the proof that
(1) is solvable.

Next, we show that (2) is equivalent to (7) which is a LBB type condition. It
is enough to notice that

y LA LTy = (A7 LTy, LTy)
_ (LTy,u)?
= SUPuert 4y
(y, Lu)?

3 Convergence

In this section, we prove the convergence of the iterative algorithm (6). In the
next section we give the convergence rate.

Theorem 4 Suppose that the linear system (1) has a unique solution ¢ and
that A, the symmetric part of A is positive definite with respect to L. Moreover,
assume that M is symmelric posilive definite. Then, the sequence (V) defined
in (6) converges to the solution ¢ of (1) for r > M.

Proof: Clearly (6) is solvable since A, is invertible. With A} given one com-
putes successively ¢t and A(+1),

The original problem (1),

Ac+ LT =F
Le =G,



can be rewritten as

{ (A+rLTL)c+ L7A = F +rL7G o)
A=A+ pM~Y(Lc—G).
Let u(+Y) = 41 — ¢ and pU+1) = M+ — X, We have, using (9) and (2),
(A+rLT L) 4 LTp0 =0 (10)
and
B U VP Cel) (1)
We deduce from (11) that
P15, = (MpHD p) = (Mp© 4 pLulD p® 4 pM ™! LuH)

which gives

P03, = 1PN, + (MpD, pM~ LulHY)
4 (pLul*), p0) 4 p2(LaulD), M1 L0+
= P13, + 20(p®, Lu™D) + p2(Lul*), M~ LulD),

since M~! is symmetric and hence
P13 = P V13 = =200, Lu™Y) — p*(Lut™D M~ Lal*Y). (12)
It follows from (10) that

(A0, #0) e LD = —(p0, L)

and hence by substituing this into (12), we get
P11, = 1PV, = 2p(Au, wl*D) 4 20 pl Lu+D 2
. pQ(Lu(H-l)’ M_ILU(H_I)).
Next, we notice that

(L™, M7 Lul™ ) <[ Lul ™o || M7 Lut™ |y
= (| Lul™ D lar (Lul™*, M7 L),

SO

(Lu™, M~ Lu) < || ZuY) 3,
= (M Lu"Y | LoDy < [|M Lu™Y)| | |[LuY))
< ||M|| || LuD)2,



Therefore
P13 = P13, = 2p(Au wl*D) 4 (20p — (| M| p?) || Lu+D)|2

So, provided r > w since Ag is nonnegative,

1pO13; — I3, > 0,

1.e.
1P ar < 1pVlar,  for all i

and the sequence {|[p)||asr} is seen to be decreasing. Being bounded below
by 0, it converges; hence |[p"]|? — |[p"+||? converges to 0 which implies that
(A;u® u®) and || LuD||? converge to 0. Since A, + LLTL is positive definite,

it follows that u{!) converges to 0 and finally ¢} converges to c.

4 Convergence Rate

To show the convergence rate, we will need the following lemma.

Lemma 5 . The mappings L : Im(LY) — Im(L) and LT : Im(L) — Im(LT)
are bijections with bounded inverses.

Proof: We show that L is one-one on Im(LT). This is immediate since Lz = 0
with € Im(LT) implies z € Im(LT) N Ker(L) = {0} by Lemma (1). As a
linear mapping between finite dimensional spaces, L. has a bounded inverse
on Im(L) and there exists kg > 0 such that for any ¢ € Im(L), there exists
v, € Im(LT) such that

1
ool < -l (13)

A similar proof applies to L. This completes the proof.

We would like to elaborate on this last inequality. Let v € R" and ¢ = Lv €
Im(L) so there is v, € Im(LT) for which g = Lv,. That is, Lv = Lv,. It follows
that v, = v + vg for some vg € Ker(L). We therefore have

1 1
lo+woll < —[[Lof = = L{v + o)
ko ko

for any v + vy € Im(LT). It follows that

1 1 (g, Lv)
loll < I[Loll = £~ sup
0 0ger |lq]]

., for all v € Im(L").



The same arguments applied to LT show that there is k; > 0 such that

1 T 1 (UvLTq>
gll < —IIL7qll = — sup
gl h” | S

for all ¢ € Im(L).

We have the following theorem

Theorem 6 Suppose that the linear system (1 has a unique solution ¢ and that
A, the symmetric part of A is positive definite with respect to L. Moreover,
assume that M s symmetric positive definite. Then,

le = V) < Cefle = O,
or a constant C' which depends on r and p. Moreover for r = p = 1 and
p p =

M =1,
le = V| < Ceffe — D],

for a positive constant C' independent of | and e.
Proof: Solving for u(+1) in (10) and substituting in (11), we get
P = (I = pM ' L(A++LTL)7 LT)p0.

It follows that p(+1) — p) = A(+1) _ X)) is in the range of L. Since

k+1 k+1
AR oy = Z()\(j) _ )\(j—l)) +( ZP = 4 p0)
J=1

we have \¥ — X € Im(L) for each k since we may assume p(® € Im(L). We
write v = ¢+ 1 g+1) with ¢+ ¢ Ker(L) and i+l ¢ Im(LT). Using
(4), we have
Tr, (141
kol[@ || < sup g" Lul™*!
serr |l
where we used the inner product (M.,.) instead of the canonical one. Using
(11), we have

?

1 1
qTLu(H—l) — _qTMp(l—I—l) . —qTMp(l),
P P
SO

[|M]]
koll@+ V)| < (le“ s + 112" 1r).

By (3) we have Hp(Z‘H)HM < Hp HM which gives

_ 2||M]]
[zt < === p

(I)HM

We next give a bound on a1, Since A+ rLTL is invertible, A is invertible
on Ker(L). Indeed if Az =0 and Lz = 0, then (A+rLT L)z = 0 which implies



that x = 0. Therefore there is ag > 0 such that

~ (141
G| < A = sup M
vo €Ker(L) HUOH
ngu(ZH) — ngH(H'l)

Qo

= su
o EK£(L) [[voll

However, from (10), we have Au(+Y) = —LTp) — [T L4,(+Y) which implies

vl AuV) = T LT — T LT Lo
—(Lvo)Tp() — r(LvO)TLu(ZH) =0

for vg € Ker(L). Thus,

—oT A1)
O‘O”ﬁ(Hl) H S sup Vg AU
vo €Ker(L) HUOH

< [lAJ| =]
QHAHH

Nar.

We therefore have

]| < |

)

HAH
< — M
pko( o MY
We now give a bound on ||p||as in terms of ||uD||. Since p € Im(L), (4)
gives
T LT (D)
allpOllar < sup =

verr vl

Combining the equations in (6), we get
(A+7rLTL — pL" M L)y 4 LTp =0,
thus o7 LTp 0 = (A +rLTL — pLTM~ 'L)u 0, Therefore,

14,
POl < H2E2 1),
1

where A, , = A+ rLTL — pLTM_l. It follows that

[

+[M])) ).

Hu(l-H)” < i(HAH
pko (873}

Forr:p:%andM:],AW:Athatis,

le = V] < Cefle — ],

10



for a positive constant C' independent of [ and e.

5 Conclusion

In this paper, we have given a convergence rate of a variant of the augmented
lagrangian algorithm. We intend to undertake a numerical study of the opti-
mal choice of the parameters r and p when this algorithm is applied to the
incompressible Navier-Stokes equations filling a gap left by earlier researchers.
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